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B —RFHNANERR A S REBAWEEENEEEER B
B OBeE SR BT A B RBEE R ROE TRE SRR, FK
EBERTRMERE MMNE B EUREMNRMRMGE B AE45R
O ATHEBEE R BFN IR MR R BRAESN, HP AR RRAERNTR
(RE B EE REE) , ELZ MR RSB HBE . R AR
THE FEENEZERECYRBAELENSER) . BEFRE G W XU
FIER L, EARNT R BA MHESMEZEH LR, SHEARBF 0 XHELE
HHHEHBHRB ZHMA, FEAX A, RNKAEEBERFERENS
Wi SR ROMNXBREN A R BEAR QA RRA KR AW H XA
NRAEVIEH FRBEART WMFEECRTFTAEIRET #. EEXMGELL
RIEABEENIANR MBI ER, DN I ML, HEREEENLY
TEPH=BZE, —ESFRRKHEL.

FR— FRNENELSHENMIR

1. A eE R EE A — R

TR F HREE BRSO, B UAR M T XA S RBUR  F LIgiE
B SERAEXNEL, B EE SIHEMELMIEN ., XENAEWERE S5
ERBTRITXK, A RERFEELRAUMESM RASHEN, ERIN LB
R R e ST LI RA .

YR IERFE U REEREMFRHE P, I TRAEN D REAHLER
B ], % AR R SR PR 2, R L e B — S

2. BEhESLIMES N HERET

XRENEHESES TREEWT LT ABRA S, MARRFIT A
FR,EF SR CREERNE LS AR ERME -2,

#5] The Fermat Conjecture has been proved to be true. (iF3 . 8¢ L EC ¥
WEB R IERER )

XERAEBE EHIE R ERMN”, KRB REENN, B —RiEER
KRB EMBRAAR

3. FENESAAMEZEAFRAEE,MARBEIT RS E RHAGR

5] 1 Given £>0,there exists a number N>0 such thatla,—al<g for all n=N.

(GFECMHEW >0, FE—TEN>0 ffi15 1a,—alt<e XETEH n=N E
i)

XRERFE WA BARARERFEIE 2 number N” K417 R, W
AW REREHSRAFEEINEENTFEEX—FL,

Bl 2 Since h (x) is harmonic on a neighborhood of B (a,r), we have
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fh(x)da(x)zh(a).

a8

(B3R h(x) FERAABI B(a,r) NI, fh(x)da(x)=h(a)o)

X “we have” JABE“HATA "M AR, M2 UL8l“ aT LUIF B "+ A5
T EL, 47 “ we have” AT LA BiC B “one has™ , B T 45 W6 41 , HRAS 4 0 JEURE

BRIMNENFNTEBESREEXANBSEER

BER AR ESE B SRR R XN, 1SR NESR
A TR, HHESRRFGEN LB e ARE AEE
HERRAE K EFHSRELE NS AR EAIE KX RAFRE, X
RRN DA RKEER WHAMAEN, B AR ARERENREIFLNLEOT
%’zﬁ:

L. KA lLEE

FTNEEAMRKEFHER Y RENERFASZ — XL FEH T
ZMME, TTERNIEEHEESH, BRTFEZATREK, KAZHKHE TR
HE, MEERRaSE S, TaH A RS BHE eI RIE) JEAES, T
B A1 i % A& M siR ak 7w,

2. JEBRSE ghia) AR &

F IR E SR e g A e R, 4038 (AR 4 3] Lot 25 43 18)) M3 & 38, BT B8 A
MRERS 2 A EIRARE NG, LB EAHmER,

3. AiAbai AR AR AN A BEEHE

A8 2 17 4L 4544 ( Nominalization ) g & — F LA 4 1)y o Lo 38 M 5238, BT LAY
ZiAH . :
] 1 The line rotates on x-axis, which forms a conicoid. (% B2k 4% » ¥ EYS
R T —1ZWihim.)

#+ 2 5 17 rotate it i 4 17 rotation, I i KA F I 05 A, -

The rotation of the line on x-axis forms a conicoid.

X B, The rotation of the line on x-axis §i 2 — NGRS, I TRANS
9 2 WA B R TE MR 1, S HCETIE R B U BB (B AR 54 . X
— PR ERFEREE RO TR R AR R — | BCE U AR R O NBR
KEUL R ERHTEXN BN §4.1), = I FEMNESEAF MR A HEHE,
HREEERAEXN A ITEEE AP RR - R MARERE, LLEA]
R LG TR PR AR I A TR B R R S BRAE SRR, P L ity S R R B o
positivity (IE ¥ ) , additivity ( AT iI#) , divisibility (BEER 1) % .

12 Now we investigate whether the functions are integrable and why they are
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integrable or not. (%3 : BUZE , 3 {113 BF 55 5 26 5 4 75 AT B K & 1] o Bl A Al
R ERE) .

BT 75 1] integrable ( W] AR 11 ) 6t B 4% 37] integrability (A F4% ) , 4] F 1) 24
EiE

Now we investigate the integrability of the functions. (7% X : R 7E, BRATEHF
X 86 R B AT RRAE ) 6

X B, & iF 4L 45 % integrability of the functions {43 T whether Fil why 5|:E
MAB], A ] 7 T, T H B R L ER,

KFRADEFRM"REFABFEATS LT B, HHESFEHRP
TR AT LA LY 25 7 I Al B i £ 2R R T 2o

BRI BENELE+SAT

1. Bms AXNMERBIL AT

HTASERAICENENFRNRE N TR, AN (BEER) A &
FHREENNE WREEFNFET R, TR L, ¥ MEEHIUE
SitE MR,

2. BALARERMERERERERL

BEZ ARG, EHREFERE, @F YRR ANEXHA, Sl LR
BOERFPEHEREE L. BEMNERFESWEEHRRG, BEMERYE
& .

URIFRE X R EREAR, B integer (B X)) , diameter( E12) , dif-
ferential (18 4} ) , triangle ( = 8 £ ) , parallelogram ( 1T P41 ) , fractal (53 T8 ) ,
sheaf (J2 ,%8) , continuum ( 3£ £ 4t ) , probability (#4328 ) | capacitable (R E & H) ),
homeomorphic ( [R]JEH] ) , homologous( |7 1% i) , holomorphic( £ 4544 ) .

"] BE A 5 JLAS ) SO S R T R — A Bl s “HE T AR

count ¥ K (Bhid) ; calculate iH8& B H (317 ; calculation i &
(4 ;compute 118 (31 ) ; computation I8 (i) .

F—E R R E Gad R AT REARRE) , el A& R— &5 HRAH
ERABEELXBAHRIE, 0.

integrability A Bk (& 1)

integrable A B (JE & 1))

integral 8143 (£ 17) BB OE R ) , BB (EAR)

integral calculus F43 %

integralization 4k ( % i7))

integraph 73X (£ i8] )

integrate FR4> ( 3hidF))
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integrated circuit 5 5§ 61 P&

integrated curve 143 i1 2%

integrating factor 143 A ¥

integration FA 4 R4k (& 1A])

integration formula 4} /A3

integration by parts 43 %5143

integrand B R E (£ 1A))

mean value theorem of integral FH 4y fp{H & #

ERFI R — R AR BEARE, KRR E MR iR EAR b
R TR 2058 KRB (A count integral %) B R W] N M EB K, HE
BEMTHFERE, BT AL =8 L5 8# & U R RB S TH A,
Ehr B HEARERORE T HMERHARE. M TEABH L EMHERE,

3. RRWHREFEME GAXEE

XA ERMEARE BT AR P ERNEREARES XHEFEAR
A EFE (EZM) ARMFEAMAEAETER, BHS X 5EREEARE
WEXAEHBER(EZZ2XXREK), 1MW HAMERE,; KoK migiE”
(B — MR E R LR EARE) BERK, & L2 HERHBEE R, MiXFE5
B HAE A A E e i X5,

B4, function #4E“HLEE AEM” M, L RR“BRE MEF BE”, BFRR N
X AL MHEWES”, BEUERFEPEHANRRERZ -, FE BB W, ©
(IR 4 1] functional 7E 23 FLHEH KR “THEEM BIEAMN " OER W) , BEAERF
HEHIEEARRAREM” M IZR" (A1)

Xt power — i8], E HE RIBEFHERR GBI U EF  ERNEPRR
N BT EYEFEPRRCNR R EMERERT R EBIREPR
RECRT S TEERCE P BT BRI #

Xan“set” —in] , ER ¥ P AEHER, R AMEE" R ER”, E3HH
Plar 4N et RA“4A7 BE”; EE R ®HEDTIES R A2 AR, 3
NEREZX,

ZHME R HEAREFE(LNHEMAE) AMUEHE WXL, MEETS
EYRRAREGE,TE R R EHEBRWEYARIE, L, A function £ 1
BOEARBFE REMRA DT 40 & FHL, nEE AR E 38 2 L AR E M HF
B W B R B SO AT LA D s R 2 NS E & L E L RS BURE
ANHANAT e B TR M o

4. BB SH HERK

CHARAEMWBERTIE)" T —EF, FHeEABER, 45 R
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£
W RER UK R LA TOANER . AXE BETW; N EHREN
T 2H

A R EOL BB LA R R f R, A BRSO R A T REM
BT, ENESEEMERH. X—XAMHEMEEHTXE M — RO FH
HERABER, B¥ I MR —EWME. W icosahedral( —+ Fi £ #)) \hep-
tagon( -£31 7% ) \helicoids (BRHETE ) . HXZKEH RV T ERERILMA =M
B HARRBINE W% DB E B EE ARMARE, 1 algebra(fREL) \ge-
ometry ( JLi ) .trigonometry ( = ffj %) .isosceles triangles( %} = 1 ) FRI A,

R84 A, 5 & i B8 £ a5 LAY A , 40« right-handed ( system )
1 F % , joint—observation & Xl , jump —function ( Bk BK pK %7 ) . four-color-problem
(PO E ), K& AR A B, U nonnegative (JE ) 5

TR A= 1798 B S8 3 X — > 15 0 BT R 8RS B B 1R, 40 « irregularity (3F E W
#) .interdependence ( H_ K 7 A ) . inhomogeneous ( 3F FF X B ) ,idempotence ( #
) hypergeometric # JLA[ 1),

UBERLZAGLHAREMRZL, 10 Jacobian (FE A b 75X ) | Laplacian (HiI
A fi By B A7) | Cauchy inequality ( # 75 1~ % X.) , Euler’s equation ( NETAR DN
Gauss formula( B #7/453) .Hilbert problem( & /R {1 %5 6] i ) . Perron method ( {# ¥
T E,

BeFAERE R, KR X B2, BE WK JEE W +4 3, 1 abso-
lute error( 4 XFiR 3 ) ; 45 17 + 4 1A, 40 balance equation (#7542 ) ; 3 1) + Bl i ,
I converge uniformly (—B U 8L) ; B 3d +JE &1 , 40 uniformly bounded (—#(H &
)%,

BT 20 TH 40 37 77 A R B0 SCRR L L BT L TR U4 UM B e 215 %, |1
HSHAAEACHHERE AABRE, BEHBTREITH/Nr XTBHAFEM.
Xf O, F AT BN P B AR A9 3 B RAeZ B AT, B D R s 25 A
R A= TR R A 20 AT A AR B A SE AT ZNRE I L R R A o RN B RIE R A
B, RESEE R A BRI B T 2R S E R AT,

5. Fn F A HEFRAR HE 59 8] BYAH X B

WM FEREG HERENDREBRRKRE BREZELEAL, W0

(1) F if \when as 2 B R B SR AF AT

f5l The function f(x) approaches infinity as x tends to zero. (¥ .2 x & T
O, BRI f(x) B TF oo )

(2) A3 with 53R R FA A FEFKAF

5l  Suppose D is an open set with its closure in G. (IFX:BxE D &£—1FF
£ HEAGEGCH,)
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(3) FH such that Jy 3% & 7 8 ) 2R SR A TR A o

1 Suppose f(x) is a function on a domain D such that |f(x) <M for all x €
D, where M is a constant. (iF30fBE f(x) EXE D LW— PR EB/BXITHFE
xe D, 1f(2) | <M R, ot ME—A )

7] Al 43 1A “ satisfying” {38 iR “such that”,

(4) FA%EER301A (40 suppose , let, set,assume ) f iy & X R A BRE B (KA
®)FEL.

(5) RAIRBE M B, H R since as for F5] FHINA], HF since M) B E
A BAR A B L R PR because T A A), HAMFMAL, @ H REFFERFAERX
RE A

(6) FRAHEBARIEH H by HiE", H i H “ according t0”

f By Lemma 2 we have x=y. (IF 3 RFES|H 2 qJ#EH 2=y,)

(7) Aot ARESERR B TAFF] oo T(HEIR)

@il Integrating the above inequality twice, we see that

. y' (1) =c, tlog t.

(BB E—AEXPRBEE 5 (1) =cptlog 2.)

(8) FRRIEZE R, I L% B HUEAS 4 BRI, 45 e “ This con-
tradicts the hypothesis” Z KA TR REEHNE RS RERBRIETE.

HARWER, 72 0L ARENE FERFIRCE R #1 H At 30K

6. BHL T —HEF L L RSB AR IRIC S MR R T

(1) BRFESDERMN

) The sufficient and necessary condition for the equality is >0 and p=3.
(BFZFEXR LAV ERMGRE >0 Hp=3.)

@ —4]Fr BRI T A RE

The equality is valid when and only when a>0 and p=3.

H 77 “when and only when” 1] [ “if and only if " 3 { 5% 5 &) B8 # F “ iff” B4,
{ELF iff A iz S SR HE B

(2) ERFEREBRENME

) For any number £>0 there exists a number §>0 such that [f(x)—f(x,) | <e
whenever|x—x, | <6. (T FFBEE >0, FHE— P 650,18 HElx—x, <5,
A f(x) =f(x,) 1 <e5)

H: A “For any number £>0" A[ {5 “Given £>0" , BEEEA (L T—4%),

(3) ‘RARFE—-IERHLTEE

B 2) B R
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Given £>0,there exists >0 such thatlf(x)—f(x,) | <e for all x withlx—x,1< 8.
(V3 S BUE I £>0, F77E 6>0 115 1f(x) =f(x,) | <& R EF AW Lo, 1<8 [ «
HRLSL o)

(4) BEASHHER

Bl X L MBI EE S A T B RS R A

VY e>038>0( 1x-x, <= 1f(x) -f(x,) 1 <e).

Horpe ¥ U E R R B BT ", AL £>0 B R R T B IBUE 1
e>07 11 37 FARAEAE” =7 FR M Cimply) o X% " R HH T
B HAYT B

fis continuous at x,«<> f ' (B) is a neighbourhood of x, for every ball B =
B(f(x),r).

(B3 TE x, EEEM TG AER B=B(x,,r) ./ (B)HE f(x)HI—1
P )

B LN AR RS IR — SR TR AR A R 2
MARKIESNEES TiREELEPAEES BREEHE, A EEEER
N2 S B 25, 2 F REIE L B A T LR R S %
b B T Y 1] 15 R R R A Y vE R AL

§1.2 BEELIRENAZESHEF

BN T RBUE B R AMER LN R, BIERIEESIAE A
SCHERS HEHE SRSk ok . B Y AR 0 A ) 152 3K 15 IE A A SR L i R % 00 i
A BTG R RERLERNTHRE, BEh TERPEIZESARLU
IR N RRE R NEF IR B O B MR R a2 2
DYRTE KRR T RAREMN R ARG A ERE LN, Rt BiESE
T R ORHR AR R AR A

§1.2.1 #HEENHKIEFNFIE

T Tk A YR B B A I R 1B (U B R A 4 B G IR 12
L APAT BRI R AR, 0 L4 ds FE & FORRMBCE AR EE ) . X R RE 295

(1) AR T T SO 8 R IR S0 I 0A)

(2) EWBEBEA S A BB ER KR

(3) XFRCF AL B By A AZ R

(4) NABHFREMEXEH,

T B R BERE ST, %A LA AN O T A 2
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1. BN PSR AR T, AR AR IR I | 3T I B R P S B R A
e, B TR B IR AR A B e A R E

2. HESG ERETVERENIR S BLERRET VIR A
Wra R, A AR, TUSE - P EBARABR FIR.ES
(FHREERESRERE) MESEREIRSARLHER(SRANE
HIF R 4) o

3. By AR IE WA BRI BE T

(1) 75T LA RE R g 5oy Sf 58 132 0 A 2 LA BR i) g A5 R P 3% 5

(2) BRE PRI, B E 20 (12) LA B ;

(3) FWENEME=P R ol Ja 9 B,

SR PR BUS P A B £ B MR R, B UK AR R AR P e
WEVE SR, S TRYMER A ERZRE P ONF SRR KRR, EE T EIK
IR, SRR AR B A 10 %l R Ol B O MR IR il 3o

B ELAMERE TEATRGEMN L A —PFHEHEALEE(PLE
SO FE AR A BRSSO R4 IR E RSB AR S i e N R T RIEE S
B, LE IR R SR R AR B A R BE M X A ST A & SO IR Y
HIW, SRRSO THERRENZEB RS,

MR T RA, AT F EERS, L ERFTE MR, FHED
BEMWISEE) NEXSHEXR BEERSNNELS. EHERME B
HEIEE, M - S RE SBREZEM XA, BES R A RR,
PEAT — B BRI W7 BRG] o, 00 0 B i — 2 A 2R LB I AT AT TE R 5E
A AE A A EHERR TN . RUE MEB R TR A
UL R MERR M TR SO E X

TE LR EA B APERR M B RSB AT, FIE BB RR, X ERRFER
B ERFE,

§1.2.2 FTUXKEFEBENERSELT X

Lo BoF % Mh 985 BRI 25K

B R AZRA HAC:

F-NEREREBREENERRZEH, D& LT RL;

5B AN FEARBUOR R IE U R IR AR B A A F AL A EE R IE
WA, ECEYIE, AT R LR & 5L, IR SR E SR

O BEME S ERE FNEWHNE, X TWEE B REERIBHNNEE - RAEK.
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AT BBELXEAER, R K R B, R T R

FREEE, R REFROES £, iR PR B RN A, LR
B IR IE HHERABREXHEM R ARKEAESE. I TEIRKE
A A SR HESEMMELTE YR XWEEAAETSEXHRET XA
FEMAERAEES, BRIk A EE, PRRECHER(F ) B, A #H
T FRCHTE R, A B TR I8 B 30 35k 15 586 fn s sl b — 26 8) 1 S AR At e
ERNESH(BENMETSEERTE 4 5, BEEPHETES)., NEE.EH
WAR IR IR EERARCEE

AHBELTREIRAE, BEE=R.

o —BHIRHEMRFCHEERMBGER;

o _RBEHLF WRES;

o ZRIAAFERXRETBME WA,

ELFRNAT, FRESHEFEEXNERRZER, SARASE. H2F
REME, BAREZBOHHATER. A BHEHNETHAERERLH, XH%E
@ W LB B o

Bl1 HESEPH:“Take your time!” AR H A : “ EERK B[R], AR5
M%E T, EPHRIED“A takes its value 3. "t take RN IFR“ &, takes value B
BB BE" .

12 Long ago, when people had to count many things, they matched them
against their fingers. ¥ # “match sth. against sb. "8 “ F1 5 A L E T H R B HY
ARPE”, XEMEERFEMICE” EH T, 2 AT 2 080K 7 e, g 48 78 AR &
RVGH A C W F46 Z E S TR X .

5l 3 To be more accurate, we must measure what fractional part of the book
the desk exceeds 5 book-lengths. XA BRANEEEH ¥, MEBEXHWERFN :HNT
BEFEHEROE, RMNEMNBLREBE S EBROTIEGRE) HiLy
Z—s

2. BhFML R

B EHMEEMAEFE (L E—),

B R YHRER AT, BRE—MELEEN T, IFE LM ERHE
i S ST B RE b 35 S 24 B b SC TR A 4 TR SO Y SR B M R DE I 3R 0k ok,
EEMAETUERREIBEME WA, 28 RB X%, BVE — AR 0¥
— TR N AE2XOER ZRAE, T 2RNEAHENEM L4 a3
FHE. 58 AMEENATRLERBER . PEAGTHBEMM RTE
S, ATFEE” ERMEX EREMN AN OMAAESAE YR EAEE X —E®
BRPHR, XERAESEBE(RLT—BEWEF), B 5350 TR M
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HKFERZANKR , BEVFEEZRPANETNRR

F b AEMFITRA, BT ARBXMRBER TR, FEFEHFEL
5EC/EARM BRI , Ba R IHEAR EREMEFHEMNEL, N TET
SERBHET AERERBZILTAANERENE, —EBHE L &M X#T
BEIHELBEHYIE, Rt P XHRSOEEH# - S EEMEE, 15BN
5 KRk . B R REMBARAME S RL, REFEXFSERN
—PNAR DR, v

3. KA BE St

— LR, ERA TR AR AR E R, RRAIZ AN X RBRE S RE
. HXESFEATEM, HUOR BIE R P w5 Exhm e B s
B, RITBET—BRPNMBAXET . AREERRERITHLHE,

MERAN—REFE E—0—8&", MR, B a8, &%
B REBRE SR EREBIEENE L BEEERZBNXR  BESERHAT
ST, R AEMNEL, THLS M —BIENESA,

] The use of logarithms has decreased the labour of computing to such an ex-
tent that many caleculations, which would require hours without the use of logarithms,
can be performed with their aid in a small fraction of that time.

S BRANEER—ENE S, MEXRGR AT SRS

(1) EfRE4q, THPLRE

TEXT B TFIORE R TROER L e EaMARALS T, UTH#E
B LRE. AHEN, XN EAR-NER—E"HONTF, P EiE
2 “The use of logarithms” , 1§ i& 2 “has decreased” , Z1E& f& “ the labour of compu-
ting” , oAb, EH — B EIRIE “to such an extent”

FRBINBIL2AMPLRER . “MRUNAHAE—ESBELBLTIHE
M E” ., X EEmERE N FEE 7R,

(2) WIMAA], 3 ENCR

RIEEZASM, XBEARNAG X8 RXEX N8 & X
RN RERBFNDS EARNGZEPXRE,

i “such---that” 5| R M ATR G R RIENT, ATFBHEET, BENEHEE
£ “many calculations” ,i§i5 & “ can be performed” (#f which 3| S M ERBIF) o

M which 5| & /9 M\ /&) 2 3E IR #) ¥ 2 i A\ ), H EiF 2 “which”, iIBF 2
“would require” ; f&4fi “ many calculations”

SR RIGEHS, XN NG HEEGFiE— L3 E BB
MR AR

(3) B4k, 534 1 g B X
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RSB REREMEAGNT, BNETIEESME R, #RE
NG R T SR BEFAER  RITEES— 4k, A RSB,

AL AT SR B4, R IE S B 44, 40 0A0 18 RO SR AR R L, 1R AR R
Ho 5 0] T B 56 B 08 WAL, 40045 G XE R AR A% 45 o R IR B D T XE B R DR R
EMLHRBRE, HTFXMTFARRT4E 2, X B S T2) WS4k, B
Bl R ER AT

that AT 3 B % 4> &£ many calculations can be performed. H # 4\ 18] 48 &
with their aid £ 2%{4,in a small fraction of that time F/REF[E]FEH

which 5| & §) % & N ) R A RIES , KB X} calculations #{E & ( A1 &L
iE without the use of logarithms /5 514 ) , Bl “ tn B A R % 8¢, W BB 248 & LA
/NEF I

33 B A0 M B A R < fraction” X MR, R H EIR R AR M BEH Y in
a small fraction of that time” 71 3¢ &b B8 | %77 4 1% A%« AR ER o (] RO AR /> —F437 , Bl &
GG AR BT E TR,

BIG eaG A0 SERMSRE, NE LRSITHER EHTES
AbER (BT E N (2) P B A A R BN TR R AR E AR ) R B R
Fik o AR Rk HE B R B S

ECIPN LGRS

“ X O FIEHE 0 55 Bh BB D X R AR B, OO 3B R R AT Y
WO RE BB/ it T B R T B o g R A R OR A AR A ) — S A e () R
RESE L.

M & AT Fle 3% , 0] b ik W) i — e o

XA Z AR, BRI F RS ENEE S, AW R EE R
o A, ERMOA A EREREAN. RESELST TR,

4. BEDHETHT

MEERXENTOAEREARRTRPT FHE-_FF AL , FEad Xk
AT m B ik

TERTE L 8B AT LE B, 78 B, HdE B — X R & A] X 3%,
HFMEMIIENREFNMEEERERREN, B e BEn , F 5 ZRE
S B B R SR E) IR A BB U R P I BOAE 1R SCHOTE M BRG] R A
A F AT LB, TS AR Em L .

(1) i8) LRy #%

HTFREE —HE L RAMEELTUARE, S XEL, #IFENFXRET X
MemE R AEXREE S WL,

40, B T R ) power TEAN[R] AL 5 AR,
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Energy is the power to do work. (¥ 3 :fE &R MINMIBES o)

The logarithm of a given number is the power to which another number, called
the base, must be raised in order to equal the given number. (¥ 3 : — 1> 2 HEH
S HR B — AN PRI B T % T B BT 8 8 RIVFFIK)

& — A~ , A B ZE A — 4 F A TR Ak o B, 0N IR R A R A & AR R AL, I
U6 % A AN F B . Bl

Equations are of two kinds — identities and equations of condition, the latter is
called equations for short. (F3C: X AWML —HEXMEMHFX, 5 & RHK
AT

XA, Q4R 58 — 4 equation IF R R IR AHE LM ER T HEPH—DT
KX EREMPMEYE . Kk, XA FHETH A equation #FES X, MKk
J&—~ equation B 5 2,

(2) WX H5 =

B BT CHBRALBE LR HIR SO AL E R 5, 8 B M HTUE
HCRE R,

|1 Two and three make five. (¥ : " IH=%F5.)

JAXC make AR BE R HE” UG BHIET,

1 2 Year after year and century after century the moon goes through its cycles
of changes. (B : A RMATEIL, —FEX—F, LN, ANEH.)

B — Al K, Ho 25 R Ak, R B AR R R SR P B i A SR B R Rk
X ERN.

(3) HiE W

K488 L 1 T 15 AR ol RV X IR S R TE AR 2 A I o

f51 1  An arithmetic or an algebraic identity is an equation. (% 3 fLE A E R
flE SR EREFR )

FEFXT, R EZAAE LR a” B “an” A FEFEW, B E B8, 1E
“or” BB AN (—MEAELLT Cor" RN KT, SN, E R LB T

f5l 2 The formulas differ only in the signs preceding their left numbers. (1% 3
XX FARZAARETMEENZANBRIANTSZER)

B RRE LT XL RN, " ZER" ZBRE W BT
piifi o

WHEMY— T EERh EFEEE RS,

T SEE I 5 A T, 25 5 T — ) B L8 RS B AT — e A RN, AH R] Y 840 T LA
HEg. FR,E8ANAF S E MR WA, EERDUER, AR
B HEEERN,
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$|3 Thus,,/—5 means something very different from+/5 , and /=n from./n.
(B FR./ISEESZERAWET, AR, /-n 5/ AR ORAE) )
X B, JBE X4 T “ means something very different” JEBIRRTEEFR,

@il 4 After checking, we see -3 satisfies the original equation, but 3 does not.
(B . 2RBEH, -3 ER TR H3 RAKEE TR HE LT B, does
not J5 44 W% T “satisfy the original equation” , 7L 3BT R #MF L o

(4) FHFHEZ

A RER (REF) S B EERRE R, FiE GBIE EERHIIRF
SGERAARR( FIE—IFIE—RIE), REKKFHE A, HE—LFL TR
FBFHEER T, UERERAREFFEL

11 Such is the case. (F X F R EIXFHE,)

BEAh , HEIE B & R A E RN E TR, — AR S B (RTE BB e iR ——
LA ZIE) , TTUE # B — RER AT B o P B R B — AR L % DUE A R SO R
B, HiBHRA AN SRR AR Y EENGEEE, 8% w35 E AW L
B UG E B able,ible Z5 R HP FiAE G & 8 W N FESLATE.

]2 The square root of a negative number is a pure imaginary ( R

SEH R B, ) X B, of a negative number {E} the square root HEIE .
‘ %13 An equilateral triangle is one with all its sides equal. (30 :“ & M1 #RAH
EMZAEWMBEIZAL . RSN =ABREABHEN=ZAR.")XE
4518 with all its sides equal {&/fi one,

5l 4 Something new (FEFFRVE) ;

the element known( CHI L E ) ;
the conclusion required ( FF T B RIS L) o

)5 The values of the constructed function should not exceed the maximum
permissible. (73 - ¥ X K PR 3 A 18 A BB o BF Fu i B e R BUEL )

%l 6 The function differentiable on [a,b] is continuous. (¥ :7¥E[a,b]E
AR PR BOESE o)

(5) MPERFE R

HFRENFAMESEREIBEMES S LARKEMN, B #EN, R
% g BRI B, M ¥ 45 17— R 1 AR 4% 0A) , Bl A R 3 1A, T A R BB (X
FEEBARE , ABEIGAR. B, fef S BmEkIEE Ymkik, flmmiEs)
N 3 AT AN S R AT R SR TiRE 90 A=l R

%l 1 Applied mathematics aims at achieving the optimization. (i 3L : I Fi X
R H O REBB R ) X BB S aims BT 4,
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f5l 2 The application of computers makes for a tremendous rise in calculation
speed. (P3RBT AR REFHITE EE,) X B 4 i application
rise 2% AL B 1A

RIFP SRR RER T EREN, TIERIOE P 2 W83,

] 3 Rational number can be represented by the quotient of two integers,
which is different from irrational one. ({F3 . A HBATUX AW M E AT, X
REESREHEMEH ) X EHLLEFIA different FH 4 1A,

This strait line is perpendicular to the known plane. (¥ . XHFHELZEEHETE
T o ) X A HEFE 2 i8] perpendicular 3 A% &,

(6) /)T BT K ¥

TEDLCRERT, 8 T R TUE U &l B3R, A1 R 3 i8] Hh () — 4 B8 4 33 LI
EATR AR S . HARIEIRS EE, EIEFEREIES,

11 The same signs and symbols of mathematics are used throughout the
world. (B30 A EHEHFEENHEZICSHARFS ) XL S REFRE
o HL,7E " there+be+ - " A Bl rp 7 0 s R BB £ 0E

f] 2 The statement of the Gauss Theorem is as follows. (%37 ; B #7 € B £UA
MF )X BIEFIE statement F5 T I 1E,

B (5) A, TRt R e i 3 R F I B T e,

(7) BEEE5 AT

REFEGTULEDESFER FEDESER I RBEHESFRE
B,

51 1  Recently, The International Conference of Mathematicians 2002 was held
in Beijing. (iF3C: B, LI 1 2002 FEBRBFER KRS ) A AERSCH )
FESFERENES, FRMH AOREFR T FiE,

5] 2 We call a triangle an obtuse triangle when one angle is an obtuse angle.
(XA TANANZAEERIEAZAE ) XBEEFEXWEHES
R ES, FMENGFEREE.

513 A great deal of practical problems can be solved with the differential
equations. (¥ 30 AR5 I7 72, (AAT) T LAAR o K B 1 SEBR ) &R . )

TAFREA “Tt---. "] BB IR R R AFR A, 6B AT AT AR A FR A, Ho
ABRATHC AT BN AT FiREiFEd

PR" N EENAR(GE S EENNNESA) 0T FERL AR &%
B WA R ARE X ARAIRAEON B EE W LZEIIE, TES
BAECAMT BN RO %

$1 4 Tt should be noted that equations{1) and(2) are merely two different
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ways of expressing precisely the same relations. (%30 45t , 72 (1) A(2) L
BFE—MARNFMARMEITANE )

] 5 It was found that the dimension of a fractal might be not an integer. (%
X AMTEB, A ST LU 28 H.)

Il 6 It is necessary for college students to understand the basic concepts of set
theory. (X REABLETHET R ELAME,) X H, EH il college
students R E 15

(8) BEREXIFAWEE

SE P EE MR (R ) IR R KB 24 5 TGE AR, B iR
HURR O Y DR R A SE 3

5l 1 This year the output of our city has increased by three times as compared
with that of 1990. (iE3C . 2R AT B F={E L 1990 #8813 1%, ) 7F increase ( be,
go up) +by + BUF BAFE+-- WS M P o by JF R 892 5 3 i BOm 15 8, B LU
MIERH

f1 2 This year the output of our city has increased three times as compared
with that of 1990. (3L : A4FEH W I 7={A [t 1990 &4t 2 £%.) tha 5 EAAf
LT — A “by” B BRI A5 RO 1,

51 3  The cost of MP4 decreased by 60% . (%3 : MP4 B AT 2
75 o) 7 “ decreased ( fall, drop , lower, decrease:--) +by +¥{ 5" &5+ by J5 14
WERAB/HE, I LR EARE .

51 4 The cost of MP4 decreased to 40% . (%30 :MP4 MR A& 2 T RER
40% . ) #E“ decreased (drop, decrease---) +to+¥FE "ML, “to” T “E" M E
BB LAE R REE] T E "o

f5l 5 With a new algorithm the computing time of the problem is shortened tree
times. (3 3C: SR BT M9 B Bk, 1 1) R A BB I I 4 SR 2 (SRR B9) 1/30) TE 3B
a0 SR B RSB DURR MR B R A B E S BOR R BB B
n YA AL ESF ERBOEHER FER BB (R ) n 22—
WA pZz—",

AN P B B e — T R SR E O . AR T AR LA 5B N B O 1k
)52 % T 2 B8 o B AL Tl K AMB BT SR (R BEE R R A . Lk
Folp o, AN P 2 2 o (o PRI 8 0 38 38 I 7 SR P R DA TRRI R A , 96 S T it
BROSHE AEREEKE, MXR  ELER EERFERESN. H
ALLVE E B SR RA R

TE 8 TR SUHAF & Bk R B8 M DUE B R, a7 L H 26 20 £ 3%
BRI AR RS MR s, LUE B MR, BN H 4 B iz ARy, B RO
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1R N R TR A M

Ui EPANE=4: 0F ) 4

A E B K4 T UABTROE R B RSO P . — MR UAEXT
ML EHEZH T OER(BERE) WERKNBEERSL T, I Newton (443, 3
3C) , Cauchy (#8515 3C) , Poison (TH#, ¥ 30 ) , Hilbert (& /R1A%F, #830) %55 —
Fp R MR (RIAR F3E”) RS, 10 Urysohn ( 5 F#, 3L Ypuicon K&
) o A LR —FER, FRP R RAEFE, A, FEPXRET
FE AR, ¥ HIAE MR (FI0 . A8 Cauchy R HEH "B “BE"%),
Al fE & IR AL .

WIEEE N BFR B EAR ERANM T HE . (—) EL2HRRFRNET
HOEF AT SCPERAR 2SI BEBOR TR —FE; (Z) HitteR
M2 F— A TR, MBS FE X RAEFCP (RS 2T, AT
WHS), MREFRY, WHEFZEMESERR(Z) ER-FEXPK
FROBBBEASBATFEY, ZALWES B HP RN AN, 5
EAEFEKBRE RS DA S EMmESE LR

51 1 David Hilbert posed 23 mathematical problems in 1900.

AL (1)1900 FER T - A REFFR S 23 MEERE, (HARKARREE
ZWBER, ALINESE LFE)

1, AJ 3 : (i) 1900 4E David Hilbert $2 i 23 >822 Rl

BiERK : (i) 1900 4E D. Hilbert $2 1} 23 ¥ AR,

5l 2 We may use Z. Opial’ s formula to solve this problem.

R RATAI A B B2 IR (Z. Opial) 22 HOR XA M &, (I Z. Opial A
T KRB I B2 28, B8 5 3 £ JR3C)

AR AT TR A Z. Opial 23 2R X AR

BT B ORI

ERELERABBFIEORESER AL "R RE LA RELAME
By EHED>RFME, EHEN-—F REBEFRX, B M EAR
B, EAE AEHET AR BFLALR LEFGE, ~EFR/LER
BHRERFETE - NEATEAFTFTHAR HEA. PXBROR, -
L2 A ABRE CRUENERZR ARAHRK,” |

© FXERTEARE 19 K 20 AWM RBER MBET“F .35 B HNHFEE. K
WA A AR .



TE BRRN—ANYE

AERIKABLLE AEZHIEIANR RFIHF LI LR ENLD, &
Fr+-® BEFABCEZERIABHERELEARAA,CETLER
shek3] . BiRELA

(1) BAABEARA(EZ20 24 FKE), AT A(—)ARLABH
FIRBEFE A(Z)ARLCHE T AFRLETRBFR;

(2) IR, EHERLTHAN T L LA FTRAAAFRENFIT S
T,

(3) LB EBLHYA,LHERLAB P-4 6 8FRH;

(4) B L o BEEEEFRF4T,

A AERARA(EABERT S A ik ), THEFLAE,

MFEERAABBRIAELT I, FAFBERFEEAEEHMEFHEL
WRRFE AT FTHRZELRFHEAR,

§2.1 HEFESLH

( Mathematics, Equation and Ratio)

i3 1-A  What is mathematics'®

Mathematics comes from man’ s social practice, for example, industrial and
agricultural production, commercial activities, military operations and scientific and
technological researches’. And in turn, mathematics serves the practice and plays a
great role in all fields. No modern scientific and technological branches could be reg-

ularly developed without the application of mathematics.

O AWEXI-AREEERTXRIIMNBAIMBETN., FEETHEXARET L HE
H4b 3 B BB F T. M. Apostol, Calculus, Vol. 1, New York: John Wiley & Sons Inc. , 1967,



§2.1 WP OESHA 19

From the early need of man came the concepts of numbers and forms. Then,
geometry developed out of problems of measuring land, and trigonometry came from
problems of surveying. To deal with some more complex practical problems, man es-
tablished and then solved equation with unknown numbers, thus algebra occurred.
Before 17th century, man confined himself to the elementary mathematics, i. e. ,
geometry, trigonometry and algebra, in which only the constants were considered.

The rapid development of industry in 17th century promoted the progress of eco-
nomics and technology and required dealing with variable quantities. The leap from
constants to variable quantities brought about two new branches of mathematics — an-
alytic geometry and calculus, which belong to the higher mathematics. Now there are
many branches in higher mathematics, among which are mathematical analysis, high-
er algebra, differential equations, function theory and so on.

Mathematicians study conceptions and propositions. Axioms, postulates, defini-
tions and theorems are all propositions. Notations are a special and powerful tool of
mathematics and are used to express conceptions and propositions very often. Formu-
las, figures and charts are full of different symbols. Some of the best known symbols
of mathematics are the Arabic numerals 1,2,3,4,5,6,7,8,9,0, and the signs of ad-
dition “+”, subtraction “-", multiplication “x”, division “+” and equality “ ="

The conclusions in mathematics are obtained mainly by logical deductions and
computation. For a long period of the history of mathematics, the centric place of
mathematical methods was occupied by the logical deductions’. Now, since electron-
ic computers are developed promptly and used widely, the role of computation be-
comes more and more important. In our times, computation is not only used to deal
with a lot of information and data, but also to carry out some work that merely could
be done earlier by logical deductions, for example, the proof of most of geometrical

theorems. *
i®3X 1-B  Equation'''®

An equation is a statement of the equality between two equal numbers or number
symbols’.
Thus a(a-5)=a’-5a and x-3=5 are equations.

Equations are of two kinds — identities and equations of condition.

O FES] 1PHRFERIARBROLRESRSE UMEP LRNFS,
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An arithmetic or an algebraic identity is an equation. In such an equation either
the two members are alike, or become alike on the performarice of the indicated oper-
ation®.

Thus 12-2=2+48,(m+n) (m-n)= m?~-n" are identities.

An identity involving letters is true for any set of numerical values of the letters
in it’.

Thus the identity x( a+2) = ax+2x becomes 3(7+2)=21+6 or 27 = 27, when,
for example, x=3, and a=7.

An equation which is true only for certain values of a leiter in it, or for certain
sets of related values of two or more of its letters, is an equation of condition, or sim-
ply an equation®. Thus 3x-5=7 is true for x=4 only; and 2x-y =10 is true for x=6
and y=2 and for many other pairs of values for x and y.

A root of an equation is any number or number symbol which satisfies the equa-
tion.

To obtain the root or roots of an equation is called solving an equation.

There are various kinds of equations. They are linear equations, quadratic equa-
tions, etc.

To solve an equation means to find the value of the unknown term. To do this,
we must, of course, change the terms about until the unknown term stands alone on
one side of the equation, thus making it equal to something on the other side. We
then obtain the value of the unknown and the answer to the question. To solve the
equation, therefore, means to move and change the terms about without making the
equation untrue, until only the unknown quantity is left on one side, no matter which
side’.

Equations are of very great use. We can use equations in many mathematical
problems. We may notice that almost every problem gives us one or more statements
that something is equal to something; this gives us equations, with which we may

work if we need to.

(iR5RA(—)
addition[ a'difon]n. hi , Nk axiom|[ '&ksiom Jn. /¥
algebra[ '&ldzibro ] n. {4 ¥ branch{ bra:ntf]n. 43 %
higher algebra & Z{UE calculus [ 'kzlkjulas I n. 4 [ %]
algebraic [ ;&ld3i'breiik ] adj. LB (the differential and inte-

arithmetic[ o'riOmotik ] adj. B AR gral calculus 1% 5 )
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chart[ tfa:t In. B| 3, 24
computation[ kompju'teifon | n. i+ &
i concept[ 'konsept ] n. #E &
conception| kon'sepfon In. #f.4 , W &
constant[ 'konstont | n. & ¥%
deduce[ di'djuis | v. &
deduction[ di'dakfon |n. # 5, HETH
logical deduction # # HE 3§
definition[ ,defi'nifonjn. FE ¥
division [ di'vizen ] n. [, Bk
equality [ i:'kwoliti | n. %R, %
equation[ i'kweifon]n. 78, %R
equation of condition % =
differential equation {343 &
linear equation £k &
quadratic equation — YK 7 &
figure[ 'figa In. & , B
form[ form ]n. JB ,JEMR s v. AR
formula[ 'formjula In. 23
function[ 'fagk fon 1 n. PR
functicn theory PGt
geometrical [ dzio'metrikal | adj. JL{A]
geometry[ dzi'omitri | n. JL{i] 2
identity[ ai'dentiti | n. 1%
indicate[ 'indikeit Jv. #5387 , 48 4 ¥ ¢
involve[ in'volv]v. 1 &
mathematical analysis {24547
mathematics[ ma&0i'matiks | n. ¥4
higher mathematics & 282
elementary mathematics ] % {2
measure| 'mezo]v. | &
multiplication [ ymaltipli'keifan ] n. 3%,

BMIEXK

Lo WA RSEHA(—), MR A B, HFEREXELM FiC S, A

e 1%
notation[ nau'teijan In. 8,08
number[ 'namba In. ¥, 55
numeral [ 'njurmoral ] n. ¥ 5 ; adj. #X
23]
numerical [ nju:'merikol | adj. $0{H &9,
HFEM

obtain[ ab'tein ]v. 18 3| , 1k 15
operation[ ;opa'reifan |n. BZHE ,i5/E

military operations Z H {7 &
performance [ poa'fo:moans ] n. # 77,

HfE
postulate[ 'pastjuleit n. 2%
proof[ pru:f ]n. yiFFH
proposition [ \propa'zifon ] n. #F &%
reasoning method #i ¥ 75 &
root[ ru:t I n.
set[ set In. £ ,4H ,E;v. %
sign[ sain |n. {55,105
statement [ 'steitmont | n. B R, F R
piB-9

subtraction[ sab'treek fan I n. 38, , W 1
symbol[ 'simbol | n. &
term{ tarm ] n. Wi, RiE;v. %

change the terms about 33X LT A
theorem[ 'Giorom Jn. E H
trigonometry[ trige'nomitri Jn. = 12
true[ tru: ] adj. E 8, @57
unknown[ 'an'noun]a. FHI E{;i%%%if
untrue[ 'An'tru: ] adj. EIEEE(J,Z:J&_\L‘ )
variable [ 'veariabl ] adj. Z2{LAY o n. ﬁ%%ﬁﬁ

¥
et ”

%

variable quantity 45 &

s

&
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2. BRI SMEB A% LT S RE 5 mEN & X RAL:

(1) alike (2) bring about

(3) carry out (4) come from sth.

(5) deal with sth. (6) express change the terms about
(7) be equal to sth. (8) be full of sth. /sb.

(9) in turn (10) make sth. equal to sth.

(11) no matter (12) occupy

(13) occur (14) on the performance of sth.
(15) promote (16) resulting method

. &4 sth. #7R something, f sb. # /R somebody (ies) , i sth. /sb. F /R
% &b B% 7] B something , 8, 7] Fl somebody (ies)
3. BIgshESMsEAAERXMAE,

ERSRHA

1. AW A RFGHA,HET FLZEEARNEFEMAMNARE, HF -5
NREHEEALFBERPSHE SR (LEEIL) . EFEMN ]
Ak, RREEEN.

2. man FHEEEIRR A K, operation fE N ¥ AIEFERL“BRH"™, HFH
“operation research” ¥ iz H 2,

3. For a long period of the history of mathematics, the centric place of mathe-
matical methods was occupied by the logical deductions. iX &) 8% i, ¥ sh X 8 W %
ARSI ERESHREMEHN, ZEEE B S BRETENPL
A

4. In our times, computation is not only used to deal with a lot of information
and data, but also to carry out some work that merely could be done earlier by logical
deductions, for example, the proof of most of geometrical theorems. 3% /H] Af i Y, : 3L
e, B AR AL TR (5 B 5 80 , Wi HLF ok 58 B — S8 78 LUAT R RE 52 2 HE 2ok
figi TAE , 47 e BA oK 26 JOm JLfrf 2 2

5. An equation is a statement of the equality between two equal numbers or
number symbols. % B , equation 4 B/ B8 - 7 (% Fi) FI4E 2 (4 ) ; equality
HHEEANER NP MEE(FR) . statement WH B/, I\ LT
CHEEHNENENEBEXATEAE L FE, BaFER - 42X T
P B IR S A S — TR R .

6. In such an equation either the two members are alike, or become alike on the
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performance of the indicated operation. X B two members ER (%5 1) B ; alike
BEEMFMNE—HR, on the performance of-- H1 ] on 5| F— 1A IR, 1
RIEME G become alike, S iEF either---or-- Hy Ik, BA A FM: XFHFXH
FimE 44—, B4R PITHEEN BB EER —H.

7. An identity involving letters is true for any set of numerical values of the let-
ters in it. X B in it 2R E, B letters, FH set (FRAM, BHA . EFo
HA A AR, I8 s rue BRI RENRAU BRERES S
A AV, FE—MIERTRENBOL" . A FER: T8 FHHESFAXHE
o F i AT — HBE AR ST o

8. An equation which is true only for certain values of a letter in it, or for certain
sets of related values of two or more of its letters, is an equation of condition, or sim-
ply an equation. ¥ B iX &) FF 3k #) equation 145 B ) equation & X A[F, FiF An
equation f 81 AL R & , HESESE LB An equation #0711 B B A R, B ATH]
B — A ERE U H P — MR EE R, HEXNHFHNIEEN T8
M TEMEMER, WER—1FESX, REKRT R,

9. To solve the equation, therefore, means to move and change the terms about
without making the equation untrue, until only the unknown quantity is left on one
side, no matter which side. 3X &) B9 & & fl & 1& #F 2 31 ## A € Ko to move and
change the terms ZEUFARIE B A . without making the equation untrue =il
AR TR R, A R 5 2 BT I S B3R T o no matter which side J& A1 & B
T itis, EAAIER: HI, R BRBREHT - RIIBIONEBLE, AR
MBI EEERN—, MR —A .

RIMEA

1. 3BT 5 & 4 #3848 IR 4 5 805 F R IE R E T R RIS

(1) B4 BAR JUTE RBF ZAY RERE DERE FER
BB RBUE A TR

(2) 68 A AR E EE 5B R

(3) B BCB0F BUE VBB AR S GRS B

(4) #E& M%E B/ B ARL/ARE FR BERN KHEXT/ARE,
5 ORELCEBG TR KT R R

(5) BHE N W TR BRI IE M B EERH,

(6) BT HREE BENEHE KBLEL . HEPOLHAL

2. DEH

(1) BUFRBETALHHSEER, B LRV 3, Bl FHEMMFER
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RBFFTEWED

(2) MBRAEARE M —PTREERS WA ERER AR,

3) ASERFEFEEFFERENER, EXATERME M,

(4) 17 HER 2 H, ATTR R T 9 5 50#, BJLA =/ A%, Aet R% &
58

(5) FREBRMEXIFFETFERATUSMEBENRIE,

(6) A2 XA &M, B H ok B 2l R A B S g B

(7) FRABHFE A, LR E SRR L KPR R,

(8) BT BHNEHIT - RIIBHMFEAREL, BEREEHR, WRANE
I 1E

3. JEDN:

(1) Algebra has evolved from the operations and rules of arithmetic. The study
of arithmetic begins with addition, multiplication, subtraction, and division of num-
bers;

447, 37x682, 49 - 22, 40 + 8.

In algebra we introduce symbols or letters—such as a, b, ¢, d, x, y, z—to de-
note arbitrary numbers and, instead of special cases, we often consider general state-
ments ;

a+b,cd, x—y,x+a.

(2) The language of algebra serves a twofold purpose. First, we may use it as a
shorthand to abbreviate and simplify long or complicated statements. Second, it
proves a convenient means of generalizing many specific statements.

(3) Many expressions involve two or more operations. Grouping symbols tell us
which operation is to be done first. The common grouping symbols are parentheses,
( ), brackets. [ ], and the fraction bar, —. For example, in the expression
2(3+4), we do the addition first and then we do the multiplication:

2(3+4) =2(7)= 14.
4. BT E M AR SEA(Z) B¥ERX 1-C, I EFRRIE.

iB3r 1-C Ratio and measurement®

The communication of ideas today is often based upon comparing numbers and

quantities. When you describe a person as being 6 feet tall, you are comparing his

O #X1-CHH: E.M. Hemmerling. College Plane Geometry, John Wiley & Sons. 1986,
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height to that of a smaller unit, called the foot. When a person describes a commodi-
ty as being expensive, he is referring to the cost of this commodity as compared to
other similar or different commodities. If you say that the dimensions of your living
room are 18 by 24 feet, a person can judge the general shape of the room by compa-
ring the dimensions. When the taxpayer is told that his city government is spending
42 per cent tax dollar for education purposes, he knows that 42 cents out of every 100
~ cents are used for this purpose.

The chemist and the physicist continually compare measured quantities in the la-
boratory. The housewife is comparing when measuring quantities of ingredients for
baking. The architect with his scale drawings and the machine draftsman with his
working drawings are comparing length of lines in the drawings with the actual corre-
sponding lengths in the finished produect.

DEFINITION. The ratio of one quantity to another like quantity is the quotient of
the first divided by the second.

A ratio is a fraction and all the rules governing a fraction apply to ratio. We

write a ratio either with a fraction bar, a solidus, division sign, or with the symbol
“:” (which is read “is to” ). Thus the ratio 3 t0 4 is %, 3/4,3+4, or3:4. The 3

and 4 are called terms of the ratio.

It is important for the student to understand that a ratio is a quotient of like
quantities. The ratio of a line segment to an angle has no meaning; they are not
quantities of the same kinds. We find the ratio of one line segment to a second line
segment or the ratio of one angle to a second angle. This we do by measuring them
and then finding the quotient of their measurements. The measurements must be ex-
pressed in the same units.

A ratio is always an abstract number; i. e. , it has no units. It is a number con-
sidered apart from the measured units from which it came. Unless there is an impor-
tant reason to the contrary, a ratio should be expressed in its simplest form. In the
previous example where the dimensions of a living room are 18 by 24 feet, the final

ratio of width to length is 3 :4, but not 18 :24.

SRNSHA(T)
abbreviate[ o'bri:vieit ] v. 455 , & 1% round bracket B 55
arbitrary[ 'a:bitrari | adj. 1% E & commodity[ ka'moditi |n. H B /%

bracket[ 'brakit |n. $55 , FIE= dimension[ di'menfan Jn. X/, 4 ¥
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evolve[ i'valv]v. KB B H parenthesis| pa'ren®isis | n. @S ( =
expression[ iks'prefon]n. Fik[ F 1 round bracket )

fraction[ 'frek fon In. 3%, 53 = prove[ pruzv ] v. yiF B , g1 BH 2
fraction bar (R £k, 41 &k ratio[ 'reifiou]n. H

generalize[ 'dzensralaiz ] v. #EJ™ shorthand[ '[o:thaend ] v. it

grouping symbols( =sighs of grouping) simplify [ 'simplifai ] v. f8j {f,

IR S (A FRERAMUETHEWED) solidus[ 'solidas | n. & 4rFRFE, BN/
measurement | 'mezomont ] n. i &, twofold[ 'tu:fould ] adj. XX &E K
BRI

§2.2 LM5=f
( Geometry and Trigonology )

i3 2-A Why study geometry?Q

Why do we study geometry? The student beginning the study of this text may
well ask, “What is geometry? What can I expect to gain from this study?”

Many leading institutions of higher learning have recognized that positive benefits
can be gained by all who study this branch of mathematics'. This is evident from the
fact that they require study of geometry as a prerequisite to matriculation in those
schools.

Geometry had its origin long ago in the measurements by the Babylonians and
Egyptians of their lands inundated by the floods of the Nile River. The greek word ge-
ometry is derived from geo, meaning “earth,” and metron, meaning “measure. 7 As
early as 2000 B. C. we find the land surveyors of these people re-establishing vz}nis-
hing landmarks and boundaries by utilizing the truths of geometry”.

Geometry is a science that deals with forms made by lines. A study of geometry
is an essential part of the training of the successful engineer, scientist, architect, and
draftsman. The carpenter, machinist, stonecutter, artist, and designer all apply the
facts of geometry in their trades. In this course the student will learn a great deal

about geometric figures such as lines, angles, triangles, circles, and designs and

@ #3x2-AM2-BiFH E. M. Hemmerling. College Plane Geometry, John Wiley & Sons. 1986,



§2.2 [l@==MA 27

patterns of many kinds.

One of the most important objectives derived from a study of geometry is making
the student be more critical’ in his listening, reading, and thinking. In studying ge-
ometry he is led away from the practice of blind acceptance of statements and ideas
and is taught to think clearly and critically before forming conclusions.

There are many other less direct benefits the student of geometry may gain.
Among these one must include training in the exact use of the English language and
in the ability to analyze a new situation or problem into its basic parts’ , and utilizing
perseverance , originality, and logical reasoning in solving the problem. An apprecia-
tion for the orderliness and beauty of geometric forms that abound in man’s works
and the creations of nature will be a byproduct of the study of geometry. The student
should also develop an awareness of the contributions of mathematics and mathemati-

cians to our culture and civilization.
183 2-B Some geometrical terms

1. Solids and planes. A solid is a three-dimensional figure. Common examples
of solids are cube, sphere, cylinder, cone and pyramid.

A cube has six faces which are smooth and flat. These faces are called plane
surfaces or simply planes. A plane surface has two dimensions, length and width. The
surface of a blackboard or of a tabletop is an example of a plane surface.

2. Lines and line segments. We are all familiar with lines, but it is difficult to
define the term. A line may be represented by the mark made by moving a pencil or
pen across a piece of paper. A line may be considered as having only one dimension,
length. Although when we draw a line we give it breadth and thickness, we think on-
ly of the length of the trace when considering the line. A point has no length, no
width , and no thickness, but marks a position. We are familiar with such expressions
as pencil point and needle point. We represent a point by a small dot and name it by
a capital letter printed beside it, as “point A” in Fig.2-2-1.

The line is named by labeling two points on it with capital letters or one small
letter near it. The straight line in Fig. 2-2-2 is read “line AB” or “line [”. A
straight line extends infinitely far in two directions and has no ends. The part of the
line between two points on the line is termed a line segment. A line segment is named
by the two end points. Thus, in Fig. 2-2-2, we refer to AB as a line segment of line
I. When no confusion may result, the expression “line segment AB” is often replaced

by segment AB or, simply, line AB.
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—

Fig.2-2-1 Fig.2-2-2

There are three kinds of lines: the straight line, the broken line, and the curved
line. A curved line or, simply, curve is a line no part of which is straight. A broken
line is composed of joined, straight line segments, as ABCDE of Fig.2-2-3.

D

Fig.2-2-3 Fig.2-2-4

3. Parts of a circle. A circle is a closed curve lying in one plane, all points of
which are equidistant from a fixed point called the center ( Fig.2-2-4). The symbol
for a circle is O. In Fig. 2-2-4, O is the center of QABC, or simply of ©0. A
line segment drawn from the center of the circle to a point on the circle is a radius
(plural, radii} of the circle. 0A, OB, and OC are radii of ® 0. A diameter of a cir-
cle is a line segment through the center of the circle with endpoints on the circle. A
diameter is equal to two radii. A chord is any line segment joining two points on the
circle. ED is a chord of the circle in Fig.2-2-4.

From this definition it should be apparent that a diameter is a chord. Any part of

a circle is an arc, such as arc AE, which is denoted by AE. Points A and E divide the

circle into minor arc AE and major arc ABE. A diameter divides a circle into two arcs

termed semicircles, such as AB and BCA. The circumference is the length of a circle.

FiR5RA(—)
abound[ o'baundJv. K EFE appreciation [ a,pritfi'eifon ] n. % %
angle{ '&ngln. fi fiEh
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arc[ ark In. ¥
major arc {3k
minor arc 45 3
architect[ 'a:kitekt In. B I, it I
breadth[ bred@ | n. %
byproduet[ 'bai,prodakt I n. 8= 5
center[ 'sents | n. BP0, & >
chord[ ko:d In. 3%
circle[ 'sa:kl ] n. [ /& , F
circumference[ sa'kamforans |n. J& &
cone[ koun ] n. [B 4
critical[ 'kritikol ] adj. #t3E Bk &9,
I 5 B9
cube[ kjuib In. 37 F ik
curve| ka:v]n. /v. Z
curved line gk
cylinder[ 'silinda I n. #:{&
define[ di'fain Jv. Xf o+ -+ TN, RE
diameter[ dai'amits n. F42
dimension[ di'menfon ] n. 4%, A /)
draftsman[ 'dra:ftsmon In. % & &
endpoint[ 'endpoint | n. ¥ 5
equidistant [ irkwi'distont | adj. % f5
B
geometrical [ dzio'metrikal | adj. JL fi]
)]
infinitely[ 'infinitli] adv. 75 FR #,
institution [ insti'tjuifon ] n. % & 4
A
inundate[ 'inondeit ] v. # %
label[ 'leibl ] v. %512 ;n. B R

mIEXR

line [lain]n. 2% B4k
line segment FH £k E&
broken line $74§
straight line B &
machinist[ ma'fi:nist | n. HLARIF , H1 T
matriculation[ matrikju'leifan] n. A
BE AR A
orderliness( '>:dalinis | n. R H 5
originality[ o,ridzi'neeliti ] n. f]# 5
perseverance[ ,parsi'viorans I n. £ 73
plane[ plein ] n. i
position[ pa'zifon I n. {if B IR A
positive[ 'pozativ ] adj. iE f, IF [ &Y,
HEN
prerequisite[ pri:'rekwizit] adj. 4%
HE&M,n. o
pyramid( 'piromid I n. $ 4 , & F 1%
radius{ 'reidjos I n. 2 72 ( 2 ¥ W radii
['reidiai])
ray[ rei]n. §H£8
semicircle[ 'semi;sa:kl ] n. 2 [H
side{ said | n. i
solid[ 'solid ] adj. 37 {& 4 n. 57 &
sphere[ sfio In. Bk, Bk i
stonecutter[ 'stoun kato]n. R A #
surface[ 'soxfis 1 n. i , il
surveyor|[ sa'veia | n. JUl &
thickness[ 'Oiknis | n. B &
triangle[ 'traiengl]n. = {
vanish[ 'veenif]v. 4% , BRE

L B SREH(—) , MR A B IS iR e,
2. RAIBABB A T LT i S S R R A R
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(1) appreciation of( for) sth. /sb. (2) awareness of sth. /sb.

(3) blind acceptance of sth. (4) change the terms about

(5) be composed of sth./sb. (6) be derived from sth.

(7) divide sth. into sth. (8) be equidistant from sth.

(9) expect to do sth. (10) be familiar with sth. /sb.
(11) gain (12) be led away from sth.

(13) prerequisite to sth. (14 refer to sth. /sb. as sth. /sb.
(15) treatment of sth. (16) work with sth.

3. EARESANIES AL,

EREHRA

1. Many leading institutions of higher learning have recognized that positive ben-
efits can be gained by all who study this branch of mathematics. H:# higher learning
FR BT MR positive KRR R X BRRHEN R
“HEMT . BAREMFE RS RHANFERIE RN, FEEILNHE
43 X 9 A FERH 75 B0 S B2 o

2. ---we find the land surveyors of these people re-establishing vanishing land-
marks and boundaries by utilizing the truths of geometry. iX H find EE R A M, 5
$£ B 1E the land surveyors, these people F re-establishing 3| & #4117 55 1& # 2 &
Wie B EE BN BUER, AT L4 R R R R IE AN R, B R R
MEAXEREN LR EHMAMAREFREHE T B L HAREMN

SUR N

3. A critical 2T XK, B HFHITFR AW, “AEBHMEERN,“#
HE" o

4. ---training in the exact use of the English language and in the ability to ana-

lyze a new situation or problem into its basic parts--- B] 1% &, . il %5 % 15 &9 #E # (
RESWFERSH RGN BEXEFZEENWEES.

ROME M
L BT 34 A8 8 R E 5 MR EREE R E TR AEITIZ
(1) & FEAM YT FHEE WEHE KE.
(2) () fMRLER HE KRB K s S, Fim il ;
(ii) LK AR 3L 07 BR AR HE S
(iii) B RO EHR ERER GK VIR H
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(iv) 1 8. =/ HAZAE FH0 5EAil;

(v) KE K JRE LB

(vi) JURTHY . SLARH Sl EEE A H LRI,

(3) BB BFTHEH RELEHEN.

(4) HRTHIBR FFERME R LA E TR KRBT 2R ok
Fo

2. DU

(1) FEERIANEFRFE IR ERAR OB E R MER R

Q) AFERMNERANVTERTELREMREAN LM BLE R, K
o B A T LT T A S BRI

(3) JUTHE I A BE R AN ERAEMEE, I AIcEEER
fEMEsE,

(4) B3R MR RIRE Jy , A NTRE R SR 0 (RUE A B4
T of A e ) B

(5) UM FEREHAK, MER, Fln=/AKF , FTHALEMRE, RRED
58A X,

(6) — (BB AR M m(HERFE)BRME, BEERE;
K(AELIMB) A RE HRERARE  QRABE S REME, HEAE KD,

(7) SHEMEAN R % TR 5 P I — 5 R SRR T A
B AR BT R AR R X A WAL, X B T [ — B4k HJ7 el A s e, B A8 A9
YA

(8) P AR Y H P B — A B — AN B 8 A 0 R B e ] R
P EE SR EL, A B BEAA S SERF EWRBERAX BN E
7 HAM— R ek, X At R KA K,

3. BEFEN:

(1) In geometry an angle is defined as the set of points determined by two rays
[, and [, baving the same endpoint 0.

(2) In trigonometry we often interpret angles as rotations of rays. To obtain an
angle we may start with a fixed ray /, having endpoint O, and rotate it about O, in a
plane, to a position specified by ray [,. We call [, the initial side, 1, the terminal
side, and O the vertex of angle.

(3) A right angle is a 90° angle. An angle 6 is acute if 0°<6<90° or obtuse if
90°<0<180°. A straight angle is a 180° angle. Two acute angles are complementa-
ry if their sum is 90°. Two positive angles are supplementary if their sum is 180°.

4. BB THEPERSREAA(D), AR 2-CIHFEERE
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32 2-C Trigonometric function and solution of right triangles' "’

The sides and angles of a triangle are mutually dependent. We know this from
geometry. Trigonometry begins by showing the exact nature of this dependence be-
tween the sides and angles of triangles. For this purpose irigonometry employs the ra-
tios of the sides. These ratios are called trigonometric functions. The six trigonomet-
ric functions of any acute angle in a right triangle, as A, are denoted as follows:

sin A, read “sine of A” ;

cos A, read “cosine of A" ;
tan A, read “tangent of A” ;
csc A, read “cosecant of A ;
sec A, read “secant of A” ;
cot A, read “cotangent of A”.

These trigonometric functions ( ratios) are defined as follows (see Fig.2-2-5):

(1) sin A_opposite sidef a B
" hypotenuse ( c)

-4,

3 |
)

(2) COSA_adjacent side
" hypotenuse

apposite side
3) tan A=——
(3) tan adjacent side

— — o —

(4) esc A= hypotenuse ( ¢\

opposite side\ a c - y
(5) sec A= hypotenuse (¢

adjacent side ) ’ Fig.2-2-5

b
(6) cot A_adjacent side( _i)
a

opposite side
These functions ( ratios) are of fundamental importance in the study of trigonometry.
They must be memorized.

One of the most important applications of trigonomeiry is the solution of trian-
gles. Let us now take up the solution of right triangles. A triangle is composed of six
parts, three sides and three angles. To solve a triangle is to find the parts not given.
A triangle may be solved if three parts ( at least one of these is a side) are given. A
right triangle has one angle, the right angle, always given. Thus a right triangle can
be solved when two sides, or one side and an acute angle, are given.

The general directions for solving right triangle are as follows.

(1) Draw a figure as accurately as possible representing the triangle in question.
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(2) When one acute angle is known, subtract it from 90° to get the other acute
angle.

(3) To find an unknown part, select from (1) to (6) trigonometric functions
(ratios) , a formula involving the unknown part and two know parts, and solved for
the unknown part.

(4) Check the values found, when they satisfy relations different from those
used in the last step, they are correct. A convenient numerical check is the relation

a’=c"-b"=(c+b) (c-b).

EiRSRAE(Z)
acute angle 45 f right triangle Hfi =M E
adjacent side 4851 rotation[ rou'teifn I n. JE#% , ¥ 3h

complementary[ kompli'mentari] adj. solidus[ 'solidas Jn. R4y FEART, BN/
[HIRH specify[ 'spesifaiJv. ( B{K) & E

determine[ di'tarmin ] v. i E straight angle F£4
hypotenuse[ hai'potinju:z ] n. £ supplementary [ ;sapli'mentori ] adj [ H. |
initial side of an angle f Fy¥E 1 B
mutually dependent 48 H f&#i %), B 4 the terminal side 2% 51

xR trigonometric| ,trigensa'metrik | adj. =
obtuse angle &fiff Al¥E1W
right angle B i vertex[ 'vorteks |n. T &5

§2.3 £ARMEFHR
( Basic Concepts of the Theory of Sets)

123 3—-A Notations for denoting sets

The concept of a set has been utilized so extensively thronghout modern mathe-
matics that an understanding of it is necessary for all college students'. Sets are a
means by which mathematicians talk of collections of things in an abstract way’.

\ Sets usually are denoted by capital letters: A,B,C,---,X,Y,Z; elements are
designated by lower-case letters: a,b,c, - ,x,y,z. We use the special notation
xeS

to mean that “x is an element of S” or “x belongs to 5. ” If x does not belong to S,
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we write ¥ ¢ S. When convenient, we shall designate sets by displaying the ele-
ments in braces; for example, the set of positive even integers less than 10 is denoted
by the symbol {2,4,6,8} whereas the set of all positive even integers is displayed as
{2.,4,6 -], the three dots taking the place of “and so on.” The dots are used only
when the meaning of “and so on” is clear. The method of listing the members of a set
within braces is sometimes referred to as the roster notation.

The first basic concept that relates one set to another is equality of sets:

DEFINITION OF SET EQUALITY. Two sets A and B are said to be equal (or
identical) if they consist of exactly the same elements, in which case we write A = B.
If one of the sets contains an element not in the other, we say the sets are unequal and
we write A#B.

EXAMPLE 1. According to this definition, the two sets {2,4,6 8} and {2,8,
6,4} are equal since they both consist of the four integers 2,4,6, and 8. Thus,
when we use the roster notation to describe a set, the order in which the elements ap-
pear is irrelevant.

EXAMPLE 2. The sets {2,4,6,8) and {2,2,4,4,6,8! are equal even
though, in the second set, each of the elements 2 and 4 is listed twice. Both sets
contain the four elements 2,4,6,8 and no others; therefore, the definition requires
that we call these sets equal’. This example shows that we do not insist that the ob-
jects listed in the roster notation be distinct. A similar example is the set of letters in
the word Mississippi, which is equal to the set { M,i,s,p} , consisting of the four dis-

tinct letters M,i,s, and p.
R 3~-B Subsets

From a given set S we may form new sets, called subsets of S. For example, the
set consisting of those positive integers less than 10 which are divisible by 4 (the set
{4,8] ) is a subset of the set of all even integers less than 10. In general, we have
the following definition.

DEFINITION OF A SUBSET. A set A is said to be a subset of a set B, and we
write

ACBH,
whenever every element of A also belongs to B. We also say that A is contained in B or
that B contains A. The relation C is referred to as set inclusion.

The statement A C B does not rule out the possibility that BC A. In fact, we may
have both AC B and BC A, but this happens only if A and B have the same ele-
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ments. In other words,

A=B if and only if ACB and BCA.
This conclusion is an immediate consequence of the foregoing definitions of equality
and inclusion. If AC B but A# B, then we say that A is a proper subset of B, we in-
dicate this by writing AC B.

In all our applications of set theory, we have a fixed set S given in advance, and
we are concerned only with subsets of this given set. The underlying set S may vary
from one application to another; it will be referred to as the universal set of each parti-
cular discourse. The notation

{xlx e § and x satisfies P}
will designate the set of all elements x in § which satisfy the property P. When the
universal set to which we are referring is understood, we omit the reference to S and
write simply {x|x satisfies P}. This is read “the set of all x such that x satisfies P. ”
Sets designated in this way are said to be described by a defining property. For exam-
ple, the set of all positive real numbers could be designated as |x!x>0} ;the univer-
sal set S in this case is understood to be the set of all real numbers. Similarly, the set
of all even positive integers {2,4,6,-+-} can be designated as { x1x is a positive even
integer| . Of course, the letter x is a dummy and may be replaced by any other con-
venient symbol. Thus, we may write
{x1x>0} = {y[y>0} ={t1t>0}

and so on.

It is possible for a set to contain no elements whatever. This set is called the
empty set or the void set, and will be denoted by the symbol . We will consider &
to be a subset of every set. Some people find it helpful to think of a set as analogous
to a container (such as a bag or a box) containing certain objects, its elements®. The
empty set is then analogous to an empty container.

To avoid logical difficulties, we must distinguish between the element x and the
set |x} whose only element is x. (A box with a hat in it is conceptually distinet from
the hat itself. ) In particular, the empty set (J is not the same as the set { . In
fact, the empty set & contains no elements, whereas the set { ! has one element,
&5. (A box which contains an empty box is not empty. ) Sets consisting of exactly
one element are sometimes called one-element sets.

Diagrams often help us visualize relations between sets. For example, we may
think of a set S as a region in the plane and each of its elements as a point. Subsets

of S may then be thought of as collections of points within S. For example, in
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Figure 2-3-1 the shaded portion is a subset of

A and also a subset of B. Visual aids of this

type, called Venn diagrams, are useful for tes- ANB B

ting the validity of theorems in set theory or for

suggesting methods to prove them. Of course,

the proofs themselves must rely only on the defi-

nitions of the concepts and not on the diagrams.

$iRASHA(—)
brace[ breis |n. K3E5 (& F 5 % braces)

consequence[ 'konsikwans In. 518, #ER

denote[ di'nout Jv. &7~ ,iC

designate | 'dezigneit ] v. #7ic, 8 &,

i 4

diagram[ 'daiogreem ] n. B , Bl f#

Venn diagram L[5
distinct{ dis'tigkt ] adj. B A [{ #9
distinguish [ dis'tingwif }v. X i , ¥ 5
divisible[ di'vizabl | adj. A &R 89
dummy[ 'dami]adj. HE#9 ;n. MEAT B

dummy index WE#F , AR
even integer 8% ( = even number)
if and only if 4§ H {X 34

only if {¥ 34

irrelevant| i'relivant Jadj. %X & #, T

K

Fig.2-3-1

RKEEW
Mississippi[ jmisi'sipi] n. 2 74 ¥4 Ebi9]
positive number 1F
prove [ pru:v | v. i B, B UE BH &
roster[ 'rousta | n. 2 it

roster notation H{Z
rule out HEfR , Bk
subset[ 'sabset | n. F£
the underlying set £ JRE
universal set &%
validity[ vo'liditi ) n. 75 & {4
vary[ 'veri]v. 4k,
visual( 'vizuol Jadj. AI L8 , B EH)
visualize [ 'vizuslaiz | v. B] #1 4k, £

void set 254 ( = empty set)

1. &R SEAE(—), W A B IFEEEL M TS,
2. EIBAEB A I LUT A A S EE A LR

(1) analogous to sth. /sb.
(3) consist of sth. /sb.

(2) be concerned with sth. /sb.
(4) be contained in sth.

(5) distinguish between sth. /sb. and sth. /sb. (6) be divisible by sth.

(7) be referred to as sth. /sb.
(9) be said to be sth. /sb.

(11) think of sth. /sb. as sth. /sb.

(8) rely on sth. /sb.
(10) take the place of sth. /sb.
(12) vary from sth. /sb. to sth. /sh.
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3. BAEENHAL.

EES5HMA

L. A4 L so--that-- Ry E R B — 45 RARENG] . XA AATEF %
BN L e oo .

2. Sets are a means by which mathematicians talk of collections of things in an
abstract way. X &) by which 5|2 — & &M 4], H 5 by which fil in an abstract
way #REIETE talk of B4 R A ARIE . talk of JRE FIRIE, X B AT #E | F ¥
HORR”, BAMER:EEREAFRINMAMEH T RERR - LEYNEK
MITH,

3. therefore, the definition requires that we call these sets equal. J3 & 5l118) call
WRE, EFFTRITEEREEREE., XTUNRRAEE WERFNH., dAE
A HE R E X RAVAR XA ESHE, EE call A& — ik
Z)i7) 4N denote, say, refer SHEF MW, BidAEENHAE,

4. Some people find it helpful to think of a set as analogous to a container( such
as a bag or a box) containing certain objects, its elements. 4] helpful J& % i find
WIEREF &, HEWaIRAAEXREENEE, 2 FR: —&A
NAXHEMER M, MESGELUFERS(NECNEF)KE L LRGN
BELAEEMITR., Sl — AR NXELLMmER RN, AL FAESR (M
HOMEF)EARERTENRHE E568FENTE.

RIMEL

1. BT &AM RE AN S5 EIEFREE, FRE AR EREIEIZ:

(1) £ T8 ET& .28 5% Hih&E,

(2) EH B ER CKE,Wis, KBS,

(3) PILLBREBRA FIF AN FE M LXK EEN,

(4) —HHEIE, FRMHRE AXESERE EXPTEFIEHE A X FIx
% EHERE 4w A Wik

2. PR,

(1) B/MF 10 HEEB 3 BRI ERBARNELRBENTE,

(2) MBRFE, RIMTELEBS PR TENIERERE,

(3) ARSCHRRENBE XA, WHENR . A FACBERAQET B,

(4) WA ACB 3 A HEBR BCA ByoT BB,

(5) ERETREFEHAHE ARITRAE,

(6) AT @MEZE LWEME, RINLALTE » SNFTETE  HWE I+ K



38 BIE BREX—ANNLE

oIk,

(7) BREEB THRESGZRAMXRERL,

(8) EHMIEHNURE TS S R EIE, MAKE TEE.

3. JFEN:

(1) If A is the set of all the letters of the alphabet,then listing each of elements
would be tedious. So we write A={a,b,c, - ,z}.

(2) In the set A,the last element is z. Many sets do not have last elements. Two
important sets are N ,the set of natural numbers,and W, the set of whole numbers. To
list all the elements in these sets would be impossible because they go on forever. So
we use three dots and write N=1{1,2,3,---} ,W=1{0,1,2,3,---}.

(3) The whole numbers have many important subsets. A whole number is said to
be even if it is divisible by 2;2,6,and 18 are examples of even numbers. A whole
number is said to be odd if it is not divisible by 2;1,7,and 13 are examples of odd
numbers. The natural numbers greater than 1 are called prime or composite. A num-
ber is prime if it is divisible only by 1 and itself. A number is composite if it is divisi-

ble by a natural number other than 1 and itself.

4. FETERMEFRSHA(T) BRI 3-CERIGE,
3L 3-C Introduction to set theory

In discussing any branch of mathematics, be it analysis, algebra, or geometry,
it is helpful to use the notation and terminology of set theory. This subject, which was
developed by Boole and Cantor in the latter part of the 19th century, has had a pro-
found influence on the development of mathematics in the 20th century. It has unified
many seemingly disconnected ideas and has helped to reduce many mathematical con-
cepts to their logical foundations in an elegant and systematic way. A thorough treat-
ment of the theory of sets would require a lengthy discussion which we regard as out-
side the scope of this book. Fortunately, the basic notions are few in number, and it
is possible to develop a working knowledge of the methods and ideas of set theory
through an informal discussion. Actually, we shall discuss not so much a new theory
as an agreement about the precise terminology that we wish to apply to more or less
familiar ideas.

In mathematics, the word “set” is used to represent a collection of objects
viewed as a single entity. The collections called to mind by such nouns as “flock” ,
“tribe” , “crowd” , “team”, and “electorate” are all examples of sets. The individ-

ual objects in the collection are called elements or members of the set, and they are
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said to belong to or to be contained in the set. The set, in turn, is said to contain or
be composed of its elements.

We shall be interested primarily in sets of mathematical objects: sets of num-
bers, seis of curves, sets of geometric figures, and so on. In many applications it is
convenient to deal with sets in which nothing special is assumed about the nature of
the individual objects in the collection. These are called abstract sets. Abstract set
theory has been developed to deal with such collections of arbitrary objects, and from
this generality the theory derives its power.

( George Boole (1815-1864) was an English mathematician and logician. His
book, An Investigation of the Laws of Thought, published in 1854, marked the crea-
tion of the first workable system of symbolic logic.

Georg F. L. P. Cantor (1845-1918) and his school created the modern theory

of sets during the period 1874-1895. )

£RE5RA(Z)

composite [ 'kompazit ] n. & a. &
B

comprise [ kam'praiz ] v. 41 i

correspondence| koris'pondans n. X3/

crowd| kraud Jn. A B

electorate[ i'lektarit | n. 22 F

flock[ flok In. (£ . 5% ) B

individual[ ;indi'vidjual 1 n. £ —#Y, 4

Ll
investigation[ in,vesti'geifn] n. %%,

®wit, @&

noun| naun ) n. 4 i

odd number & ¥

primarily[ 'praimariliJadv. 322 H#b

prime[ praim ] n. E 4

profound [ pro'faund ] adi. % & B, &
#H)

reduce to {1 N, IHEE N

symbolic logic 52

tribe[ traib | n. # 0%, fh ik

whole number[ JF ffi ] B %

workable[ 'wa:kabl ] adj. R % #Y

§2.4 BH . AEHSTH

( Integers, Rational Numbers and Real Numbers)

R 4-A Integers and rational numbers

There exist certain subsets of R which are distinguished because they have spe-

cial properties not shared by all real numbers. In this section we shall discuss two



40 E78 BEEN—ANYE

such subsets, the integers and the rational numbers.

To introduce the positive integers we begin with the number 1, whose existence
is guaranteed by Axiom 4. The number 1+1 is denoted by 2, the number 2+1 by 3,
and so on. The numbers 1,2,3, -, obtained in this way by repeated addition of 1
are all positive, and they are called the positive integers'. Strictly speaking, this de-
seription of the positive integers is not entirely complete because we have not ex-

“

plained in detail what we mean by the expressions “and so on”., or “repeated addi-
tion of 17 . Although the intuitive meaning of expressions may seem clear, in a care-
ful treatment of the real-number system it is necessary to give a more precise defini-
tion of the positive integers’. There are many ways to do this. One convenient method
is to introduce first the notion of an inductive set.

DEFINITION OF AN INDUCTIVE SET. A set of real numbers is called an induc-
tive set if it has the following two properties :

(a) The number 1 is in the set.

(b) For every x in the set, the number x+1 is also in the set.

For example, R is an inductive set. So is the set R*. Now we shall define the posi-
tive integers to be those real numbers which belong to every inductive set.

DEFINITION OF POSITIVE INTEGERS. A real number is called a positive inte-
ger if it belongs to every inductive set.

Let P denote the set of all positive integers. Then P is itself an inductive set be-
cause (a) it contains 1, and (b) it contains x+1 whenever it contains x. Since the
members of P belong to every inductive set, we refer to P as the smallest inductive
set. This property of the set P forms the logical basis for a type of reasoning that
mathematicians call proof by induction, a detailed discussion of which is given in Part
4 of this Introduction.

The negatives of the positive integers are called the negative integers. The posi-
tive integers, together with the negative integers and 0(zero) , form a set Z which we
call simply the set of integers.

In a thorough treatment of the real-number system, it would be necessary at this
stage 1o prove certain theorems about integers. For example, the sum, difference, or
product of two integers is an integer, but the quotient of two integers need not be an
integer. However, we shall not enter into the details of such proofs.

Quotients of integers a/b (where b7#0) are called rational numbers. The set of
rational numbers, denoted by Q, contains Z as a subset. The reader should realize

that all the field axioms and the order axioms are satisfied by Q. For this reason, we
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say that the set of rational numbers is an ordered field. Real numbers that are not in

Q are called irrational.
W3 4-B Geometric interpretation of real numbers as points on a line

The reader is undoubtedly familiar with the geometric representation of real num-
bers by means of points on a straight line. A point is selected to represent 0 and an-
other, to the right of 0, to represent 1, as illustrated in Figure 2—4—1. This choice
determines the scale. If one adopts an appropriate set of axioms for Euclidean geome-
try, then each real number corresponds to exactly one point on this line and, con-
versely, each point on the line corresponds to one and only one real number. For this
reason the line is often called the real line or the real axis, and it is customary to use
the words real number and point interchangeably. Thus we often speak of the point x
rather than the point corresponding to the real numbers.

The ordering relation among the real numbers has a simple geometric interpreta-
tion. If x<y,the point x lies to the left of the point y as shown in Figure 2-4-1. Pos-
itive numbers lie to the right of 0 and negative numbers to the left of 0. If a<b, a
point x satisfies the inequalities a<x<b if and only if x is between a and b.

This device for representing real numbers geometrically is a very worthwhile aid
that helps us to discover and understand better certain properties of real numbers.
However, the reader should realize that all properties of real numbers that are to be
accepted as theorems must be deducible from the axioms without any reference to ge-
ometry’. This does not mean that one should not make use of geometry in studying
properties of real numbers. On the contrary, the geometry often suggests the method
of proof of a particular theorem, and sometimes a geometric argument is more illumi-
nating than a purely analytic proof ( one depending entirely on the axioms for the real
numbers ) . In this book, geometric arguments are used to a large extent to help moti-
vate or clarify a particular discuss. Nevertheless, the proofs of all the important theo-

rems are presented in analytic form.

1 i Il L

1 x y

Fig.2-4-1 Real numbers represented geometrically on a line.

HRERAE(—)
adopt{ a'dopt Jv. R H appropriate [ o'praupriit ] adj. & 24 i
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conversely[ 'konva:sli]adv. fLZ
correspond [ |koris'pond Jv. % jif
deducible [ di'djursabl ] adj. o] # &
RNy
difference 'diforans Jn. &
distinguished [ dis'tingwift } adj. 3% % #J,
BEKN
entirely complete 52 % i)
Euclid[ 'ju:klid Jn. ( A4 ) BRJLE B
Euclidean[ ju:'klidian ] adj. ¥k JL B 15
), BR Y
field[ fi:ld [ n. 3,35
the field axiom />
geometric interpretation JL ] & 3, JL
o] A R
illuminating [ i'ljurmi,neitiy ] adj. B3 BA
M, &
i)
induction [ in'dakfon ] n. ( ¥ 2 ) I3
gk
proof by induction ( FI%2¢) IH 94
TE B4
inductive set JH 444

B ERK

inequality [ ,ini'kwoliti]n. A%

integer( 'intidzo In. B ¥

interchangeably adv. 7] .48 22 6 #4

intuitive[ in'tjuzitiv]adi. B W H

irrational[ i'ree fonol ] adi. JGEE
irrational number JCIE ¥

negative[ 'negativ ] adj. 1 89, & E W,

A TH 9

the negative 75 & , # &
negative number i %}

the order axiom ¥/ 38

ordered[ 'o:doad ] adj. H FF B4

product{ 'pradakt In.

quotient 'kwoufont | n. B

rational{ 'ree fonl] adj. B
rational number 7 JH

real line ST B 28

real axis ZCHY

reasoning[ rizznig Jn. #EH

scale[ skeil 1n. R, 2| &

sum[ sam n.

to the left of fF -+ RIZE

to the right of JE:--:-- iopsp]

1. BiIA£RSHA(—), JWIR A BIFEREELH EIES,
2. I BAEBNA S LT IR R SRR S LA

(1) be accepted as sth. /sb.
(3) convenient method

(5) be familiar with sth. /sb.
(7) mean sth. /sb. by sth. /sb.
(9) more precise

(11) be presented in sth.
(13) a very worthwhile aid

(2) clary

(4) depend on sth. /sb.
(6) as illustrated in Fig. 1
(8) by means of sth.
(10) motivate

(12) be shared by sth.

(14) without any reference to geometry
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3. R (M ERWEBEEASEARAPAHE, Q) BAEENEAREN
Hq?fo .

EES5HA

1. The numbers 1,2,3, -+, obtained in this way by repeated addition of 1 are
all positive, and they are called the positive integers. 37 B33 324y 7] obtained 3|2
— %18, L8 The numbers, M AT ER - BIREMLE 1 FrEEIMNE 1,2,
3, HPRIER,EMTHKE A EELR,

2. Although the intuitive meaning of expressions may seem clear, in a careful
treatment of the real-number system it is necessary to give a more precise definition of
the positive integers. ;X B Although 52— ik B RIEBN A, HEMH it B FE
&, X B expressions fZERIE AT “and so on” Fl“repeated addition of 17, A] 1% J§,
“RARTHCWE BUWRERBAXEHRENENEEUTFEFRHN HZ
EANEABEIHAGE LS E - T ERERORXTERRNE XL,

3. However, the reader should realize that all properties of real numbers that are
to be accepted as theorems must be deducible from the axioms without any reference
to geometry. iX )7 PILL R that SHER M), 55— that NE)1F realize )15 ;
5 =/ that )\ BJ4E properties #]E & ,to be accepted BiZ M A MIFEEH, BhaliF
B AR T, 38 3 BN R B, U8R FAE O 2 B B ¢ T S e 1 R 0 0 LA
f& Bh T LAt BB A 22 B A Y

R IME A

1. B TP &AM GFAE S BB FRIEE R eI .

(1) BH AHE L IR AR MREGEER S RE -
WER/ N,

(2) . B . H. %, A%,

(3) NE A HAE,

(4) B 28 BRICH GE 48 B ER GEWR,

(5) AHERKMAX T EMELRKEE KA —HLOBE MM TEDIXR,
(RS TR X S5 AR RE AL IEXFNEmL X F.

2. P

(1) P, SRR B R AWM, B ARAIFTA HH DI e
BYREm1ITHE& LR 4

Q) AT ERHOM EZHRAE-TEH BEW I BEHMNBHRLE —
TR,
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(3) 3R LA 3K 26 /1 SE B o ok xod T8 B A1 58 4 s i B -5 PR AR S BN
PR RIEFEHMEN,

(4) JLfa] 2% h— o 4 5 B 5 FB 4R E I B B B () , T B, A B JLAT 8%
W UIE EE 48 43 AT 0 (52 AR T S B B ) IR B SR A

(5) —>H S04 B0 B2 I R 40T AR F U AR 4 JF [X (6] (open interval) o

(6) LM o B-a MABRE, ENMWEXEMSE, BE o0 i, HF 5 AN,

(7) BALERIGT XN &L E— A, RZ, MEmENE -8, FHR
AL Z I

(8) FEJUAA b, SEH [B] B 2K FF 36 2R o7 LA ZE 30 b i 2 R R R

3. BEFEN:

(1) A common mistake is to think that —x is a negative number. But —x can be
positive 0, or negative, depending on the value of x.

{2) Each property that we covered in the last section involves only one opera-
tion, such as ab=ba and 0+e2=a. We now consider a property that links addition and
muliiplication. It is called the distributive property or multiplication distributive over
addition and is illustrated with the following formulas;

a(b+c)=ab+ac; (b+c)a=ba+ca.
(3) Consider the decimal formed by writing the natural numbers in order:
. 123456789101112131415---
Since the natural numbers do not terminate or repeat,this is a nonterminating nonre-
peating decimal. The decimal which cannot be converted to the ration of two integers
is called irrational number. This set of numbers is denoted by the symbol H, and
H=!{x.x is a nonterminating nonrepeating decimal} .

4. fEBVTEM AT SIA () BRI 4-CFRINE,

iR 4~-C VFractions and decimal fractions''’

Let us first turn our attention to fractions. You have surely met the expressions

“half” and “quarter” , they are used when the denominator of the fraction equals 2 or

1 . I . ” . .
4, Bl read “one third”. Other fractions are read in the same way. Thus we read

567 °10°25°'100 as one {ifth, one sixth, one seventh, one tenth, one twenty-
fifth and one hundredth. These expressions are regarded as nouns and may therefore

9

have a plural. Thus we read % as two thirds; similarly %’16’1%0 are read as five
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sixths, nine tenths and five hundredths. However, if the last digit of the denominator

isal ora?2, then we do not read the fraction in the above-mentioned way. For ex-

5 % b4 " . .
2 a5 “five over twenty-one” . This method is also used in the

21

ample, we pronounce

e L or 0L th
"% 7089 1205) , then we say

“ one over a thousand and eighty-nine” or “five hundred and one over twelve hundred

other case. If the fraction is not a common one (

and five”.

Next, let us examine decimal fractions. They are very simple to pronounce. You
just read the integral part of the number in the ordinary way, then say “point”
(stands for “decimal point”) and then read the decimal place one after the other.
Thus 12. 65 is read twelve-point-six-five; 7 correct to 6 decimal place, equals three-
point-one-four-one-five-nine-two, correct to five significant figures, equals three-
point-one-four-one-six. When the deecimal fraction is smaller than one, it is not usual
in England to write, for instance, 0. 56, but only . 56. .56 is read © point-five-
six”,.0007 is read “ point-nought-nought—nought-seven" or more usually “ point-three
0’ s-seven”.

”

Now for algebraical expressions, fractions are again read “over is read

24-1 over ax+b and brackets are indicated by the word “into” , e. g. ,(a+b)(a-b)
is read “a plus b into @ minus b”. Powers are indicated by indices or exponents. The
index 2 is read “squared” and the indices 3 © cubed” , or “to the third”. Other indices
are tead “to the fourth, to the fifth, to the minus second, to the nth”. The identity
@’ +b’ = (a+b) (a*-ab+b’)
reads “a cubed plus b cubed equals a plus b into a squared minus ab plus b
squared”. Or the equation
x_%+\5/a_2_ =0

reads “x to the minus two thirds plus the fifth root of a squared equals zero” .

£RSFHE(T)
be converted to B¢ %E# i, %Bﬁ;ﬁﬂg%d‘ﬁ
decimal [ 'desimol ] adj. 1 sl g, b denominator| di‘nomineits | n. 3
B n, N distributive property 43 EdtE{ £ ]
decimal fraction 433 &l /NEL exponent[ eks'poaunont | n. I

nonterminating nonrepeating decimal the fifth root of x squared x FH ¥ T
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il numerator[ 'njuimareits | n. 43 ¥
fraction[ 'frekfon In. 7%, 4 = plural[ 'pluaral I n. EH (FEIBEHA
index [ 'indeks n. 8 £, 8 #r i)
minus| 'mainas ] prep. I& ; adj. fi A :n. plus [ plas ] prep. fill; adj. 1F #; n. IE

W, NS, T 5,005, B8R
x to the minus two thirds x B i =43 power| 'paus |n. B, H , &

2R pronounce[ pra'nauns Jv. K& ,f8 -

multiplication distributive over addition EAE

e v 3ok Ik 1 47 T

§2.5 EHFEILLAZMESHR

( Basic Concepts of Cartesian Geometry )

i®3L 5—-A The coordinate system of Cartesian geometry

As mentioned earlier, one of the applications of the integral is the calculation of
area. Ordinarily we do not talk about area by itself, instead, we talk about the area
of something. This means that we have certain objects( polygonal regions, circular re-
gions, parabolic segments etc. ) whose areas we wish to measure. If we hope to ar-
rive at a treatment of area that will enable us to deal with many different kinds of ob-
jects, we must first find an effective way to describe these objects'.

The most primitive way of doing this is by drawing figures, as was done by the
ancient Greeks. A much better way was suggested by Rene Descartes (1596-1650) ,
who introduced the subject of analytic geometry (also known as Cartesian geome-
try)®. Descartes’ idea was to represent geometric points by numbers. The procedure
for points in a plane is this:

Two perpendicular reference lines ( called coordinate axes) are chosen, one hor-
izontal ( called the “x-axis” ), the other vertical (the “y-axis” ). Their point of in-
tersection, denoted by O, is called the origin. On the x-axis a convenient point is
chosen to the right of O and its distance from O is called the unit distance. Vertical
distances along the y-axis are usually measured with the same unit distance, although
sometimes it is convenient to use a different scale on the y-axis’. Now each point in
the plane( sometimes called the xy-plane) is assigned a pair of numbers, called its

coordinates. These numbers tell us how to locate the point.
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Figure 2-5-1 illustrates some examples. The point with coordinates (3,2) lies
three units to the right of the y-axis and two units above the x-axis. The number 3 is
called the x-coordinate of the point, 2 its y-coordinate. Points to the left of the y-axis
have a negative x-coordinate; those below the x-axis have a negative y-coordinate.
The x-coordinate of a point is sometimes called its abscissa and the y-coordinate is
called its ordinate.

When we write a pair of numbers such as (a,b) to represent a point, we agree
that the abscissa or x-coordinate, a, is written first. For this reason, the pair (a,b)
is often referred to as an ordered pair. It is clear that two ordered pairs (a,b) and
(¢,d) represent the same point if and only if we have a=c and b=d. Points (a,b)
with both a and b positive are said to lie in the first quadrant, those with a<0 and >0
are in the second quadrant; and those with <0 and 5<0 are in the third quadrant;
and those with a>0 and 6<0 are in the fourth quadrant. Figure 2-5-1 shows one
point in each quadrant.

The procedure for points in space is similar. We take three mutually perpendic-
ular lines in space intersecting at a point ( the origin). These lines determine three
mutually perpendicular planes, and each point in space can be completely described
by specifying, with appropriate regard for signs, its distances from these planes. We
shall discuss three-dimensional Cartesian geometry in more detail later on; for the

present we confine our attention to plane analytic geometry.

3L 5-B Geometric figures

A geometric figure, such as a curve in the plane, is a collection of points satis-

fying one or more special conditions. By translating these conditions into expressions,



48 BIE BIEX—ATINE

involving the coordinates x and y, we obtain one or more equations which characterize
the figure in question®. For example , consider a circle of y

radius r with its center at the origin, as shown in Figure
P=(x,y)

~ A b

o[ W X

2-5-2. Let P be an arbitrary point on this circle, and

suppose P has coordinates (x,y). Then the line seg-

ment OP is the hypotenuse of a right triangle whose legs
have lengths 1x1 and |yl and hence, by the theorem of

Pythagoras ,

x2 +y2 = rz.
This equation, called a Cartesian equation of the circle, is Fig2-5-2
satisfied by all points (x,y) on the circle and by no others, so the equation completely
characterizes the circle. This example illustrates how analytic geometry is used to reduce
geometrical statements about points to analytical statements about real numbers.
Throughout their historical development, calculus and analytic geometry have
been intimately intertwined. New discoveries in one subject led to improvements in
the other. The development of calculus and analytic geometry in this book is similar
to the historical development, in that the two subjects are treated together. However,
our primary purpose is to discuss calculus. Concepts from analytic geometry that are
required for this purpose will be discussed as needed. Actually, only a few very ele-
mentary concepts of plane analytic geometry are required to understand the rudiments
of calculus. A deeper study of analytic geometry is needed to extend the scope and
applications of calculus, and this study will be carried out in later chapters using vec-
tor methods as well as the methods of calculus. Until then, all that is required from

analytic geometry is a little familiarity with drawing graph of function.

GRE5RHAE(—)

abscissa[ &b'sisa | n. & 45

analytic geometry &t JL{o]

arbitrary[ 'a:bitrori ] adj. {F 3 i1y

area[ 'eoris | n. [, X 15§

calculation{ \keelkju'leifon In. 7+ &

Cartesian [ ka:'ti:zjon ] adj. 8 £ JL A9,

FERMH
Cartesian geometry & £ JL JLfi], £
FCJLAAr

Rene Descartes( A Z YR. &)L
circular( 'sa:kjuls ] adj. B a9, B & &9

circular region [F|J}
confine[ kon'fain ]v. R F
coordinate[ kau'srdinit ] 4 45

coordinate axis A& FRAY

coordinate system 4 #R %
distance[ 'distons ] n. Bi &g

distance from sth. ... ... HIBE 5
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hence[ hens Jadv. [ it

horizontal [ \hori'zontl ] adj. 7K F K
hypotenuse[ hai'potinju:z | n. &} i1
illustrate[ 'ilostreit ] v. 1584
improvement [ im'prurvmont ] n. #(i#,

W&
integral [ 'intigral ] adj. % ¥ #9, B
B ;n. B

intersect| \inta'sekt Jv. fH3C

intertwine[ \inta'twain ]v. @& , 4 &

intimately [ 'intimitli ]adv. BE&5Hy , FHH

leg[ leg1n. fll11, HMH

ordered pair H Ff Xt

ordinate[ 's:dinit | n. Zh AR 45

the origin A8 F7 J& &

parabolic [ ;pzera'bolik | adj. #i#£k i

parabolic segment 84 = &

perpendicular[ ,po:pan'dikjula]  adj.
[BEHM]EED

polygonal[ 'poligonl Jadj. £ 17E 1

mIEKR

polygonal region %17 X 35K
the procedure for points 3 2% 2 5
quadrant[ 'kwodrant ] n. &R
reduce[ ri'djuis ]v. HZ [ K ], LT
regard[ ri'ga:d 1n. ¥4, IAE ;v. B,

region| ‘rizdzan ] n. [X 3

rudiments [ 'rurdimonts Jn. ( E ) A
i1, E Al

scale[ skeil 1n. R E ,ZI|E

segment[ 'segmont | n. £ BY , 485

specify[ 'spesifai]v. 35 5& , BA B i SUA

subject[ 'sabdzikt In. %5}, £

three—dimensional[ Ori:'dimenfanal]

adj. =4/
triangle[ 'traiengl In. ZfJE
right triangle A =fE

the unit distance BAf K &

vector[ 'vekta n. B, K E

vertical[ 'va:rtikal ladj. B EH K

1. B S A (—), WHIRI A B IFERELM EiD 5.

2. K SR B f g o LUF R

(1) arrive at sth.
(3) by no other
(5) a geometric figure

(7) be intimately intertwined

(9) a little familiarity with sth. /sb.

(11) mutually perpendicular planes
(13) the rudiments of calculus

(15) two units above the x—axis

3. ERENATHRAE

HH S5 EERNE X RR%:

(2) as mentioned earlier

(4) confine our attention to sth./sb.

(6) hypotenuse of a right triangle

(8) locate the point

(10) a much better way

(12) reduce sth. to sth.

(14) three units to the right of the y-axis
(16) with appropriate regard for signs



50 ETE BEEX—ANLE

ERSiRA

1. If we hope to arrive at a treatment of area that will enable us to deal with
many different kinds of objects, we must first find an effective way to describe these
objects. X B treatment 1 deal with I FE X ELHE MELFAWEEEITE., B
i, B AR SR P A R K TR kR, A AR AR IR AT A BB ARAR T AU
HWEFEUEEAERLESHAREBGEE, RITMLHE LR EHRX
ST A B

2. A much better way was suggested by Rene Descartes(1596-1650) , who in-
troduced the subject of analytic geometry ( also known as Cartesian geometry) . X F 8
B BRI ES A R, B KL (1596—1650) I T —FIF B LMK, I E
ST R SLAR (BFR R LU ) XA 2B

3. Vertical distances along the y-axis are usually measured with the same unit
distance , although sometimes it is convenient to use a different scale on the y-axis.
RSN, BRVEFRFEsA; AN d it KX FEE, RiFEH . although 3]
BHYNAESH EERZE, 2 FRBR--- B THER, fh X
B —FE, EHFUEBRNE . although SIBWANAER, EBREHAR, Xat
although B FAE“(BE" “ARit”., &M EMR:IHH - M EEERE® AR
AN KERUE, A3 AR RARRMRE(BAKE) BT,

4. By translating these conditions into expressions, involving the coordinates x
and y,we obtain one or more equations which characterize the figure in question. 4}
i by B8 — B SR 1B 7 2R IE , T involving 51 2 i BLFE 4 17 4 7B i
expressions,, the figure in question B ¥ “ZERIEPHEE" “ZEKE", £A10F
BB X AR S AR Wy MERER, RN/ T B4
BB 20 B 2 B TR AR AR B9 7 2

RME AL

1. 3BT 5 &4 HIE A 5 K E R RIGE , F IR BN X ERARICK

(1) @YUM B R ILIUT =i R A bR R VAR AR LR B AR AR (A4
bR AR ERRR BR R R BRI,

(2) Mg KR, EHH KK EEHK, ML K.

(3) ZAX BEA=ZAK Sl HEAL: KB . SUEH . SAFKE; Y
A WP ST s B R (B

(4) MOt E BRI R RAEHE,

(5) XMASHOELSNE LN REEAN S — HE BEEHEFREE
KR EFRSE—E 2\ T %l 2B RFE
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2. PURK .

(1) HHREENERER G —FEEN,

(2) fE x4 L O SANERE—TELN S FHCEE O KHBEE RN AL
KE.

(3) Xt xy- Pl LB SEHEET — DB BN ERRTR.

(4) EBRWAELHEANES, K —KE KR, A —KFEBEIH,BE
IIH3E sIEE 0, R B Ao

(5) HRAMA XL (e, b)) RERFHMNAN HERLRERBES—
ME L.

(6) MR SHFILVMAEENNARL LEATMMESE—RT,

(7) nRAE R M BT E S N, & B — 2P BT g T LA, X A
REHBM BT,

(8) A /5 MATE XS = 4E M@ A JLAT M0 40 B 55 , B B 51 R R T8 18 F | b
IR

3. SR

(1) Let A(x,,y, ) be a fixed point on a plane with slope m. Let P(x,y) repre-
sent any point on the plane, where x # x,. Then the slope determined by P and A is

equal to m. That is

Y=y
=m,or y-y, =m{x-%,) o
x—x,

The last equation is called the point-slope form of the equation of a line.
(2) If 2 moving circle touches a circle (x+2)*+y° =4 externally and touches a
straight line x=2,find the equation of the locus of the center of the moving circle.
(3) Given C:x'+y"+Dx+Ey+F=0.1f A(x,,y,) is a point outside C,then two
tangents can be drawn; if B(x,,y,) is a point on the circumference of the circle C,

then the equation of tangent to C at A is

+ +
x2x+y2y+D(x2x2) +E(%) +F=0,

4. BFRS-CHLEMMFERIUE, Sé

Sy

e

7
e

5

X 5-C Sets of points in the plane

9 )

We have already shown that there is a one-to-one correspondence between point&%

¢

in a plane and pairs of numbers (x,y). Certain sets of points in the plane may be of g%%?
special interest. For example, we may wish to examine the set of points comprising L o
%i@»

the circumference of a certain circle, or the set of points constituting the interior of a 3%\ s

s

&
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certain triangle. One may wonder if such sets of points may be succinetly described
in a compact mathematical notation.

We may write

{(x,y) ly=2x] (1)
to describe the set of ordered pairs (x ,¥) , or corresponding points, such that the or-
dinate is equal to twice the abseissas. In effect, then, the vertical line in (1) is read
“such that”. By “the graph of the set of ordered pairs” is meant the set of all points
of the plane corresponding to the set of ordered pairs. The student will readily infer
that the set of points constituting the graph lies on a straight line.

Consider the set

f(x,y) ly=4}.

Consistent with our previous interpretation, this symbol represents the set of ordered
pairs (x,y) such that the ordinate is equal to the square of the abscissa. Here, the
total graph comprises a simple recognizable geometrical figure, a curve known as a
parabola.

On the basis of these two examples, one may be tempted to believe that any ar-
bitrarily drawn curve, which of course determines a set of points or ordered pairs,
could be described succinctly by a simple equation. Unfortunately, this is not the
case. For example, the broken line in figure 2-2-3 is one of such curves.

Consider now the set

i (x,9) ly>2x} (2)
to describe the set of points (x,y) whose ordinate is greater than twice its abscissa. In

this case, our set of points constitutes not a curve, but a region of the coordinate plane.

compact[ kom'paekt ] adj. & 51, B 1 recognizable [ 'rekognaizabl ] adj. A] iR
comprise( kom'praiz Jv. 2 5§ 51| i
consistent [ kan'sistont | adj. 1 2% fy, slope[ sloup | n. £} %

—HW point—slope form 4} 3
constitute[ 'konstitju:t ] v. 44 i, succinetly| sak'sipktli] adv. /% B #
determine[ di'tormin Jv. B 5= tangent[ 't@ndzont [ n. ¥4, IF &) ; a.
infer[ in'far ] v. #40, HE T ZIE i8]
locus[ 'loukas ] n. ¥ 3% touch [tatf]v. Y], #
one—to—one — Xt — [ ] touch externally #M ]

parabola[ pa'rabalo ] n. #4748
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§2.6 HAHHWMSEEHIR

( Function concept and function idea)

IR 3L 6-A Informal description of functions

Various fields of human have to do with relationships that exist between one col-
lection of objects and another'. Graphs, charts, curves, tables, formulas, and Gal-
lup polls are familiar to everyone who reads the newspapers. These are merely de-
vices for describing special relations in a quantitative fashion. Mathematicians refer to
certain types of these relations as functions. In this section, we give an informal de-
scription of the function concept. A formal definition is given in Section 3.

EXAMPLE 1. The force F necessary to stretich a steel spring a distance x be-
yond its natural length is proportional to x°. That is, F=cx, where ¢ is a number in-
dependent of x called the spring constant. This formula, discovered by Robert Hooke
in the mid-17th century, is called Hooke’ s law, and it is said to express the force as
a function of the displacement.

EXAMPLE 2. The volume of a cube is a function of its edge-length. If the edges
have length x, the volume V is given by the formula V=x".

EXAMPLE 3. A prime is any integer n>1 that cannot be expressed in the form
n=ab, where a and b are positive integers, both less than n. The first few primes are
2,3,5,7,11,13,17,19. For a given real number x>0, it is possible to count the
number of primes less than or equal to x. This number is said to be a function of x
even though no simple algebraic formula is known for computing it ( without count-
ing) when x is known’.

The word “function” was introduced into mathematics by Leibniz, who used the
term primarily to refer to certain kinds of mathematical formulas. It was later realized
that Leibniz’ s idea of function was much too limited in its scope, and the meaning of
the word has since undergone many stages of generalization'. Today, the meaning of
function is essentially this: Given two sets, say X and Y, a function is a correspon-
dence which associates with each element of X one and only one element of Y. The
set X is called the domain of the function. Those elements of Y associated with the el-
ements in X form a set called the range of the function. ( This may be all of ¥, but it
need not be. )

Letters of the English and Greek alphabets are often used to denote functions.
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The particular letters f,g,h,F,G,H, and ¢ are frequently used for this purpose. Iff
is a given function and if x is an object of its domain, the notation f(x) 1s used to
designate that object in the range which is associated to x by the function f; and it is

called the value of f at x or the image of x under f. The symbol f(x) is read as “f of x.”
X 6-B The function idea

The function idea may be illustrated schematically in many ways. For example,
in Figure 2-6-1(a) the collections X and Y are thought of as sets of points and an
arrow is used to suggest a “pairing” of a typical point # in X with the image point
f(x) in Y. Another scheme is shown in Figure 2-6-1(b). Here the function f is
imagined to be like a machine into which objects of the collection X are fed and ob-
jects of Y are produced. When an object x is fed into the machine, the output is the
object f(x).

Although the function idea places no restriction on the nature of the objects in
the domain X and in the range Y, in elementary calculus we are primarily interested
in functions whose domain and range are sets of real numbers. Such functions are
called real-valued functions of a real variable, or, more briefly, real functions, and
they may be illustrated geometrically by a graph in the xy-plane. We plot the domain
X on the x-axis, and above each point x in X we plot the point (x,y), where y=

F(x). The totality of such points (x,y) is called the graph of the function.

X

f
&)
@ ®)

Fig.2-6-1 Schematic representations of the function idea

Now we consider some more examples of real functions.

EXAMPLE 4. The identity function. Suppose that f(x)= x for all real x. This
function is often called the identity function. Tis domain is the real line, that is, the
set of all real numbers. Here x =y for each point (x,y) on the graph of f. The graph

is a straight line making equal angles with the coordinates axes (see Figure 2-6-2).
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The range of f is the set of all real numbers.

EXAMPLE 5. The absolute-value function. Consider the function which assigns

to each real number x the nonnegative number lx1. A portion of its graph is shown in

Figure 2-6-3. Denoting this function by ¢, we have ¢(x) = |x| for all real x. For

example, ¢(0)=0,0(2)=2,p(-3)=3. We list here some properties of absolute

values expressed in function notation.

(2) p(-2)=p(x).

(b) p(x")=2.

(¢) p(x+y) <@(x)+@(y) (the triangle inequality ).

(d) elo(x) ]l =¢p(x).

Sw=x

Fig.2-6-2 Graph of the

identity function f(x)==x

the absolute — value function #£ Xt {H
BRI KX

alphabet[ '®lfobit |n. FHFE

correspondence[ koris'pondans | n.

XF i

cube[ kju:b In. 37 7

displacement[ dis'pleismant [n. {if %

domain[ dou'mein | n. X , & X%

edge[ edz Jn. $%, 18

function idea HE¥E AR

Gallup poll[ 'galsp poul | Hig ¥ R =

5%

generalization[ \dzenorslai'zeifon] n.

(e) o(x)= /2.

y

P(x)=|x|

Fig.2-6-3 Absolute-value

function @(x)= lx|

Hr, — B
graph[ gra:f ]n. i, B &
Hooke’s law #f 55 & &
Robert Hooke( A % )R. #f 7%
the identity function {H % pR%Y
image[ 'imidz ] v. 284 n. (B 5 5)
B, BB
Leibniz ( A% ) 346 JE &
limit[ 'limit ] v. PR#& ;n. 2 5B
nonnegative[ non'negativ] adj. IE F1 A
output[ 'autput In. ,v. H 1
plot[ plot ]v. i ( )
prime[ praim | n. Z %, ¥
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proportional [ pra'poifonsl ] adj. &% kb schematically [ ski'metikoli ] adv. & f#

151 i i
range[ reindz I n. {Hi5,, 75 B spring constant 4 R Y
the real-valued function 3E{H o6 %X stretch[ stret[]v. i {#
real variable SLAF & totality [ tou'teliti jn. £, &4
restriction | ris'trik fon ] n. R il the triangle inequality = f§ N&E =
schemel skiim 1n. F %, 1% volume[ 'valjurm Jn. 8, A, &

schematic representation [ f# 3% /N

BIEXR
1. B SGEE(—) , WTEL A B HAESEELM EIES,
2. R SAE Bim S o LA B i 4 S R I S SR R

(1) associate with sth. /sb. (2) certain kinds of sth. /sb.
(3) do with sth. (4) be expressed in the form
(5) be familiar to sb. (6) be fed into the machine
(7) independent of sth. /sb. (8) be much too limited in sth.
(9) pair sth. /sbh. with sth. /sb. (10) place no restriction on sth.
(11) in a quantitative fashion (12) refer to sth. /sb.

(13) be referred to as sth. /sb. (14) without counting

3. BABRE AR,

RS

1. Various fields of human have to do with relationships that exist between one
collection of objects and another. H: ' have to I FiA R ER, BE I« U7
B, do with 8B 1A, ME K", M FER &7 & WA ANTE 274
B-REY5H - KEYZAHFENEN KR,

2. The force F necessary to stretch a steel spring a distance » beyond its natural
length is proportional to x. J& % iF) 55 1& necessary to--- {E & & & Hffi force, 4 /) 0J
PR — MR R EN BB AR KENEE Y WA HEN N F S
x BIE B o

3. This number is said to be a function of x even though no simple algebraic for-
mula is known for computing it ( without counting) when x is known. M 3X ‘&) G] #0
computing Fll counting & X Z 25, S IFR X MK « HEE, RELRR
A0 BARKE AT DL B « 1 E (CRE 3R e E.

4. It was later realized that Leibniz’s idea of function was much too limited in
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its scope, and the meaning of the word has since undergone many stages of generali-
zation. X B that SR K& WM A AN AT, 4 £k, ARBER E AR, T#F
BB R AATA AR B, 364 J8 3R if B BUB BE BB RS RR T, XA AE
M XA RS T EBRET

RIMEA

1. $87F 51 & 21 0 BiA) 1R 21 45 40 R IEE , IR E MR AR SRR ARSI :

(1) PR E S S R B E R R LR

(2) TR AR ER R 27,

(3) SR PR A SRR R,

(4) B (RE) BE& Bl A

5) AHERR KA AMEHEL A TRBEOEE .« & f THE.
Feeeeer LU BRE

2. Wi

(1) % FRSEEFRA B8R FER R

(2) HfR—NHENERE x BEXHER—NIILE,BAIIES f(2) Ak
RaAEHHRENMNT » BHE,

(3) EHRERANLIRA I AT RB T HERA

(4) ATLLAF 2 7 4 R SR AR A BRI .

(5) BH5IEH A ERBEHEE=AAEX,

(6) Xt FEH x>0, BB g(x) T At » BREHE

(7) RER—F3F R, B & 24 7T LR R B — R R A B2 X

(8) ZERBAE L, 6 F 8 SCHUAE S AP By 3 4, 3wk R A8 A i
PR

3. FW

(1) We can use the concepis of ordered pairs to give a new definition of func-
tions as follows. A function is a set of ordered pairs such that for each first coordinate
only one second cgordinate exists. The domain of a function is the set of all first coor-
dinates. The range of a function is the set of all second coordinates.

(2) Let X and Y be sets and suppose f: X—Y is a function. If g:Y—X is another
function and has the property that

y=f(x) ifand only if x=g(y),

then we call g the inverse function to f. Observe that x=g(y) is what we obtained
by solving the equation y=f(x) for » in term of y. However, in the general case,the

equation y=f(x) may have no solutions at all or else may have many solutions. Thus,
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for f;X—Y to admit an inverse function, it is necessary that,for each y in the set Y,
the equation y=f(x) has a unique solution x in the set X.

(3) A complex function f on a measurable space X whose range consists of only
finitely many points will be called a simple function. Among these are the nonnega-
tive simple functions, whose range is a finite subset of [0, ). Note that we explicitly
exclude o from the values of a simple function. If @, ,a,, " ,a, are the distinct val-

ues of a simple function f,and if we set A,={x:f(x)=a,| ,then clearly

n

f= Z A Xa;»

iz}

where X, is the characteristic function of A,.
4. BERX6-CHBEIFMNIE.
{37 6-C The concept of function''’

Seldom has a single concept played so important a role in mathematics as has the
concept of function. It is desirable to know how the concept has developed.

This concept, like many others, originates in physics. The physical quantities
were the forerunners of mathematical variables, and relation among them was called a
function relation in the late 16th century.

For example, the formula s = 16¢° for the number of feet s a body falls in any
number of seconds ¢ is a function relation between s and ¢, it describes the way s va-
ries with t. The study of such relations led people in the 18th century to think of a
function relation as nothing but a formula.

Only after the rise of modern analysis in the early 19th century could the concept
of function be extended. In the extended sense, a function may be defined as fol-
lows : If a variable y depends on another variable x in such a way that to each value of
x corresponds a definite value of y, then y is a function of x. This definition serves
many a practical purpose even today.

Not specified by this definition is the manner of setiing up the correspondence.
It may be done by a formula as the 18th century mathematics pre;umed, but it can
equally well be done by a tabulation such as a statistical chart, or by some other form
of description.

A typical example is the room temperature, which obviously is a function of
time. But this function admits of no formula representation, although it can be recor-
ded in a tabular form or traced out graphically by an automatic device.

The modern definition of a function y of x is simply a mapping from a space X to
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another space Y. A mapping is defined when every point x of X has a definite image
y, a point of Y. The mapping concept is close to intuition, and therefore desirable to
serve as a basis of the function concept. Moreover, as the space concept is incorpo-
rated in this modern definition, its generality contributes much to the generality of the

function concept.

£FRS5RAEA(T)
admit[ od'mit | v. #EiF inverse function ;7 P& %{

admit of ¥ ‘ mapping| 'mepig | n. B 5

admit of no 7 &iF measurable[ 'mezarabl] adj. A] U
characteristic function $¢/4F o8 obviously[ 'sbviasli]adv. SR #b
extend[ iks'tend Jv. T, I T B ordered pair f FF Xt

extended| iks'tendid Jadj. |~ Y parabola[ pa'reebalo I n. #E#4%
finitely many % R £ 1|~ presume[ pri'zjuim]v.
forerunner[ 'farrans]n. &17E set up ET
incorporate| in'ko:pareit ] v. 3 A, E&& simple function & & PR &Y
in term of y F y &R trace[ treis |n. 3, JE W ;v. B EE

intuition[ intju'ifon]n. HEW

§2.7 FHRHER

( Sequences and Their Limits)

IR 7-A The definition of sequences

In everyday usage of the English language, the words “sequence” and “series”
are synonyms, and they are used to suggest a succession of things or events arranged
in some order'. In mathematics these words have special technical meanings. The
word “sequence” is employed as in the common use of the term to convey the idea of
a set of things arranged in order, but the word “series” is used in a somewhat differ-
ent sense”. The concept of a sequence will be discussed in this section, and series
will be defined in Section 11.

If for every positive integer n there is associated a real or complex number @,

then the ordered set
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n

B30y, 0y, 0, , "
is said to define an infinite sequence. The important thing here is that each member
of the set has been labeled with an integer so that we may speak of the first term a,,
the second term a,, and, in general, the nth term a,. Each term a_ has a successor
a,,, and hence there is no “last” term.

The most common examples of sequences can be constructed if we give some
rule or formula for describing the nth term. Thus, for example, the formula a, =1/n

defines a sequence whose first five terms are

Sometimes two or more formulas may be employed as, for example,
a,_,=1. a,=2n",
the first few terms in this case being
1,2,1,8,1,18,1,32,1.

Another common way to define a sequence is by a set of instructions which ex-

plains how to carry on after a given start’. Thus we may have
a, =a,=1, a, =a,+a,, for n=2.

This particular rule is known as a recursion formula and it defines a famous se-
quence whose terms are called the Fibonacci numbers. The first few terms are

1,1,2,3,5,8,13,21,34.

In any sequence the essential thing is that there be some function f defined on
the positive integers such that f(n) is the nth term of the sequence for each n=1,2,
3,--. In fact, this is probably the most convenient way to state a technical definition
of sequence.

DEFINITION. A function f whose domain is the set of all positive integers 1,2,
3,--- is called an infinite sequence. The function value f( ) is called the nth term of
the sequence.

The range of the function (that is, the set of function values) is usually dis-
played by writing the terms in order, thus:

S f(2) f(B) e o) yoen,
For brevity, the notation {f(n)} is used to denote the sequence whose nth term is
f(n). Very often the dependence on n is denoted by using subscripts, and we write

a_,s ,x or something similar instead of f(n). Unless otherwise specified, all

Y 0

u

nt¥n

sequences In this chapter are assumed to have real or complex terms.
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B3 7-B The limit of a sequence

The main question we are concerned with here is to decide whether or not the
terms f(n) tend to a finite limit as n increases infinitely. To treat this problem, we
must extend the limit concept to sequences. This is done as follows.

DEFINITION. A sequence {f(n)| is said to have a limit L if, for every positive
number g, there is another positive number N (which may depend on &) such that

If(n)-Lli<g for all n=N.
In this case, we say the sequence {f(n)| converges to L and we write

limf(n)=L, or f(n)—L as n—wx.

n—» 0

A sequence which does not converge is called divergent.

In this definition the function values f(n) and the limit L may be real or com-
plex numbers. If f and L are complex, we may decompose them into their real and
imaginary parts, say f=u+iv and L =a+1b. Then we have f(n) -L=u(n)-a+
ilv(n) —b]. The inequalities

lu(n)-al<If(n)-Ll and lo(n)-bl<I|f(n)-LI

show that the relation f( n)—L implies u(n)—a and v(n)—b as n—o . Converse-
ly, the inequality

If(n)-LI<lu(n)-al+lv(n)-bl
shows that the two relations u(n)—a and v(n)—b imply f(n) —L as n—ow. In
other words, a complex-valued sequence f converges if and only if both the real part u
and the imaginary part » converge separately, in which case we have

/()= limu(n) +i fime(n).

It is clear that any function defined for all positive real x may be used to con-
struct a sequence by restricting x to take only integer values®. This explains the strong
analogy between the definition just given and the one in Section 6.4 for more general
functions. The analogy carries over to infinite limits as well, and we leave it for the

reader to define the symbols
limf(n)=+w and limf(n)= -
as was done in Section 6.5 when f is real-valued. If f is complex, we write f(n)—o
as n—wif If(n) o+,
The phrase “convergent sequence” is used only for a sequence whose limit is fi-
nite. A sequence with an infinite limit is said to diverge. There are, of course, di-

vergent sequences that do not have infinite limits. Examples are defined by the fol-
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lowing formulas:

fim= (107, fm=sin ™, )= (-1(1+ 7). A=<

The basic rules for dealing with limits of sums, products, eic. , also hold for limits of

convergent sequences. The reader should have no difficulty in formulating these theo-

rems for himself. Their proofs are somewhat similar to those given in Section 3. 5.

R 5WA(—)

assume[ a'sjurm Jv. fRE, W ({H)
carry over to ZELEf T &=
complex—valued sequence & {H %
converge[ kon'voidz ] v. L8k
convergence[ kon'vaidzons Jn. S
convergent[ kon'va:dzant | adj. W EHY
conversely [ 'konvasli] adv. & 2, &
convey[ kan'veilv. ik, %1%
diverge[ dai'va:dz lv. £ H
divergence[ dai'vo:dzons n. K E(
divergent[ dai'vo:dzont ] adj. &
event[ i'vent In. H/f

Fibonacci number JE ji A8 &
imaginary part &

BSIER

imply [ im'plai]v. ZHIR ,
infinite sequence JG35 ¥ %
instruction[ in'strakfon | n. 54
phrase[ freiz | n. 1%, B f &, VL5
v. ARERAR

real part SL#P
real valued sequence 3Z{H %)
recursion formula 33 3 24 3,
sequence] 'siztkwons | n. F 31, $(%
series[ 'sioriiz | n. K%, ¥ I
subscript[ 'sabskript | n. T #x
succession [ saok'sefon | n. % F #

a succession of — & B )
successor| sok'sesa]n. J5 4k
suggest| sa'dzest |v. B, R

1. B A SEE(—), MRRC ABFAEEELM EILS,
2. B SME B IR AT LT R GAH S EENE X ERE:

(1) carry on

(3) converge separately
(5) extend sth. to sth.

(7) be known as sth. /sb.
(9) leave sth. for sb. to do

(11) restrict x to take only integer values

(13) similar to sth. /sb.

(2) carries over to sth.

(4) decompose sth. into sth.
(6) formulate the theorems
(8) be labeled with sth.
(10) make the convention
(12) a set of instructions

(14) somewhat

(15) analogy between sth. /sb. and sth. /sb. (16) unless otherwise specified
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3. E 5w MBOR B R

EE5iE

1. In everyday usage of the English language, the words “sequence” and “se-
ries” are synonyms, and they are used to suggest a succession of things or events ar-
ranged in some order. ;X H] “sequence” 55 “series” H] R ¥ AN 1% , arranged in some or-
der it K4 A MR B M things or events, R HBRRAGFHE, T FEEFR:
FEH W IIET , B “ sequence” 55 “ series” & [F] Ui, A LA 28 71 32 5 F R HE 51
H— AR RE

2. The word “sequence” is employed as in the common use of the term to con-
vey the idea of a set of things arranged in order, but the word “series” is used in a
somewhat different sense. H: /' employ Fl 3l 1i] use &[5 7, {H4~4] & T HT use &
R, R . AR REE A%, RiE “sequence” FI LI ik #%
KFHEFI — B R ER HE, “series” — AN A THMBMEER, (. se-
ries KN HERBR“RE" )

3. Another common way to define a sequence is by a set of instructions which
explains how to carry on after a given start. X A] H by SI;BEMEBEEEIE, &40
B — R R RE R BN 2l — B A IR TR 48 1 B U e 4
5 &I,

4. It is clear that any function defined for all positive real x may be used to con-
struct a sequence by restricting x to take only integer values. 3X &) °] # i — £ 4],
W] DU R, Bl B R B — BT A ELH « B2 LI R
A LI G — N5, KA R« R,

R SME Ak

L BT 5% H 9 807 A4 5 BB R RRE TR S BRI

(1) F3 EEFS EEFF) L5 RECIF B 54k 5% Bk
Thr GBHEARX,

(2) I BH

(3) Wesk Bl R REL

(4) BEG BB, x BUER 3 X EM HEES - BRIEATE.
R Z IR8R BRAE S e

2. B

(1) JFINE T n AR HE R A TIHRERR, SR TFER 0,2, %,

(2) DAIEB RO N 2 SO of 3Pk R P 51
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(3) —EAEFFFICE Y B AL S e 5 55780 R o i

(4) =T FFlla | EHE M EBER « FEF AP ERNNARES £
HRK)ER o, ~L<e M FTH n=N AL, B8R e, KT Lo

(5) BEEMR ZENE—THABH T EEEHs Li2S, XK,
A ARG S — T 58 A — AR, B AR n T,

(6) HXFIa A, AEPREF IR ERERE LHHRE KT,

(7) #54 B % 118, sequence Fl series J& [F] SCIA (B AE A F 2 Ril, ENIRA
AEEIBEE

(8) RBE“WSUFH" TR EAFRBRIFS], Bk, & R4 LRI+
PR WS, R R B

3. BEFN

(1) A quantity that can take on successively different numerical values is called
a variable. It should be remembered that, although it is common for the successive
values of the variable to be related to each other in accordance with some law, these
values need not have any definite relations one to another. As stated before,a variable
is commonly represented by a letter such as x,y,or z.

(2) If a variable V takes on successively a series of values which approach clos-
er and closer, to a fixed number L in such a manner that the absolute value of V-L
becomes and remains less than any finite number however small,then V is said to ap-
proach the limit L.

This may be written limit of V=L. The symbol—gives us the equivalent notation
V—L, which is read V approaches L as a limit.

(3) This is the most important function in mathematics. It is defined, for every

complex number z,by the formula

o« n

exp(z)= Z ::‘. (%)

n=0

The series ( * ) converges absolutely for every z and converges uniformly on every
bounded subset of the complex plane. Thus exp (z) is a continuous function. By the
absolute convergence of { * ) one can prove the important addition formula
exp(a)+exp(b)=-exp(a+bh)

is valid for all complex number @ and b.

EOAR(L) (2) W successively BV IR HEEA W . ENBFEAR
15 19 1% 25 o B0 S 7% ), “ successive function” |, T B 201 (3 ) R &£, % /K “ continuous
function”

4. BFRIT-CIHBEEFERRIE,
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IR3L 7-C Monotonic sequences of real numbers

A sequence {f(n)} is said to be increasing if
fln) <f(n+l) for all nz=1.
We indicate this briefly by writing f(n) 7. If, on the other hand, we have
f(n) =f(n+1) for all n=1,
we call the sequence decreasing and write f(n) 4. A sequence is called monotonic if
it is increasing or if it is decreasing.

Monotonic sequences are pleasant to work with because their convergence or di-
vergence Is particularly easy to determine. In fact, we have the following simple cri-
terion.

THEOREM 7.1. A monotonic sequence converges if and only if it is bounded.

Note: A sequence {f{n)} is called bounded if there exists a positive number M
such that

If(n) <M for all n. A sequence that is not bounded is called unbounded.

Proof. 1t is clear that an unbounded sequence cannot converge. Therefore, all
we need to prove is that a bounded monotonic sequence must converge.

Assume f(n) /7 and let L denote the least upper bound of the set of function val-
ues. (Since the sequence is bounded, it has a least upper bound by Axiom 10 of the
real-number system. ) Then f(n) <L for all n, and we shall prove that the sequence
converges to L.

Choose any positive number £. Since L—& cannot be an upper bound for all
numbers f(n) , we must have L-g<f(N) for some N. (This N may depend on £. ) If
n=N, we have f(N) <f(n) since f(n) 7. Hence, we have L-g<f(n) <L for all
n=N, as illustrated in Figure 2-7-1. From these inequalities we find that

O0<L-f(n)<e for all n=N

and this means that the sequence converges to L, as asserted.

L—¢ i
Q) £Q) f3) f@) N fo

Fig.2-7-1 A bounded increasing sequence converges to its least upper bound.

If f(n) 4, the proof is similar, the limit in this case being the greatest lower

bound of the set of function values.
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$R5R4A(Z)
absolute convergence %t 5 Sk definite[ 'definit Jadj. 5£ B , B € A
bound[ baund }n. %, R however small T % 4 /)

lower bound F F in accordance with--+ ¥RF--- -

upper bound 5 increasing[ in'krisin ] adj. #3459
bounded[ 'baundid ] adj. F R # monotonic[ monau'tanik ] adj. BLiE K
complex plane & ¥ [ remain ri'meinJv. AR, ®W T, % F
continuous function % £¥ pR % series[ 'siorizz | n. &
converge absolutely %X} W& successive [ saok'sesiv ] adj. ZF K B9,
converge uniformly — UL S 4

criterion[ krai'tisrion Jn. ¥ Bl %5 , #E] unbounded[ 'an'baundid ] adj. EHR B
decreasing| di'krizsip ] adj. 3% 5k )

§2.8 EHHMIVNEM/LARL
( The Derivative of a Function and
Its Geometric interpretation)

B3 8—~A The derivative of a function

The example described in the foregoing section points the way to the introduction
of the concept of derivative. We begin with a function f defined at least on some open
interval (a,b) on the z-axis. Then we choose a fixed point x in this interval and in-

troduce the difference quotient

(8.1) f(x+h2—f(x),

where the number h, which may be positive or negative ( but not zero) , is such that
x+h also lie in (a,b). The numerator of this quotient measures the change in the
function when x changes from x to x+h. The quotient itself is referred to as the aver-
age rate of the change of f in the interval joining x to x+h.

Now we let k approach zero and see what happens to this quotient. If the quo-
tient approaches some definite value as a limit ( which implies that the limit is the
same v 'hether h approaches zero through positive values or through negative values) ,
then this limit is called the derivative of f at x and is denoted by the symbol f'(x)

(read as “f prime of x”)'. Thus, the formal definition of f'(x) may be stated as
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follows ;
DEFINITION OF DERIVATIVE. The derivative f'(x) is defined by the equation
(8.2) f'(x):}lir,ofﬁh_})l;f("_)’

provided the limit exists. The number f'(x) is also called the rate of change of f at x.

By comparing (8.2) with (7.3) in the foregoing section, we see that the con-
cept of instantaneous velocity is merely an example of the concept of derivative. The
velocity v(¢) is equal to the derivative f ' (1), where f is the function which measures
position. This is often described by saying that velocity is the rate of change of posi-
tion with respect to time. In the example worked out in Section 7.2, the position
function f is described by the equation

f(t)= 144:-16¢,

and its derivative f ' is a new function ( velocity) given by
(8.3) f(t)=144-321.

In general, the limit process which produces f'(x) from f(x) gives us a way of
obtaining a new function /' from a given function f. > The process is called differentia-
tion, and f’ is called the first derivative of f. If f', in turn, is defined on an open
interval, we can try to compute its first derivative, denoted by " and called the sec-
ond derivative of . Similarly, the nth derivative of f, denoted by f” | is defined to
be the first derivative of f*""'’. We make the convention that ‘=, that is, the ze-
roth derivative is the function itself.

For rectilinear motion, the first derivative of velocity ( second derivative of posi-
tion) is called acceleration. For example, to compute the acceleration in the example
of Section 7.2, we can use Equation (7.2) to form the difference quotient

v(t+h) —v(t) [144-32(s+h) |-[144-32:] -32h
h - h TR

Since this quotient has the constant value —32 for each k50, its limit as h—0 is also

-32.

-32. Thus, the acceleration in this problem is constant and equal to —=32. This result
tells us that the velocity is decreasing at the rate of 32 feet per second every second.
In 9 seconds the total decrease in velocity is 9 + 32 = 288 feet per second. This agrees
with the fact that during the 9 seconds of motion the velocity changes from v(0)= 144
to v(9)= -144.

3L 8-B Geometric interpretation of the derivative as a slope

The procedure used to define the derivative has a geometric interpretation which
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leads in a natural way to the idea of a tangent line to a curve. A portion of the graph
of a function f is shown in Figure 2-8-1. Two of its points P and Q are shown with
respective coordinates (x,f(x)) and (x+h,f(x+h)). Consider the right triangle
with hypotenuse PQ; its altitude, f(x+h) —f(x), represents the difference of the or-
dinates of the two points Q and P. Therefore, the difference quotient

fath) ~f(x)
h

represents the trigonometric tangent of the angle o that PQ makes with the horizontal.

(8.4)

The real number tana is called the slope of the line through P and Q and it provides a
way of measuring the “steepness” of this line. For example, if f is a linear function,
say f(x)=ma+b, the difference quotient (8.4) has the value m, so m is the slope of
the line.

Some examples of lines of various slopes are shown in Figure 2-8-2. For a hori-
zontal line, a=0 and the slope, tana, is also 0. If o lies between O and /2, the
line is rising as we move from left to right and the slope is positive. If a lies between
w/2 and m, the line is falling as we move from left to right and the slope is negative.
A line for which a=w/4 has slope 1. As « increases from 0 to w/2, tana increases
without bound, and the corresponding lines of slope tana approach a vertical posi-

tion. Since tanw/2 is not defined, we say that vertical lines have no slope.

Vertical (no slope)
/' r =
0 m=3
SRy ~f(x)
) o SIS T m=
/ .
/= B — Horizontal
/
S
| m=—4
x x+h m indicates the slope
Fig.2-8-1 Geometric interpretation of the Fig.2-8-2 Lines of various slopes

difference quotient as the tangent of an angle
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Suppose now that f has a derivative at x. This means that the difference quotient
approaches a certain limit f'(x) as h approaches 0. When this is interpreted geomet-
rically it tells us that, as h gets nearer 1o 0, the point P remains fixed, @ moves
along the curve toward P, and the line through PQ changes its direction in such a
way that its slope approaches the number f'(x) as a limit’. For this reason it seems
natural to define the slope of the curve at P to be the number f'(x). The line through

P having this slope is called the tangent line at P.

SRSHRA(—)
acceleration[ &k selo'reifon I n. ik & e
altitude[ '@ltitjurd In. & F fraction[ 'frekfon n. 0%, 73
approach[ o'proutJv. & T, 18k interval[ 'intaval ] n. [X 8], 4% 7
approach zero BT 0 open interval F[X [H]
average( '&voridz | n. ¥ linear function Z%1E R
average rate 1454 R numerator[ 'mjurmeareita I n. 5+F
average value Y3/ {H position function i & PR %
bound[ baund | n. & ,{R rectilinear motion B £%ia 5l
without bound TL# , TR respective coordinates £ B 4 #5
constant[ 'konstant [ n. ¥ #{ steepness[ 'stizpnis | n. BE I
derivative[ di'rivativ ] n. S ¥ slope[ sloup In. 5 & , B &
the first derivative — [y 2 % tangent[ 'teendzant In. IEY], Y128
the second derivative — ¥} S %% velocity [ vi'lositi ] n. 3 B
difference equation 2% instantaneous velocity BRAT 3 &

differentiation [ difarenfi'eifon ] n.

WER
I B AERSRA(—), W3 A BIFERAELM EILS.
2. 4 > s By iR 2 o LT BAE RS R & SRR

(1) approach sth. through sth. (2) begin with sth.

(3) compare sth. /sb. with sth. /sb. (4) happen to sth. /sb.

(5) be interpreted geometrically (6) joint sth. to sth.

(7) make the convention (8) move along sth. toward sth.
(9) the total decrease in velocity (10) with respect to sth.

3. B3 HA . RMIESEABRRAL.
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ERSIHEMA

1. If the quotient approaches some definite value as a limit ( which implies that
the limit is the same whether h approaches zero through positive values or through
negative values) , then this limit is called the derivative of f at x and is denoted by
the symbol f’(x) (read as “f prime of 7). WA R B, R R ERURA
B B IR R ZEE AR h BUEREET 0 ERBAKNEET 0, HERR
—BE) IR A AR BRFR A £ 7E x BB IEHE S (2) GERSS —M +7) o

2. In general, the limit process which produces f’(x)from f(x) gives us a way
of obtaining a new function f’ from a given function f. iX4] a way G IETE, TR
EUFEIE, BRKA . AR — R, H (o) A S (0) MR RS R
RITBET —FFE A— T AENRE S BB — TR RS

3. When this is interpreted geometrically it tells us that,as h gets nearer to 0,
the point P remains fixed , Q moves along the curve toward P ,and the line through PQ
changes its direction in such a way that its slope approaches the number f'(x) as a
Timit. 1) 25 28 3 0 4 2 1 4 LA SO i ek O o, TR R LT B
Woh T OB, & PREARE, WA Q MR HIE PR, 253 PO KEZLAW
WBE W, EREMRETEE S (2) IFLLERNHRR.

B AMME A

1. T 544 49 807 GRAH 5 M5 R RIGE , IR T TR e BARICIZ -

(1) ¥ . —MER. B SR M.

(2) BHLREZh N E R B SR T B AT R AN B

ORER-EN-J NedN 7=

(4) 84T W B EHE AR,

(5) #F 0 34 x 5 x+h XA AEHL A E LREM WEKMEEA/T
R HE % T B D B AR AL R R B AL R I T

2. PUFRTE.

(1) ZHERBREEE « 5 x+h WXE EHTHELE,

(2) BESTFHEREN I,

(3) BEXSHMTBRFRENILATRBEU—FHARNIRFEHTXTH
KR ER,

(4) EWERER PO 5K FAMEAMEY.,

(5) TEHLBF, BB K — B S B0 N B

(6) RITAESO=fMEH/HNERIFERETFTESH,

(7) TEEHH 9 BErPI, WIRM B E H v(0)= -144 TR T v(9) = 144, 3k
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U, EBE ML T A RD 288 FE R,
(8) ¥ a MO i%bﬁ@]—g—ﬂff tan o TCPRREAN, T tan o BN M AKX BT EHE

.
3. FEIFE:
(1) Examples of derivatives
EXAMPLE 1. Derivative of a constant function. Suppose f is a constant func-

tion, say f(x)=c for all x. The difference quotient is
fah) () _e=e o
k h
Since the quotient is O for all A 70, its limit, £'(x) is also O for every x. In the oth-
er words, a constant function has a zero derivative everywhere.
EXAMPLE 2. Derivative of a linear function. Suppose f is a linear function, say
f(x)=mx+b for all real x. If A0, we have

flx+h) —f(x) __m(x+h)+b—(mx+b) _mh _
3 - h =

Since the difference quotient does not change when h approaches 0, we conclude that

f'(x)=m for every x.
Thus, the derivative of a linear function is a constant function.

(2) These three numbers, i.e., f'(a) ,f"(a) and f ' (a) are called,respec-
tively , the derivative on the left,the derivative,the derivative on the right of f(x) atx
=a. For example, if f(x) = |« 1, then f'(0) does not exist, but £’ (a)= -1
and f',(a)=1.

(3) We now introduce a natural generalization of partial derivatives. In the defi-
nition of £,(%,,%,) ,the numerator of the difference quotient used involves the value of
F(x,y) at two points (x,+Ax,y,) and(x,,5,). As Ax approaches zero, the first point
approaches the latter along the line y =y,. For f,(%,,¥,)a point (%, ,¥,+Ay) approa-
ches (x,,y,) along the line x=x,. We now replace these two special lines by an ar-
bitrary line through (x,,7,).

(4) A direction £_ is defined as the direction of any directed line which makes
the angle a with the positive x—axis ( positive angles measured in the counterclock-
wise sense as usual). Thus the line segment directed from the point (0,0) to the
point ( —=1,-1) has the direction & _,, or & 5, .

The directional derivative of f(x,y) in the direction £, at (a,b) is
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of _ fla+Ascos a,b+Assin a)-f(a,b)
70 PO As °

4. BEFIRX 8-CHKBEERRINIE,
i£3r 8—-C Logarithms'"

Logarithms were invented to shorten the work of extended numerical computa-
tions, which involve one or more of the operations of multiplication, division, involu-
tion, and evolution. Their use has decreased the labour of computing to such an ex-
tent that many calculations, which would require hours without the use of logarithms,
can be performed with their aid in a small fraction of that time.

If we write the equation

n=>b", (1)
we express then the essential relation between a number, n, and its logarithms, a,
for a given base, b. In the notation of logarithms this is written
log, n=a, (2)
and it is read “the logarithm of n to the base b equals a”. We can define verbally in
one statement both logarithm and base as follows:

The logarithm of a given number is the power to which another number, called
the base, must be raised in order to equal the given number.

It is important to realize that equations (1) and (2) are merely two different
ways of expressing precisely the same relations, one the exponential way, the other
the logarithmic. Above all it is necessary to keep in mind the fact that a logarithm is
an exponent.

Thus in 81 =3*, the given number is 81, the base is 3, and the logarithm is 4
that is, log, 81 =4.

The base of the common system of logarithm is 10. Hence a table of common
logarithms is really a table of exponents of the number 10. Since the greater portion of
these exponents is approximate values of irrational numbers, it follows that computa-
tions by means of logarithms give only approximate results. Tables exist, however in
which each logarithm is given to twenty or more decimals; hence practically any de-
sired degree of accuracy can be obtained by using the proper table. The common sys-
tem is used in numerical work almost exclusively.

The only other system of logarithms used in computations is called the natural
system. It has for its base the irrational number 2. 7182*, which is usually denoted

by the letter e and is used mainly for theoretical purposes.
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§2.9 WAHEEN

( Introduction to Differential Equations)

B 9-A Introduction

A large variety of scientific problems arise in which one tries to determine some-
thing from its rate of change. ' For example, we could try to compute the position of a
moving particle from a knowledge of its velocity or acceleration. Or a radioactive sub-
stance may be disintegrating at a known rate and we may be required to determine the
amount of material present after a given time.” In examples like these, we are trying
to determine an unknown function from prescribed information expressed in the form
of an equation involving at least one of the derivatives of the unknown function®.
These equations are called differential equations, and their study forms one of the
most challenging branches of mathematics.

Differential equations are classified under two main headings: ordinary and par-
tial, depending on whether the unknown is a function of just one variable or of two or

more variables’. A simple example of an ordinary differential equation is the relation

(9.1) S (x)=f(x)
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which is satisfied, in particular by the exponential function, f{x)=e". We shall see
presently that every solution of (9.1) must be of the form f(x)= Ce*, where C may
be any constant.
On the other hand, an equation like
O f(x.y) fx.y)
2 T 2 -
ox dy

is an example of a partial differential equation. This particular one, called Laplace’ s

equation, appears in the theory of electricity and magnetism, fluid mechanics, and
elsewhere. It has many different kinds of solutions, among which are f(x,y) = x+2y,
f(x,¥)=¢"cos y, and f(x,y)=log(x*+y").

The study of differential equations is one part of mathematics that, perhaps more
than any other, has been directly inspired by mechanics, astronomy, and mathemati-
cal physics. Its history began in the 17th century when Newton, Leibniz, and the
Bernoullis solved some simple differential equations arising from problems in geometry
and mechanics. These early discoveries, beginning about 1690, gradually led to the
development of a lot of “special tricks” for solving certain special kinds of differential
equations. Although these special tricks are applicable in relatively few cases, they
do enable us to solve many differential equations ‘that arise in mechanics and geome-
try, so their study is of practical importance. Some of these special methods and some
of the problems which they help us solve are discussed near the end of this chapter.

Experience has shown that it is difficult to obtain mathematical theories of much
generality about solutions of differential equations, except for a few types. Among
these are the so-called linear differential equations which occur in a great variety of
scientific problems. The simplest types of linear differential equations and some of
their applications are also discussed in this introductory chapter. A more thorough

study of linear equations is carried out in Volume JJ .
3L 9-B Terminology and notation

When we work with a differential equation such as (9. 1), it is customary to
write ¥ in place of f(x) and y’ in place of f’(x ), the higher derivatives being deno-
ted by y”,y"”, etc. Of course, other letters such as u,v,z, etc. are also used instead
of y. By the order of an equation is meant the order of the highest derivative which
appears’ . For example, (9.1) is a first-order equation which may be written as y' =y.
The differential equation y'=x"y+sin(xy") is one of second order.

In this chapter we shall begin our study with first-order equations which can be
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solved for y" and written as follows:
(9.2) ¥y =f(x,y),
where the expression f(x,y) on the right has various special forms. A differentiable
function y=Y(x) will be called a solution of (9.2) on an interval [ if the function ¥
and its derivative Y’ satisfy the relation

Y'(x)=flx,Y(x)]
for every x in I. The simplest case occurs when f(x,y) is independent of y. In this
case, (9.2) becomes
(9.3) y'=Q(x),
say, where Q is assumed to be a given function defined on some interval I. To solve
the differential equation (9.3) means to find a primitive of (. The Second funda-
mental theorem of calculus tells us how to do it when Q is continuous on an open in-
terval . We simply integrate Q and add any constant’. Thus, every solution of
(9.3) is included in the formula

(9.4) y=f()(x)dx+c,

where C is any constant (usually called an arbitrary constant of integration). The dif-
ferential equation (9.3) has infinitely many solutions, one for each value of C.

If it is not possible to evaluate the integral in (9.4) in terms of familiar func-
tions, such as polynomials, rational functions, trigonometric and inverse trigonomet-
ric functions, logarithms, and exponentials®, still we consider the differential equa-
tion as having been solved if the solution can be expressed in terms of integrals of
known functions. In actual practice, there are various methods for obtaining approxi-
mate evaluations of integrals which lead to useful information about the solution. Au-
tomatic high-speed computing machines are often designed with this kind of problem
in mind’.

EXAMPLE. Linear motion determined from the velocity. Suppose a particle
maoves along a straight line in such a way that its velocity at time ¢ is 2sin t. Deter-
mine its position at time i.

Solution. If ¥ (t) denotes the position at time t measured from some starting
point, then the derivative ¥'(¢) represents the velocity at time ¢t. We are given that

Y'(t)=2sin 1.

@ B\ LT A, X B logarithms 1 exponentials 4341 & logarithm functions I exponential functions {3
HEX, BE.BHX L TXIS8BI, —RAERAXMEE.
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Integrating, we find that
¥()=2 [ sin tde+C = ~2cos 1+C.

This is all we can deduce about Y(¢) from a knowledge of the velocity alone; some
other piece of information is needed to fix the position function. We can determine C
if we know the value of ¥ at some particular instant. For example, if Y(0)= 0, then
C=2 and the position function is Y(t)=2-2cos t. But if Y(0)=2, then C=4 and
the position function is ¥(t)=4-2cos t.

In some respects the example just solved is typical of what happens in general.
Some-where in the process of solving a first-order differential equation, an integration
is required to remove the derivative ¥’ and in this step an arbitrary constant C ap-
pears’. The way in which the arbitrary constant C enters into the solution will depend
on the nature of the given differential equation. It may appear as an additive con-
stant, as in Equation (9.4), but it is more likely to appear in some other way. For
example, when we solve the equation y'=y in Section 9.3, we shall find that every
solution has the form y=Ce".

In many problems it is necessary to select from the collection of all solutions one
having a prescribed value at some point. The prescribed value is called an initial con-
dition, and the problem of determining such a solution is called an initial-value prob-
lem. This terminology originated in mechanics where, as in the above example, the

prescribed value represents the displacement at some initial time.

R E5RE(—)
approximate evaluation 3T {l\f it ¥
astronomy[ a'stronami | n. K % exponential function 5§ % b8 £

differential equation 7 5 #&
Bernoulli ( A4 ) 185 F|

the Bernoullis {8 %%’J%ﬁi [ B %

ESNN
disintegrate [ dis'intigreit | v. f& {4k,
=T
differentiable [ difa'renfiabl | adi. #J
pdie]

displacement[ dis'pleismant [n. {i/ %
exponential [ ,ekspou'nenfol ] adj. #§

initial[ i'nifal ] adj. ¥ &M

initial condition ¥J4f &

initial-value problem ]4H Jv] &
integrate[ 'intigreit | v. Xf--- - A4
integration[ |inti'greifon]n. F4}
logarithm|[ 'logaridom | n. %} %k

logarithm function Xt B %1 ( =loga-

rithmic function)

mathematical physics {2445
mechanics| mi'keniks Jn. f72¢
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nature( 'neitfo ] n. ¥E &, 8 R rational function & P pf %

ordinary differential equation % 3 4 terminology [ /tormi'nolodzi]n. Ri&
75 trigonometric function = £ pf %1

partial differential equation & # 43 5 & inverse trigonometric function X = f§

polynomial[ ;psli'noumjal ] n. £ 15 =, PRBL
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(1) arise from (in) sth, (2) be classified under sth.
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FESHQA

1. A large variety of scientific problems arise in which one tries to determine
something from its rate of change. ;X B which 5| &) )\ 7] & Ui problems, B 1% 7] B
AEREERAH, EETXHER TRAZE: KENAENETEANRESR
MR ELREGEZEY (KR,

2. Or a radioactive substance may be disintegrating at a known rate and we may
be required to determine the amount of material present after a given time. 1% B pres-
ent RIEFR, BYX R “BHFHN" . 4546 L —AFF kA “For example” , 3% 4] “ or”
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TREL FERMNAEELAENH S REYRENEE,

3. In examples like these, we are trying to determine an unknown function from
prescribed information expressed in the form of an equation involving at least one of
the derivatives of the unknown function. 48] W] % f, % 48 4] . ZE2E LB 7 op , 3
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4. Differential equations are classified under two main headings: ordinary and
partial, depending on whether the unknown is a function of just one variable or of two
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(3) FATAT LA dy B 50 FhE T3 3l B sl s BT B b F L B
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3. HE

(1) Boundary conditions

The rate if increase with time ¢ of a population P of a colony of bacteria is pro-

portional to the population P at time ¢,i. e.

dP
E—kP,

where k is a constant. It is easy to check that the general solution of this differential
equation is

P(t)=ce",
where ¢ is an arbitrary constant. Suppose that one needs to calculate the proportional
at time £=100 in the case k=2. Then P(t)= ce’®.

To proceed any further, it is necessary to assign a particular value to the arbi-
trary constant ¢. For this, further information is necessary. The conditions which sup-
ply this information are usually called the boundary conditions for the problem.

(2) Histor ical introduction to complex numbers

The quadratic equation 2°+1 =0 has no solution in the real-number system be-
cause there is no real number whose square is ~ 1. New types of numbers, called
complex numbers, have been introduced to provide to solutions to such equation. In
this brief chapter we discuss complex number and show that they are important in sol-
ving algebraic equations and that they have an impact on differential and integral cal-
culus.

As early as the 16th century, a symbol./-1 was introduced to provide solutions
of the quadratic equation 2’ +1 =0. This symbol, later denoted by the letter i, was
regarded as a fictitious or imaginary number which could be manipulated algebraically
like an ordinary real number, except that its square was —1. Thus, for example, the
quadratic solutions x*+1 =0 was factored by writing x*+1 =x"~i* = (x—i) (x+i) , and
the solutions of x*+1 =0 were exhibited as x = +i, without any concern regarding the

meaning or validity of such formulas. Expressions such as 2+3i were called complex
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numbers, and they were used in purely formal way for nearly 300 years before they
were described in a manner that would be considered satisfactory by present-day

standards.
Early in the 19th century, Karl Friedrich Gauss (1777 -1855) and William

Rowan Hamilton ( 1805-1865) independently and almost simultaneously proposed
the idea of defining complex numbers as ordered pairs (a,b) of real numbers en-
dowed with certain special properties. This idea is widely accepted today and is de-

scribed in the next section.

4. BERXI-CIHBEEFERRIUE,
B3 9-C The basic properties of the integral

From the definition of the integral, it is possible to deduce the following proper-
ties. Proofs are given in Section 1.27.

THEOREM 1. LINEARITY WITH RESPECT TO THE INTEGRAND. If both f
and g are integrable on [ a,b], so is ¢, f+c,g for every pair of constants c, and c,.

Furthermore, we have

J’ [e f(x)+c,g(x) ]dx=clff(x)dx+c2j g(x)dx.

Note : By use of mathematical induction, the linearity property can be generalized
as follows; If f, ,f,,**,f, are integrable on [a,b], then so is o f, te fo e +e f, for

all real constants ¢, ¢, ,** ,c, , and
b

[1S el de= 3 [efrxraa]

k=
THEOREM 2. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTE-
GRATION. If two of the following three integrals exist, the third also exists, and

we have

b ¢ b
jf(x)dx: ff(’x)dx+ J'f(x)dx.
Note :In particular, if f is monotonic on [a,c] and also on [¢,b], then both in-
¢ b b
tegrals jf(x)dx and Jf(x)dx exist, so Jf(x)dx also exists and is equal to the sum

of the other two integrals.
THEOREM 3. INVARIANCE UNDER TRANSLATION. If f is integrable on

[a,b], then for every real ¢ we have
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bte

ff(x)dx— ff(x c)ydx.

a+c

THEOREM 4. EXPANSION OR CONTRACTION OF THE INTERVAL OF IN-
TEGRATION. If fis inlegrable on [ a,b], then for every real k0 we have

jf(x)dx:%zf(%) dx

Note: In both Theorems 3 and 4, the existence of one of the integrals implies the
existence of the other. When k=-1, Theorem 4 is called the reflection property.

THEOREM 5. COMPARISON THEOREM. If both f and g are integrable on
la,b] and if g(x) <f(x) for every x in [a,b], then we have

b
[ e dus [ f(x)dx.

An important special case of Theorem 5 occurs when g(x) =0 for every x. In
b

this case, the theorem states that if g(x) =0 everywhere on [a,b], then fg(x) dx

= 0. In other words, a nonnegative function has a nonnegative integral. It can also
be shown that if we have the strict inequality g(x) <f(x) for all x in [a,b], then the
same strict inequality holds for the integrals, but the proof is not easy to give at this
stage.

In Chapter 5 we shall discuss various methods for calculating the value of an in-
tegral without the necessity of using the definition in each case. These methods, how-
ever, are applicable to only a relatively small number of functions, and for most inte-
grable functions the actual numerical value of the integral can only be estimated. This
is usually done by approximating the integrand above and below by step functions or
by other simple functions whose integrals can be evaluated exactly. Then the compar-
ison theorem is used to obtain corresponding approximations for the integral of the

function in question.

et
£R5AE(Z) A
algebraically[ ,ldzi'breiikali] adv. 7E boundary condition 1 i 4% {4 %%:%3
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3
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§2.10 KETHPHBXSEXE

( Dependent and Independent Sets in a Linear Space)

J#3r 10-A Dependent and independent sets in a linear space

DEFINITION. A set S of elements in a linear space V is called dependent if there
is a finite set of distinct elements in S, say x, - ,x,, and corresponding set of scalars

¢, ,¢,, not all zero, such that'

1

k
Z cx,=0. :

i=1
The set S is called independent if it is not dependent. In this case, for all choices

of distinct elements x, ,--+ ,x, in S and scalars ¢, ,-*- ¢,
k
Z cx, =0 implies ¢, =¢, =+ =¢, =0,
i=1

Although dependence and independence are properties of sets of elements, we
also apply these terms to the elements themselves. For example, the elements in an
independent set are called independent elements.

If S is a finite set, the foregoing definition agrees with that given in Chapter 8 for
the space V,. However, the present definition is not restricted to finite sets.

EXAMPLE 1. If a subset T of a set S is dependent, then S itself is dependent.
This is logically equivalent to the statement that every subset of an independent set is

independent.

EXAMPLE 2. If one element in S is a scalar multiple of another, then S is de-
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pendent.

EXAMPLE 3. If O e S, then S is dependent.

EXAMPLE 4. The empty set is independent.

Many examples of dependent and independent sets of vectors in V, were dis-
cussed in Chapter 8. The following examples illustrate these concepts in function
spaces. In each case the underlying linear space V is the set of all real-valued func-
tions defined on the real line.

EXAMPLE 5. Let u ()= cos’t,u,(t)=sin’ t,u,(t)=1 for all real ¢. The Py-
thagorean identity shows that u, +u,-u, =0, so the three functions u,,u,,u, are de-
pendent.

EXAMPLE 6. Let u,(2)=¢" fork =0,1,2,---, and ¢ real. The set S={u,,u,,
u,, | is independent. To prove this, it suffices to show that for each n the n+1 pol-
ynomials w, ,u,,- - ,u, are independent. A relation of the form > c¢,u, =0 means that
(10.1) St =0
for all real . When t=0, this gives ¢, =0. Differentiating (10. 1) and setting t=0,
we find that ¢, =0. Repeating the process, we find that each coefficient ¢, is zero.

EXAMPLE 7. Ifa,,-:-,a, are distinct real numbers, the n exponential functions

ax x

u(x)=e", - u,(x)=e"
are independent. We can prove this by induction on n. The result holds trivially
when n=1. Therefore, assume it is true for n—1 exponential functions and consider

scalars ¢, ,+:+, ¢, such that

n

(10.2) Z c,e™ =0.

k=1
Let a, be the largest of the n numbers a,, -+, a,. Multiplying both members of

(10.2) by e™***, we obtain

(10.3) S epel =0,
k=1

If k% M, the number a, —a, is negative. Therefore, when x— +  in Equation
(10.3), each term with k£ M tends to zero and we find that ¢, =0. Deleting the
Mth term from (10.2) and applying the induction hypothesis, we find that each of
the remaining n—1 coefficients ¢, is zero.

THEOREM 10.5. Let S be an independent set consisting of k& elements in a lin-
ear space V and let L(S) be the subspace spanned by S. Then every set of k+1 ele-
ments in L(S) is dependent.

Proof. When V=V _, Theorem 10. 5 reduces to Theorem 8. 8. If we examine the
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proof of Theorem 8. 8, we find that it is based only on the fact that V_ is a linear
space and not on any other special property of V,. Therefore the proof given for Theo-

rem 8. 8 is valid for any linear space V.
i3 10-B Basis and dimension

DEFINITION. A finite set S of elements in a linear space V is called a finite basis
for V if S is independent and spans V. The space V is called finite dimensional if it has
a finite basis, or if V consists of O alone. Otherwise V is called infinite dimensional.

THEOREM 10. 6. Let V be a finite-dimensional linear space. Then every finite
basis for V has the same number of elements.

Proof. Let S and T be two finite bases for V. Suppose S consists of k elements
and T consists of m elements. Since S is independent and spans ¥V, Theorem 10.5
tells us that every set of k+1 elements in V is dependent. Theréfore, every set of
more than % elements in V is dependent. Since T is an independent set, we must
have m <k. The same argument with S and T interchanged shows that k< m’. There-
fore k=m.

DEFINITION. If a linear space V has a basis of n elements, the integer n is called
the dimension of V. We write n=dim V. if V=1{0}, we say V has dimension 0.

EXAMPLE 1. The space V, has dimension n. One basis is the set of n unit co-
ordinate vectors.

EXAMPLE 2. The space of all polynomials p(¢) of degree <n has dimension
n+1.* One basis is the set of n+1 polynomials {1 ,t,8 .-+ "} . Every polynomial of
degree <n is a linear combination of these n+1 polynomials.

EXAMPLE 3. The space of solutions of the differential equation y"-2y'~3y=0
has dimension 2. One basis consists of the two functions u,(x) = e, u,(x) = e™.
Every solution is a linear combination of these two.

EXAMPLE 4. The space of all polynomials p (¢) is infinite- d1mens1onal Al-
though the infinite set {1 ,t,t*, -} spans this space, no finite set of polynomials
spans the space.

THEOREM 10.7. Let V be a finite-dimensional linear space with dim V=n.
Then we have the following.

(a) Any set of independent elements in V is a subset of some basis for V.

(b) Any set of n independent elements is a basis for V.

Proof. The proof of (a) is identical to that of part (b) of Theorem 8. 10. The
proof of (b) is identical to that of part (c) of Theorem 8. 10.
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Let V be a linear space of dimension n and consider a basis whose elements

e, ,--,e_ are taken in a given order. We denote such an ordered basis as an n-tuple
(e ,r,e,). f x eV, we can express x as a linear combination of these basis ele-
ments ;

n

x= > ce,.

=1

(10. 4)

The coefficients in this equation determine an n-tuple of numbers (¢, , - ,c,) that is

uniquely determined by x. In fact, if we have another representation of x as a linear

combination of e, ,+--,e,, say x = Z d,e,, then by subtraction from (10.4), we

A

i=1

n

find that Z (¢,~d,) e, =0. But since the basis elements are independent, this im-

i=1

plies ¢, =d, for each i, so we have(c , - ,c,)=(d,, ,d,).

The components of the ordered n-tuple (¢, -

, ¢, ) determined by Equation

(10.4) are called the components of x relative to the ordered basis (e, ,-- ,€.).

£R5HA(—)
basis[ 'beisis |n. &, & &
finite basis 5 fB 2
ordered basis  J5 &t
coefficient[ koui'fifont |n. Z¥
component [ kam'paunant ] n. A 4},
&
dependent[ di'pendont ] adj. 1)
differentiate[ ,difa'renfieit ] v. 5k $ %%,
R
distinet[ dis'tigkt [ adj. B N4 R 1
finite dimensional £ [R 4 )
hold[ hould ] v. B57., B 3, & H
hold trivially g #R s 37
hypothesis{ hai'po0isis ] n. {5 %
the induction hypothesis I3 44 3 f#)
Bz
independent [ (indi'pendant ] adj. ¢
KK

infinite dimensional JG R 4 (1
linear combination 2140 &
linear space %& {25 [A]
logically equivalent &iﬁ%ﬁi’ i}
multiple[ 'maltipl | n. {55 ;adj. B
multiply[ 'maltiplai] v. 3, {%3¥ ; adv.
e, LRI K
The Pythagorean identity  ¥& 3k B 7 i
% 2 (79 J5 B 50 /5 B 78 78 09 7RV )
remain[ ri'mein Jv. #| T , & 8
scalar[ 'skeilo [ n. {3 B, ¥ B
span[ spn ] v. E‘KEE s iitg
the subspace spanned by S H S 3 &
1T
n—tuple[ en'tjuipl In. n-JG4H
the ordered n-tuple B n-IC4
the underlying linear space % ili&h M2
[]
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uniquely[ jur'nizkli ] adv. HE—3 valid[ 'veelid ] adj. B KT, A 3
vector[ 'vekto In. [ &, K& be valid for i+« B 37
unit coordinate vector B {v; A ¥R [v] &

BMIEXK
L BHERSIERA (=), WER A BHFEREELH RS,
2. H G By iR 2 o LUF B R A S EE NS LR

(1) agree with sth. /sb. (2) base on sth.

(3) be identical to sth. (4) by induction on n
(5) it suffices to do sth. (6) reduce sth. to sth.
(7) relative to sth. /sb. (8) be restricted to sth.
(9) the same argument with sth. (10) span the space

(11) by subtraction from sth. (12) take in a given order

(13) uniquely determine

3. B3I () riAmMmBIAM A (2) BFEMRRE .

RSN

1. A set S of elements in a linear space V is called dependent if there is a finite set of
distinct elements in S, say x, ,++ ,x, , and corresponding set of scalars ¢, -+~ ,c,, not all ze-
ro, such that---FLH A set S of elements in a linear space V o] ELiF R “ L3 (8] V HF i
TCEARM—NE S”HERWEF R, FiF R RE=E VH— T8 S, WER
BB T, X ESCBEGBECRERRE O ¥R EMFRGIS, MR, FRHEX
T MEIRTEG T o 24401 AT B, o SOk th 3 B R R Bl XRE— 3R, X
AR AL RS IR V I — T4 S BRONASEH, IR TE S P EA RN ARAIT
. Flnx, - x, AN —HAEH 0 BB ¢\, o fE 7

2. AXAO RARTHE, EEEREEE G, FH B LgE X AESET
THIRH

3. The same argument with S and T interchanged shows that k< m. X&) 0] %
AR S 5 T M E ERFER TS AT IER k<m,

4. The space of all polynomials p(t) of degree <n has dimension n+1. 4] 1]
FAGHBUNTERE T o A ST AR M SRR GERR n+l, EH has di-
mension n+l FiIER“HF U n+1”,

RSMEAL
1. 3875 50 4% 20 59 B A) LR 40 5 TR R RGRIE  JR R B TR S PR B AR L
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(1) getkas ol ERL s mE . Fam; & ARE FFE,

(2) MRH EXK ;B A R4 TR,

(3) trl B Sr B/ RS AR A B e U e R R B

(4) ZABFX A 8« oL SR S(1,2) XTFAR ¢ KRG X HRE n it
TTIRGY s ME— M B 8 AR PR A BT 3K BRI £ 1 25 1B S AT TG 4 112 B 5 L — B B E

WX e MB T,
2. WES.

(1) ZABIP A FER X F ¢ B4, BATRBE — MR EEMNLER,

(2) AERES, XN UETERS M ELHNX —FE F, 55EM
HAbtE R TR,

(3) MRZEAFEARE, RR XS ARTERER .

(4) BEX RN n-1 N EH R BB, RATHHET B3 n 5%
PRE AL ST o

(5) XWMANEXEEE L REMHENK.

(6) WX BRUMEM VP ENMTEARMN - IMEELXRES LX) EH X
WM FE A LX) HBE-DAEBITUERRR X WTENEEES,

(7) B VE—An FRMEFNE, B EEH— 1, HTEEA T WKFEHES
jjel’ez""’eno .

(8) BARMRFMABME—1 n TH, EhmE x BT,

3. WFIL:

(1) let x, ,x,,---,x_ denote vectors. Any vector expressible in the form

X, +a,X,++a,x, (with a, ,a,,*,a, scalar)
is said to be (expressible as) a linear combination of x,,x,, -, x,. (In the trivial
case n=1, where we would be talking about “a linear combination of x,” , that
would simpy mean a scalar multiple of x,.

(2) We shall now define (for any x,y € E,) something called scalar product of
x and y. As the name suggests, this is a scalar (depending on x and y). It is deno-
ted by x - y, and it is defined as follow:

(a) If x and y are nonzero,then x - y=Ix|1lylcos 8, where @ is the angle be-
tween x and y; (b) If x or y is 0 (or if both are 0) , then x + y=0.

(3) A polynomial in x is an algebraic expression of the agx"+a,x"" +a,x" T 4eee
+a,, where x is a variable whose value is not fixed and a,,a, ,a, - ,a, are all con-
stants with @, 50 ,and n is a non-negative integer and is known as the degree of the
polynomial, a, is called the leading coefficient of the polynomial.

(4) A matrix with the same number of rows and columns is called a square
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matrix. And an n th—order square matrix, which is denoted by A consists of n’

naxn %
numbers with n rows and n columns. For any matrix A, with real numbers entries,
there is associated a unique number called determinant, designated by 1A 1. Also,

is said to be a determinant of order n.

4. BFRI 10-C, HILEFRIIE.
3L 10~C Applications of matrices

In recent years the applications of matrices in mathematies and in many diverse
fields have increased with remarkable speed. Matrix theory plays a central role in
modern physics in the study of quantum mechanics. Matrix methods are used to solve
problems in applied differential equations,specifically, in the area of aerodynamics,
stress and structure analysis. One of the most powerful mathematical methods for psy-
chological studies is factor analysis,a subject that makes wide use of matrix methods.
Recent developments in mathematical economics and in problems of business admin-
istration have led to extensive use of matrix methods. The biological sciences, and in
particular genetics, use matrix techniques to good advantage. No matter what the
student’ s field of major interest is, knowledge of the rudiments of matrices is likely to
broaden the range of literature that he can read with understanding.

In this section we will give some elementary examples of how matrices are uti-
lized.

The solution of » simultaneous linear equations in n unknowns is one of the im-
portant problems of applied mathematics. Descartes, the inventor of analytic geometry
and one of the founders of modern algebraic notation, believed that all problems
could ultimately be reduced to the solution of a set of simultaneous linear equations.
Although this belief is now known to be untenable, we know that a large group of sig-
nificant applied problems from many different disciplines are reducible to such equa-
tions. Many of the applications, require the solution of a large number of simultane-
ous linear equations, sometimes in the hundreds. The advent of computers has made
the matrix methods effective in the solution of these formidable problems. Example 1.
Solve the simultaneous equations for %, ,x, and x,.

2%, +3x,+4x, =4,
2%, +x, 4%, =2,
—x, +x,+2%, =2,

Solution. We may rewrite these equations in matrix form
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2 3 4\(%
x, | =| =2 (D
-1 1 2}« 2

and call the matrix of coefficients A, the 3 x1 matrix of unknowns x, and the 3x1
matrix on the right k, we may then write Equation (1) in the form

Ax=k. (2)
If it were possible to find a 3x3 matrix, which is designated by A™" and is called the
inverse of matrix, such that

A'A=1, (3)
where I is the identity matrix, then we would multiply both members of Equation (2)

by A™'. Equation (2) would then become

AT'Ax=A""k. (4)
Using Equation (3), we could rewrite Equation (4) as
Ix=A"'k,
x=A""k. (3)
Specifically for this case, without telling you how we get it,
-1 2 1
A'=| 5 -8 -6|.
-3 5 4
Using this in Equation (5), we get
X -1 2 1 4 -6
%= 5§ -8 -6 -2|=1 24|
e -3 5 4 2 -14
Thus x, =-6,%, =24, and x, = —14. From the above discussion, we see that the

problem of solving n simultaneous linear equation in n unknowns is reduced to the
problem of finding the inverse of the mairix of coefficients. It is therefore not surpris-
ing that in books on the theory of matrices the techniques of finding inverse matrices
occupy considerable space. Of course, we will not in our limited treatment discuss
such techniques. Not only are matrix methods useful in solving simultaneous equa-
tions, but they are alsc useful in discovering whether or not the set of equations are
consistent, in the sense that they lead to solutions, and in discovering whether or not

the set of equations are determinate, in the sense that they lead to unique solutions.
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£RSHA(T)
consistent[ kon'sistont Jadj. A& K
column[ 'kolam ] n. %]
determinate[ di'tarminit ] n. 7% z{
discipline[ 'disiplin Jn. $iig , 2%}
diverse[ dai'vazs | adj. A&l 1y
entry[ ‘entri]n. FEA GEK, XPH
entry of matrix %0 [ B 7T
inverse[ 'in'vars | n. jif
matrix [ 'meitriks I n. 45 &
matrix of coefficients 28 E(4E %
square matrix Jj [

n th-order square matrix n [§i 7 [

nonzero| 'nonziarou)n. IEEF I

polynomial[ ;poli'naumjsl In. £ Wiz
polynomial in x [ XF Jx BB I
psychological [ ;saika'lodzikal] adj. .0
4y
reducible[ ri'dju:sabl ] adj. B] f&i 4k B9,
T A 2 )
row[ rou | n. 3
simultaneous linear equations BX 37 5 &
[4H]
ultimately[ 'Altimitli] adv. 2%, &5
untenable [ 'an'tenabl ] adj. R~ A ik
i)

B ERRYFEC

What is mathematics?

Mathematics.

ftagHF?
@ BFIFHH(CF Cass) BERFEEH"ZHERT " WHE, it:

Mathematics is the Queen of the Sciences, and Arithmetic the Queen of

(BFERHBFWN L MEBEZRFHLT,)
® EEY¥REME(LKant, 1724 ~1804) & R WM H 1t

The science of mathematics presents the most brilliant example of how pure
reason may successfully enlarge its domain without the aid of experience.

(B¥RFEAB A RBERNAT  RATAGH LR, A WHE
R HT AL E & AR
® KBt ¥ R E ENIE (A Einstein) i 49H % T KRR E:

But there is another reason for the high repute of mathematics: it is mathe-
matics that offers the exact natural sciences a certain measure of security which,
without mathematics, they could not attain.

(BFRAFGEEENG - A REET - BREBRE.LSHFTFHAERH
FRUETETEEGHNTRRE RAZF ENA LB XHFHNTERE,)

O ARHE-ERMFE T R4],
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§2.11 HEEBEA]
( Elementary Mathematical Logic)

i®3r 11-A  Predicates®

Statements involving variables, such as

“ » o«

x>37 ,“x=y+3" ,and “x+y=z",

are often found in mathematical assertions and in computer programs. These state-
ments are neither true nor false when the values of the variables are not specified' . In
this section we will discuss the ways that propositions can be produced from such
statements.

The statement “x is greater than 3” has two parts. The first part, the variables,
is the subject of the statement. The second part — the predicate, “is greater than
3" — refers to a property that the subject of the statement can have. We can denote
the statement “x is greater than 3" by P(x), where P denotes the predicate “is
greater than 3” and « is the variable. The statement P(x) is also said to be the value
of the propositional function P at x. Once a value has been assigned to the variable x,
the statement P(x) becomes a propositidn and has a truth value. Consider the follow-
ing example.

EXAMPLE 1. Let P(x) denote the statement “x>3”. What are the truth values
of P(4) and P(2)?

Solution: The statement P(4) is obtained by setting x=4 in the statement “x>
3". Hence, P(4), which is the statement “4>3" , is true. However, P(2), which
is the statement “2>3", is false.

We can also have statements that involve more than one variable. For instance,
consider the statement “x=y+3". We can denote this statement by Q(x,y), where
x and y are variables and Q is the predicate. When values are assigned to the varia-
bles x and v, the statement Q(x,y) has a truth value.

EXAMPLE 2. Let Q(x,y) denote the statement “x=y+3". What are the truth
values of the propositions Q(1,2) and Q(3,0)?

Solution: To obtain Q(1,2), set x=1 and y =2 in the statement Q(x,v).

D AV =HE W A:K H. Rosen. Discrete Mathematics and Its Application. 4th Edition. New
York : McGraw-Hill, 1999.
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Hence, ((1,2) is the statement “1 =2+3", which is false. The statement Q(3,0)
is the proposition “3=0+3" ,which is true.

Similarly, we can let R(%,y,z) denote the statement “x+y=z". When values
are assigned to the variables x,y, and z, this statement has a truth value.

EXAMPLE 3. What are the truth values of the propositions R (1,2,3)
and R(0,0,1)7

Solution ;s The proposition R(1,2,3) is obtained by setting x=1 ,¥y=2, and z=3
in the statement R(x,y,z). We see that R(1,2,3) is the statement “1+2=3", which
is true. Also note that R(0,0,1), which is the statement “0+0=1", is false.

In general, a statement involving the n variables %, ,2,,**,%, can be denoted by
p(%1 Sy, ,xn)_

A statement of the form P(x, ,x,,*,%,) is the value of the propositional func-
tion P at the n-tuple (x,,%,,"-",%,), and P is also called a predicate.

Propositional functions occur in computer programs, as the following example
demonstrates.

EXAMPLE 4. Consider the statement

if x>0 then x:=x+1.

When this statement is encountered in a program, the value of the variable x at that
point in the execution of the program is inserted into P{x), which is “x>0". If
P(x) is true for this value of x, the assignment statement x: =x+1 1s executed, so
the value of x is increased by 1. If P(x) is false for this value of x, the assignment

statement is not executed, so the value of x is not changed.
i#®3r 11-B  Quantifiers ©

When all the variables in a propositional function are assigned values, the resul-
ting statement has a truth value. However, there is another important way, called
quantification, to create a proposition from a propositional function. Two types of
quantification will be discussed here, namely, universal quantification and existential
quantification.

Many mathematical statements assert that a property is true for all values of a

.

(@ Recall the following 4 symbels: 7 , A,V ,— which we read respectively as: ‘nol’, ‘and’, ‘or’ and

¢ implies’ and which we call symbols for propositional connectives. The symbols 7 , A, V, — are respectively
called ; the symbol for negatior, the symbol for conjunction, the symbol for disjunction and the symbol for implica-

tion®.
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variable in a particular domain, called the universe of discourse. Such a statement is
expressed using a universal quantification. The universal quantification of a proposi-
tional function is the proposition that asserts that P(«x) is true for all values of x in
the universe of discourse. The universe of discourse specifies the possible values of
the variable x.

DEFINITION 1. The universal quantification of P(x) is the proposition “P(x)
is true for all values of x in the universe of discourse.

The notation

YaP(x)
denotes the universal quantification of P(x). Here V is called the universal quantifier.

The proposition ¥V xP (x) is also expressed as “for all xP (x)" or “for
every xP(x)"”.

Remark’ ; it is best to avoid the word “ any” since it is often ambiguous as to
whether it means “every” or “some”. In some cases, “any” is unambiguous, such
as when it is used in negatives, for example, “there is not any reason not to study
hard”.

EXAMPLE 5. Express the statement “Every student in this class has studied
calculus” as a universal quantification.

Solution . Let P(x) denote the statement “x has studied calculus”.

Then the statement “ Every student in this class has studied calculus” can be
written as ¥V xP(x), where the universe of discourse consists of the students in this
class.

This statement can also be expressed as

Ya(S(x)—>P(x)),
where S(x) is the statement
“x is in this class.”
P(x) is as before, and the universe of discourse is the set of all students.

Example 5 illustrates that there is often more than one good way to express a
quantification.

Many mathematical statements assert that there is an element with a certain
property. Such statements are expressed using existential quantification. With exis-
tential quantification, we form a proposition that is true if and only if P(x) is true for
at least one value of x in the universe of discourse.

DEFINITION 2. The existential quantification of P(x) is the proposition “ There

exists an element x in the universe of discourse such that P(x) is true. ” We use the



94 ETE BREX—ANLE

notation

JxP(x)

for the existential quantification of P(x). Here 3 is called the existential quantifier.

The existential quantification 3 xP(x) is also expressed as

“There is an x such that P(x)”,

“There is at least one x such that P(x)”, or “For some xP(x)”.

EXAMPLE 6. Let P(x) denote the statement “x>3”. What is the truth value of

the quantification 3 xP(x), where the universe of discourse is the set of real num-

bers?

Solution: Since “x>3" is true — for instance, when x =4 — the existential

quantification of P(x), which is FxP(x), is true.

4iR5iRa(—)

assert| o'sart Jv. Wi & , £ 9K

assertion|[ o'saifon ] n. G W i &

conjunction[ kon'dzapkfon]n. B

connective[ ko'nektiv]n. %A

disjunction[ dis'dzapkfon ] n. HFEL

exclusive[ iks'kluzsiv ] adj. /< 6] F @Y

execute| 'eksikjuzt Jv. 1T

false[ f5:ls ] adj. R HY

inclusive[ in'klu:siv ] adj. A] FH)

phrase[ freiz]v. F§i& & FR

predicate[ 'predikit ] n. g {7

preferable[ 'preforabl] adj. 5 A B i,
HEAF Y

proposition [ (propa'zifon ] n. i &

prepositional [ ,propa'zifonsl | adj. ¥

REHY

BMAEKR

prepositional connective &l % 17]
propositional function 5 p& %
quantifier[ 'kwontifais | n. 214
existential quantifier 7% 7E & i
universal quantifier 4 R & i
quantification[ kwontifi'keifon] n. &
Ak
universal quantification 4= #% & iAl{k
existential quantification 777 24k
statement[ 'steitmoant ] n. i& %)
subject of the statement 15 /4] ) £ 15
assignment statement {15 5]
truth value B {R{E
universe[ 'juinive:s | n. i@ &, K &E

universe of discourse &I, , B E

1. MIEiASiEE(—), MR A BIFEEEREEL M EIES.
2. B IS By s e I LUT A A S MR R S X KR

(1) assert

(3) be encourtered in some place

(2) be assigned to sth.

(4) execute



§2.11 BIBBEAI] 95

(5) be phrased in term of sth. (6) produce sth. from sth.

(7) specify (8) universe of discourse

3. BRI,

EBRS5HA

1. These statements are neither true nor false when the values of the variables
are not specified. 13 & 7€ i, 5] & variables Bij i1 7 i) the 0 JG i {7 i B L Y 2%
5. specify values B4 “fEEBUE " B B EE ", B WME" . XA A K& F
MESFR ERGEAPFRTAERBEE, NAEARZENRERLER.

2. EBEEER FENBERTH A",V CATHC ST BT
AE“not (ER JE’ )", “or (M B )", “and (FER 5 ) " M “implies (1%
W) ,EMNEENMERZE, XM SRR R ERS TRAS,
RS HAMMAS HENTSHE=F §3.2.2,

3. Remark ZJ5 MiE A IR H any XA D . BN, A 6 ) e 45
SRY HMEXHEELRMNIES b, B ER&IFAH any XA EL,HAE
AREEE BN HE- EFERRELEHAE. MEXLEHELT, F
AT & E A B, tHE 7] F “there is not any reason not to study hard” ( #& & 41:18]
AE S E) B ,any & LADEBIFER,

IR SME L

L. T3 & A9 320 R 4 5 R R R, TR T AT e BRARIEAZ

(1) B4 B8 B E#H; BiR . 2REH FERE,

(2) B ok B A R 1) 5 I T i R AR .

(3) B BA EBE EMER; 3N AN PN SRAER.

(4) BBUATEC.EE AW i SRR G E b #EEAN

(5) WEEBMIEA . ARXFEMGE & GZEREIT BTSSR
B 8 0 i A BB 3 T A RS AR B,

(1) A95 B i b i b i ) A i A RE W I i o

(2) Y— BRI AL EERE T, B EME A T B,

(3) P(x) WAFRB IR X8 iR b I «, P(x) B R E
B, 8 P(x) R EBFLITEY 2P (x) .

(4) W P(x) HiBA “2"-2x+3>0", FHiH N LHE, WEK AL
VaP(x) EREW.

(5) P(x) AR AMAEZIFE - ERBPHFEE-IITE « #15
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P(x)EREN, 1B P(x) WAFERIAMLICHE 2P ()

(6) FIF:BEASMER, 7L BE XX RREEERN, XERFw
BB LB R PR A

(7) R x X AME P(x) BEM, MERIFHIE «:=a-1 BT ER «
MIE BT L

(8) KT, M F— @8, 7 RAANIE— MBI INERUER

3. BEIEN .

(1) Thus p<>q is true if both p and q are true or if both p and ¢ are false. The

” “

following are English-language equivalents to p<>g:“p if and only if ¢,” “p is a nec-
essary and sufficient condition for ¢,” and “p precisely if g. "

It is worth emphasizing that the compound proposition p—¢ and its converse g—
p are quire different; they have different truth tables.

(2) Two compound propositions P and Q are regarded as logically equivalent if
they have the same truth values for all choices of truth values of the variables p,q,
etc. In other words,the final columns of their truth tables are the same. When this
occurs, we write P<>(). Since the table for P <> ( has truth values true precisely
where the truth values of P and @ agree,we see that

PsQ if and only if P<>Q is a tautology.

(3) We are typically faced with a set of hypotheses H, ,---, H, from which we
want to infer a conclusion C. One of the most natural sorts of proofs is the direct proof
in which we show

HANH, A ANH,=C.
Many of the proofs that we gave in Chapter 1 — for example, proof about greatest
common divisors and common multiples — were of this sort.

(4) Proofs that are not directive are called indirect. The first type of indirect
proof is proof of contrapositive

a9C = 1(H AH,A---ANH ).
Another type of indirect proof is a proof by contradiction .
(H ANH,N---ANH,) A4 C=a contradiction.

4. BFRX1-CHE EFRIUE:

237 11-C Translation sentences into logical expression

In Section 1.1 we illustrated the process of translating English sentences into

logical expressions involving propositions and logical connectives. Now that we have
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discussed quantifiers, we can express a wider variety of English sentences using logi-
cal expressions. Doing so eliminates ambiguity and makes it possible to reason with
these sentences. ( Section 3.1 covers rules of inference for reasoning with logical ex-
pressions. )

The following examples show how to use logical operators and quantifiers to ex-
press English sentences, similar to the kind that occur frequently in mathematical
statements, in logic programming, and in artificial intelligence.

EXAMPLE 7. Express the statements “ Some student in this class has visited
Mexico” and “Every student in this class has visited either Canada or Mexico” using
quantifiers.

Solution. Let the universe of discourse for the variable x be the set of students in
your class. Let M(x) be the statement “x has visited Mexico” and C(x) the state-
ment “x has visited Canada”. The statement “Some student in this class has visited
Mexico” can be written as dxM(x). The statement “Every student in this class has
visited either Canada or Mexico” can be written as YV x(C(x) V M(x)) (assuming
that the inclusive, rather than the exclusive, or is what is meant here).

EXAMPLE 8. Express the statement “Everyone has exactly one best friend” as
a logical expression.

Solution. Let B(x,y) be the statement “y is the best friend of 2™ . To translate
the sentence in the example, note that it says that for every person x there is another
person y such that y is the best friend of x and that if z is a person other than y, then
z is not the best friend of x. Consequently, we can translate the sentence as

Vx3yVz(B(a,y) AN((z#2y)—>n B(x,2))).

EXAMPLE 9. Express the statement “If somebody is female and is a parent,
then this person is someone’ s mother” as a logical expression.

Solution. Let F(x) be the statement “x is female” , let P(x) be the statement
“x is a parent” , and let M(x,y) be the statement “x is the mother of y”. Since the
statement in the example pertains to all people, we can write it symbolically as

Va((F(x) AP(x)—>— JyM(x,y)).

EXAMPLE 10. Use quantifiers to express the statement “There is a woman who
has taken a flight on every airline in the world”.

Solution. Let P(w,f) be “w has taken f” and Q(f,a) be “fis a flight on a.”
We can express the statement as

dwYadf(P(w,/) NQ(f,a)),

where the universes of discourse for w, f, and e consist of all the women in the
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world, all airplane flights, and all airlines, respectively.
The statement could also be expressed as
JwVYaedf R(w,f,a),
where R(w,f,a) is “w has taken fon a”. Although this is more compact, it some-
what obscures the relationships between the variables. Consequently, the first solu-
tion is usually preferable.

As mentioned earlier, quantifiers are often used in the definition of mathematical
concepts. One example that you may be familiar with is the concept of limit, which is
important in calculus.

EXAMPLE 1. (Calculus required) Express the definition of a limit using
quantifiers.

Solution. Recall that the definition of the statement

=1
is; For every real number £>0 there exists a real number §>0 such that |f(x)-Ll<e
whenever 0<(x-a(<§. This definition of a limit can be phrased in terms of quantifi-
ers by
VeddVax(0<lzx—al<d—If(x)-Li<g),
where the universe of discourse for the variables & and 8 is the set of positive real
numbers and for x is the set of real numbers.
This definition can also be expressed as
Ve>0d86>0Vx(0<izx-ali<d—If(x)-Li<e),
where the universe of discourse for the variables ¢ and § is the set of all real num-

bers, rather than the set of positive real numbers.

£R5RHA(Z)
ambiguous| em'bigjuas ] adj. — ¥ 1, pertain to Lj------ X, BF----
NIFEN preferable [ 'preforabl | adj. ¥ &) B Y
unambiguous{ ;ana@m'bigjuss] adj. infer[ in'for ] v. i S
HEK, B2 inference( 'inforons | n. #E M7 W5

artificial intelligence A T % fig
compound proposition & & 5 i
eliminate|[ i'limineit ] v. J§ &
emphasize[ 'emfasaiz ] v. 3 4
obscure [ ab'skjua ] v. {15 ¥ 4 %

rule of inference #E -5 )31 M|
proof by contradiction F f& i BH, &
HE#:
proof of contrapositive % [A] i AH
tautology [ to:'tolodzi|n, EE
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B/ HF
HEXRBEHE—FA?
IREN BEAFRXBFR REFERRGUZTER, BALE A

ERE ETHE R,
+ E 27 (J. H. Jeans) i# :
The great Architect of the Universe now begins to appear as a pure mathema-

tician.
(FHHNFABANMAEFLUABERFEFRN G HA,)
D3R 2 R B AR A 4 ( Erlanger Program ) i B & &9 # % X 3% % B (F.

Klein, 1849 ~1925) A % .
The greatest mathematicians, as Archimedes, Newton and Gauss, always

united theory and application in equal measure.
(WP EXR FPEHHEIBORFANKFR, ERTRT AL

BHE5RRAEaRK,)
P& (C.J. Keyser) R EI L S R A 8y L & AKAEH - F (Sophus

Lie, 1842 ~ 1899 ) H} %, :

When the late Sophus Lie was asked to name the characteristic endowment of
the mathematician, his answer was the following quaternion: fancy, energy, self-

confident, self-criticism.

(BEHWERY - Z2UHEE H2RAFRXFTRANER, EER
ETERANAM EEL . FH 8605 RILF.)
BRI FLRX AR B U XA THEZXNRB AL T -REHE

W EBRAGN AW AE

A mathematician, who is not also something of a poet, will never be a com-

plete mathematician.
FEEFEHAM YR NRERIAY H AN E:

Lagrange is the lofty pyramid of mathematical sciences.

(REHEREFRFIRENLETE)

(AH-BFAARHHERLEGIE - Z2WHFR.)




100 ETE BREX—ANYE

§2.12 WELEHERIT
( Probability Theory and Mathematical Statistics)

i®3r 12~A  Special terminology peculiar to probability theory &

In discussions involving probability, one often sees phrases from everyday lan-

“

. . . ”
an event is impossible,” or “an

1

guage such as “two events are equally likely,”
event is certain to occur. ” Expressions of this sort have intuitive appeal and it is both
pleasant and helpful to be able to employ such colorful language in mathematical dis-
cussions. Before we can do so, however, it is necessary to explain the meaning of
this language in terms of the fundamental concepts of our theory.

Because of the way probability is used in practice, it is convenient to imagine
that each probability space (S,B,P) is associated with a real or conceptual experi-
ment. The universal set S can then be thought of as the collection of all conceivable
outcomes of the experiment, as in the example of coin tossing discussed in the forego-
ing section. Fach element of S is called an outcome or a sample and the subsets of S
that occur in the Boolean algebra B are called events. The reasons for this terminology
will become more apparent when we ireat some examples.

Assume we have a probability space (S,B,P) associated with an experiment.
Let A be an event, and suppose the experiment is performed and that its outcome is
%. (In other words, let x be a point of S. ) This outcome x may or may not belong to
the set A. If it does, we say that the event A has occurred. Otherwise, we say that the
event A has not occurred, in which case x € A’, so the complementary event A" has
occurred. An event 4 is called impossible if A={J, because in this case no outcome
of the experiment can be an element of A. The event A4 is said to be certain if A=S,
because then every outcome is automatically an element of A.

Each event A has a probability P(A) assigned to it by the probability function
P. [ The actual value of P(A) or the manner in which P(A) is assigned does not
concern us at present. | The number P(A) is also called the probability that an out-
come of the experiment is one of the elements of A'. We also say that P(A) is the prob-

ability that the event A occurs when the experiment is performed.

@O BXI12-A{EH:T. M. Apostol. Calculus, Vol.2. New York; John Wiley & Sohn Inc. 1969.
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The impossible event J must be assigned probability zero because P is a finitely
additive measure. However, there may be events with probability zero that are not
impossible. In other words, some of the nonempty subsets of S may be assigned prob-
ability zero. The certain event S must be assigned probability 1 by the very definition
of probability, but there may be other subsets as well that are assigned probability 1.
In Example 1 of Section 6. 8 there are nonempty subsets with probability zero and
proper subsets of S that have probability 1.

Two events A and B are said to be equally likely if P(A)= P(B). The event A
is called more likely than B if P(A)>P(B), and at least as likely as B if P(A) =
P(B).Table 2-12-1 provides a glossary of further everyday language that is often
used in probability discussions. The letters A and B represent events, and x repre-
sents an outcome of an experiment associated with the sample space S. Each entry in
the left-hand column is a statement about the events A and B, and the correspending

entry in the right-hand column defines the statement in terms of set theory.
TABLE 2-12-1. Glossary of Probability Terms

Statement Meaning in set theory
At least one of A or B occurs xeAUB
Both events A and B occur xeANB
Neither A nor B occurs xeA'NB’
A occurs and B does not occur xeANB’
Exactly one of A4 or B occurs xe (ANB')YU(A'NB)
Not more than one of A or B occurs’ xre (ANB)'
If A occurs, so does B (A implies B) ACB
A and B are mutually exclusive ANB=Q
Event A or event B AUB
Event A and event B ANB

i®sr 12-B  Two basic statistics concepts — population and sample @

In the preceding sections, we cited a few examples of situations where evaluation

of factual information is essential for acquiring new knowledge. Although these exam-

@ {£3x12-BHLH :R. A. Johnson & G. K. Bhattacharyya. Statistics — Principles and Methods, 3rd
Edition, New York: John Wiley & Sons, 1996.
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ples are drawn from widely differing fields and only sketchy descriptions of the scope
and objectives of the studies are provided, a few common characteristics are readily
discernible.

First, in order to acquire new knowledge, relevant data must be collected. Sec-
ond, some amount of variability in the data is unavoidable even though observations
are made under the same or closely similar conditions. For instance, the treatment for
an allergy may provide long-lasting relief for some individuals whereas it may bring
only transient relief or even none at all to others’. Likewise, it is unrealistic to expect
that college freshmen whose high school records were alike would perform equally
well in college. Nature does not follow such a rigid law®.

A third notable feature is that access to a complete set of data is either physically
impossible or from a practical standpoint not feasible. When data are obtained from
laboratory experiments or field trials, no matter how much experimentation has been
performed, more can always be done. In public opinion or consumer expenditure
studies, a complete body of information would emerge only if data were gathered from
every individual in the nation — undoubtedly a monumental if not an impossible
task’. To collect an exhaustive set of data related to the damage sustained by all cars
of a particular model under collision at a specified speed, every car of that model
coming off the production lines would have to be subjected to a collision !° Thus, the
limitations of time, resources, and facilities, and sometimes the destructive nature of
the testing, mean that we must work with incomplete information — the data that are
actually collected in the course of an experimental study.

The preceding discussions highlight a distinction between the data set that is ac-
tually acquired through the process of observation and the vast collection of all poten-
tial observations that can be conceived in a given context. The statistical name for the
former is sample; for the latter, it is population, or statistical population. To further
elucidate these concepts, we observe that each measurement in a data set originates
from a distinct source which may be a patient, tree, farm, household, or some other
entity depending on the object of a study. The source of each measurement is called a
sampling unit, or simply, a unit. A sample or sample data set then consists of meas-
urements recorded for those units that are actually observed. The observed units con-
stitute a part of a far larger collection about which we wish to make inferences. The
set of measurements that would result if all the units in the larger collection could be
observed is defined as the population.

Definition 1 A statistical population is the set of measurements (or record of
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some qualitative trait) corresponding to the entire collection of units about which in-

formation is sought’.

The population represents the target of an investigation. We learn about the pop-

ulation by taking a sample from the population.

Definition 2 A sample from a statistical population is the set of measurements

that are actually collected in the course of an investigation.

RERHA(—)
allergy [ '®lodzi]n. o, K&
Boolean algebra 45 /R %K
destructive nature B A1, B F R MR
discernible[ di'sa:nabl ] adj. @] iR % &Y
elucidate[ i'luzsideit |v. [ Y , B R
equally likely [A)% 7] fg
event[ i'vent | n. 4
certain event 4% FH {4
complementary event I35
impossible event A~T] BE T {4
exhaustive[ ig'zo:stiv | adj. 25 ¥ 1), 55
Ry
expenditure [ iks'penditfo ] n. 4 %%,
X i
feasible[ 'fizzabl] adi. A] {71 #
finjtely additive measure £ BR 0] Jip iilj BE
highlight[ 'hailait ] v. 38 38 , /4 & ; n. &
2 EES
inference[ 'infarons | n. #EM , #E K7
monumental [ ;monju'mentl ] adj. Jf %
PN
mutually exclusive H.J& Y
outcome[ 'autkam | n. &5 5 25 5

BEXR

potential [ pa'tenfal ] adj. ¥ 7E #9; n.
i
population[ \popju'leifon]n. B {& (4K
B¥0,A0
probability[ ,proba'biliti | n. #f 2
probability space 1# #& 25 {d]
probability theory 13
probability zero & Hf %
relief[ ri'li:f |n. (FEZL) M, R
rigid law R & &
sample[ 's&mpl | n. £ 4
sampling unit # A8 BAY | B AR K
statistics [ sta'tistiks | n. &5 i}
mathematical statistics % 7 4% i1
sustain[ sa'stein |v. £r4E, T %
transient[ 'treenziont ] adj. B B 49, i
;4=
trait[ treit | n. $R4F , 0
trial[ 'traial | n. 5 ,
universal set WHE , &5
unrealistic[ 'anrio'listik ] adj. JE 8L ST /Y
variability [ veoria'biliti ] n. B] 4F 4,
ER

Lo WA R SImA(—) , WSR3 A B H LM it S,
2. B BRARBIA AL ] AT SR R4 SRR A X R
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(1) be acquired through sth. (2) closely similar

(3) coin tossing (4) complete body of sth.
(5) conceive (6) draw from sth.

(7) field trials (8) learn about sth.

(9) make inference (10) originate from sth.
(11) particular to sth. (12) perform an experiment
(13) be subjected to sth. /sh. (14) sustain

(15) the very definition
3. BB

ER5RB

1. The number P(A) is also called the probability that an outcome of the exper-
iment is one of the elements of A. A4 f that 3|8 — 215 M\ 4], ] TE1F proba-
bility, BAI W P(A) X HAR PSR, R AN T ROHE,

2. “Not more than one of A or B occurs” ) & X £“FMH A 5B ELRE—4
BE",

3. For instance, the treatment for an allergy may provide long-lasting relief for
some individuals whereas it may bring only transient relief or even none at all to oth-
ers. A% ] whereas 5| 5 — M *F LA/ H 89 M A), Ho i none J2 bring B2 15 #—
#4r, at all #&4 none, BA]HT % AL B 40, X — AT B IR T R AGE R 26 AR
B B (] 9 A% L (B X T At A BT RE R R A A (R B R A B S 2 TR

4. Likewise, it is unrealistic to expect that college freshmen whose high school
records were alike would perform equally well in college. Nature does not follow such
a rigid law. 3 P98 AT 3 A : 25Ut , A SR AR LB AE & AP B LG — HE O K22 — S 8
AERFPRIAC—FHIFRANELN, BRRFEEXE—ITEESERM
BIETT.

5. In public opinion or consumer expenditure studies,a complete body of infor-
mation would emerge only if data were gathered from every individual in the nation —
undoubtedly a monumental if not an impossible task. ;XM EBHIER G E M, B
FEARS ., TRERTER, FR-EARBRE M EHRNGE TS, Z4HE
H—-MResF R A, LAREIZERNE — MR RE. TE, X MEF
RP i F BE 58 5L, 43 2B KL PE R,

6. To collect an exhaustive set of data related to the damage sustained by all
cars of a particular model under collision at a specified speed, every car of that model

coming off the production lines would have to be subjected to a collision! X /]2
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BRUE, A FREK, TR R B SR ERENERESHREE—EH&
Ji 2 T il 48 B B T4 BE T B0 A SR BUIR L AR AR B IR AE TR R IE RS B — R
FEWMBERZ — AR

7. A statistical population is the set of measurements ( or record of some qualita-
live trait) corresponding to the entire collection of units about which information is
sought. iX 4~ 7€ X AR , corresponding 5| Ky 7y 18 B IE MUE & , EIEP X FFH — 1
WA, BT ST AR 5 5 TR E B 5 4 B B AR X b
B, B U 0 B (B 6 TR AR PR BT R ) AR AR o

R SME AL

1. 87T 5 & 40 i 838 a4 5 B8 B IOE SR BT M EECRICHZ

(1) #E% #ERie MRS E THER GRaMNE 28,504 LREML,
RUTREH M 6] % AT RE VELR A5 KB R 55 R A R E

(2) Git B B4 AEARRA S MR R 2R TRAI

(3) %5k HESRAE NI E

(4) ATLAE SN AEBEH JEH KH AT R K BER R

(5) B BELEUER Y B, A BEPRBES RN B, A
BANMRICE, FEELXLB RS, 5T ABRHAXKNBEREE,

2. Wik

(1) WIEBERIL BN AR X, IEERR RN T — LS
Hl B o

(2) ERBHEMS A B IBRITE P(4) .

(3) # P(A)>P(B) ,MFF M A LEfE B HEE RN AT Gl B P(4) =
P(B) ,WIFREMH A ZLMEBEMH B A BEE—FK,

(4) URBERNTE LR BIELREHOMERER 1, HETRE K
THEHBELN 1,

(5) ERBITISME T HMAREEZEHESR

(6) Giita BARBERT LI RE AR X R &4 R E, wa LUE BUZ X
OF VPO ITA:IpURIE €k

(7) it BRI ARTE — A BF 12 i 52 B o 48 A 0 8 848 40 R
HER

(8) MIRMARMEREIR. RAOTABAR B HBRE 4K T 84K,

3.0 mEFEN:

(1) The general rule for the addition of probabilities is

P(AUB)=P(A)+P(B)-P(ANB),
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where P(AUB) is the probability that either event A or B occurs (at list one of A
and B occurs) , and P(ANB) is the probability that event A and B both occur at the
same time.

(2) Two events are said to be mutually exclusive when both cannot happen at
the same time. If E denotes an event, then the event that E does not happen is called
the complementary event of E, and is denoted by E’. Obviously, E and E' are mu-
tually exclusive. Since an event either happens or does not happen,the sum of their

probabilities is 1.

(3) Given a set of ungrouped data x,,x,,**,%,, and let x denote the mean of

the data,the mean deviation of the data is defined by:

| x - x|
mean deviation = _—
where n is the number of data.

(4) We shall use the Greek letter u to denote the arithmetic mean of a population
and the Greek letter o to denote the standard deviation of a population. In a normal
distribution almost all of the population lies between the values of variable that are four
standard deviation (4¢ ) either side of the arithmetic mean (u) of the distribution. In

fact, the range u—40 to u+4o spans 0.9999 or 99.99% of the population.
4. BEEFHBHRFIR 12-C:

i®3r 12-C Some basic principles of combinatorial analysis ®

Many problems in probability theory and in other branches of mathematics can
be reduced to problems on counting the number of elements in a finite set. Systematic
methods for studying such problems form part of a mathematical discipline known as
combinatorial analysis. In this section we digress briefly to discuss some basic ideas
in combinatorial analysis that are useful in analyzing some of the more complicated
problems of probability theory.

If all the elements of a finite set are displayed before us, there is usually no dif-
ficulty in counting their total number. More often than not, however, a set is de-
scribed in a way that makes it impossible or undesirable to display all its elements.
For example, we might ask for the total number of distinct bridge hands that can be

dealt. Each player is dealt 13 cards from a 52-card deck. The number of possible

@ i#3x 12-C# A :T. M. Apostol. Calculus, Vol.2. New York: John Wiley & Sohn Inc. 1969.
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distinct hands is the same as the number of different subsets of 13 elements that can
be formed from a set of 52 elements. Sinee this number exceeds 635 billion, a direct
enumeration of all the possibilities is clearly not the best way to attack this problem ;
however, it can readily be solved by combinatorial analysis.

This problem is a special case of the more general problem of counting the num-
ber of distinct subsets of % elements that may be formed from a set of n elements
( When we say that a set has n elements, we mean that it has n distinct elements.
Such a set is sometimes called an n-element set. ), where n=k. Let us denote this

number by f(n,k). It has long been known that

(12.1) (n,k)= "
' sin, (k)

n
where, as usual ( ) denotes the binomial coefficient,

n _ n!
(k) Tk (n-k) U
52
In the problem of bridge hands we have £(52,13 ) = ( 13) =635,013,559,600 differ-

ent hands that a player can be dealt.

There are many methods known for proving (12.1). A straightforward approach
is to form each subset of k elements by choosing the elements one at a time. There
are n possibilities for the first choice, n—1 possibilities for the second choice, and
n—(k-1) possibilities for the kth choice. If we make all possible choices in this man-
ner we obtain a total of

n(n-l)---(n-zm):(—n’_‘;CT

subsets of k elements. Of course, these subsets arc not all distinct. For example, if
k=3 the six subsets

{a,b,c},|{b,c,a},{c,a,bl,{a,c,b},{c,b,a},{b,a,c}
are all equal. In general, this method of enumeration counts each k-element subset

exactly k! times. Therefore we must divide the number n! /(n-k) ! by k! to obtain

f(n,k). This gives us f(n, k)= (:) , as asserted.

£R5RA(Z)
binomial coefficient — IR 3, & ¥ bridge[ bridz | n. 47, #ff j#
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combinatorial analysis 2 &4 #7
commensurability[ ka,menfara'biliti ]
n. #75]

complementary event #pZ {4
deck[ dek]n. —BJ (4KH8) ; F IR, IR Z
deviation[ (dirvi'eifon |n. fR %=

mean deviation ] g 2

standard deviation AR £
digress[ dai'gres |v. RS ( /)

distribution[ distri'bju:fon Jn. 4 7
enumeration] i;njurmo'reifon] n. #rZf,
HE
mean{ mirn ] n. 3, FHE
npormal distribution 1F 35470
precision[ pri'sizon | n. Bi 8, }& &
span[ spen]v. 5 i, X %
straightforward approach HIEWF
ungrouped data 743 2EE IR

—

WU :ERRKMFEZE

sion.

HAE5HH)

TERENEN , XRERE )

know.

ATHAEE, REL ERLH"WH ¥R E L £ & (Aristotle) . :
Those who assert that the mathematical sciences say nothing of the beautiful

are in error. The chief forms of beauty are order, commensurability and preci-

(BXC AN BERFRETENARERN, £HETEHNKXRAF.

BRA A HNZR"G. # 4K E (Von. Neumann) ¥, :
I think it is correct to say (the mathematician’s) criteria of selection, and

also those of success, are mainly aesthetical.

(BXCRAN UBFRLEBRAAERN LR A B RT K)oy R,

H AR & E AW WK F EE A3 (] H. Poincaré) % :
The feeling of mathematical beauty, of the harmony of numbers and forms,

of geometric elegance. This is a true aesthetic feeling that all real mathematicians

(BXCREFNKFNE REANBSH AR, BB LA NG HE, X
RARENEEZRBELENRNERL )
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W1 EXEZERSEEXNEE

BREE  EANEENTE FIELAERNP IR (FEERBF U
BEFHH, EMHANFEEECER L EKBR G ) HF AT HH SR,
Flan, X A o) MAEFE v 0 SRR E IR ei] M pai] B,

THRILHIWEAZEFSSEANEE. EHRANEHRTSEE
SCER BRSNS E B 17 ] A F 8 §2.4 B 4-CE-BFXTEH B
AMANA.

—., AMiEH

1. fn#: (Addition)

S+ 4E plus, 140,142 24E“ one plus two” ;a+3 FEAE“a plus three”

M+ BAEE S, A2 4E “ plus 58 positive” , {1 +5 {£4F “ positive five” B,
“plus five”

2. W (Subtraction)

R =" % A4E minus, FA1,3-2 FE4E “ three minus two” ;5 -b {E4E “ five mi-
nus b”

.Y~ BAE R SR, BT E4E “ minus” 5 “ negative” , #1 -5 £ /E “ negative
five” 8¢ “ minus five”,

3. s (Multiplication )

FeBx” - "B WS E/E “times” 8 “ multiplied by” . 40,3 x2 3%k
“three times two” Z§ “ three multiplied by two” ;a + b BY, ab #FE/E : “a times b” B “a
multiplied by 87,

4. & (Divition)

Brec s PEVE“divided by” s /7 8" —" TRB BT /E“ over” BL“ divided
by” . #l40,10+4 E4E “ten over four” B “ten divided by four” ;a/b ﬁ—:—ﬁﬁi “a
over b" 8 “a divided by b”,

& ﬁﬁ(iﬁ)B@ﬁ?ﬁtbﬁ’ﬁf&,?ﬂ%ﬁfﬁﬁﬁ(ﬁ)Ba‘iﬁ%‘ﬁ?f’ﬁ“a over b”,

A VP2 LG R TR B 0, 40 - AR 0 quarter” % fourth” 5 - i f

“three quarters” % . EIEHMN AT AW §2.4 B 4-C,
5. ) ( Proportion)
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BIAFE  JElEis to” o BT, azb BEAE"a s to b” A IHEAR “the rato of
atod”,

6. 3 J7 (Powers)

x 9 n IKF «"—MEAE“x to the nth power” , #ji0 ,ab"iZ{E“a times b to the
nth power” ;6" '$£4E“b to the n minus one power” ;6™ " EYE“b to the m plus n pow-
er”, HE.,% n=2,3 BHiZEAR 5" I AE “x squared” B} “x square” sx TEAE“x
cubed B¢ x cube”,

7. FF7 ( Root-extracting)

xfJn Uf(ﬁif&%( 17 x%)—ﬁﬁliﬂi“ the nth root of x” , 440, As/a,2 T E “ the
fifth root of a squared” , 4§ n=2,3 B} EH AR W (B x—;—)iiﬂ‘:“ the square root of
x” ,\3/;( ) x_;—) 1 1E “ the cube root of x”

— . %k /)3% % ( Comparison of quantities)

3. a=bifE“a is equal to b” B “a equals b” , WA FEfE“a is b7 ;
x+2 =7 A “x plus 2 is equal to 7" B “x plus 2 equals 7" , L] &
fE“x plus2is 77,

RET. a#biEfE“a is not equal to b” 5 “a does not equal b, LAY BEAE
“a@is not b” ,

EEZTF. a=biEfE“a is identical to b” B “ a is identical with b” .

FEZ%F a~b iEE“a is approximately equal to ",
m~3. 14 i/ “ is approximately equal to three point one four”,

INF a<h iffE“a is less than b” ;3+a<m-3 FE1E“3 plus a is less than m
minus 3",
KF. a>b iE4E “a is greater than b,

INFERZEF. a<bi®fE“a is less than or equal to b7,
* FHRZEF: a=biEfE“a is greater than or equal to b7,

=. }£ € (Signs of grouping)
Al 5 5 ( ) FEE ] K#ES } 43 5| 15 1E “ parentheses” (X

“round brackets”) . “square brackets” , “braces”

¥5E B ST R L R, 0 (a+b) , B ZE ¥ #5 5 (open parenthesis) ,
i a+bh, B 5% A ¥ 35S (close parenthesis) , # 1> = F 3 {E “ open parenthesis a
plus b close parenthesis” , 5 T f&if#, (a+b) A] # 35E B, “ the quantity a plus b7 , [
EEHRBTES KESHMEE L,
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EH— B HE LR E & the quantity, 40
(a+b) (a-b)iEAE“a plus b into @ minus b”, (into fRE“TF”) (SN §2.4
%i 4_C)o

I . %% K (& ( Special evaluation )

#a %7 {8 ( Absolute value) : 1x 1 #E“ the absolute value of 27,

£ KXMH ( Maximun value ) : max f( x) 3£ 4F “the maximun value of f(x)”,
max {x, ,x, | ZE/E“the maximun value of the series x sub one to sub n”,

#%/MEL(Minimum value) :min f(x){%Z{F“the minimun value of f(x)” ,mix{x, ,-:-,

%, | B£4E “the minimun value of the series x sub one to sub n”,
"

sk EHFN (the sum of the terms indicated) . Z a, BE1E “ Capital sigma a, from

k=1
k equals one to k equals n” 8 “Sum of all a, from & equals one to n” ;
Z a, %48 “ Capital sigma a, from k equals one to k equals infinity” 2% “ Sum of
k=1

all a, from & equals one to infirity”

3K % 3 A (the product of the terms indicated ) ;n! JE4E “Factorial n” ; n b,
k=i

BEAE “ Product of all b, from k equals one to n” ; H b, ZE4E “ Product of all b, from &
k=1

equals one to infinity”.

EMEAKEZTSR §2.4 RX4-C,

7l
*
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AFEEAF B—FAAETIT, ETNBUHEAZRRA,BERASE
LERRMEA, F—FRAMHBPOAF T E5HFR T F_TRAAFAREH
FHE ANBES FLBEF AR AT ABHPEE RO T E, 52
FREFHFONE  AEFFRE BERK BT LR EBIGEG RS L
B R RAZHAEAELALFHR IR QRS TR BiRS
BHRAXNAKIHEVOMAEF 70, F AV AN AR E S ANMAFHLEL
iR, BERETE B FRBEBR ALERATEERGAPE NP
BEFOEATNERENAERIL— 2B BREFE D H LT
A,k HiR,

AETHAZGOMHBRERR, ATHINES B-PFTHAESL
HEJER TRYEL B BN BT HENAE,

EH-FHRE ATEELEINABORFATELATERS, RiEGR
BamXT, ERAHLELGEELL.

(1) A2 EOHB, FIERXTRTR, EETALARKTHLEIH P
CSHERIERE KRERBEEE Y om, Ko, BERABHEE A%
(B)HPSESRA 2, B —FEBEBERAGNE., LEHTLABE D
PR FITEL AT KM K,

Q) MFEFRELETRRFLOCANRZIARLHRFTE, M EREE
CHEGRREANEBRI RS BFI(ZARFRFUES) KNG THE
BAGHETH, Pl §3. 2§33 PRLEAKKFIASEARENE
X8, REZT TR, EAHE, SR, AERFMFH, L RLRERKT
BARKRFD, AHSEAT, RASEARW—H 3 —REE LALER
APHHEFEAANRECMNE L TXHEHLE, FHLEHTHER,
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§3.1 REBEENFE

AR BEETET L EE F T (preface, AN S ), ER— i WKH
FHA. BFEEEFETENAAPREHAR ITEALX BEHOMEE
M, ATHHXEMERACTFENGEL FTRAMR, 5 MR = F %
FHE.

TS REBRITE, TS BEEAEXENBE XN E, m B
EBHRER—-FACHXR, RE-THESHWEL, HEKFEFEHESHIILXFE
fEd R, R EERE BOENEER, REFTALZH IER2FEHFLZ+H
EigERAE N, SEMEK, AP ARBMBEXHRLARE—HERE S K
¥ HE T2 s A&, et ol B T b T SORMER R 5 F1 28
@ A MNAK BRFEBBEREL B EL L AFAMMNESR, BHRH T 5
BRI B % G IR, MO B R A AL

Bk, BRIV T FERRBAERM 47 BEMA AR EEHAENE
BHR? MBRAETMEFSHESAREAE, RESDFLIHHBR.
P UL B, BAR A AT S R AR SRR, BB IR B AW R R R X B
s i — L it 2% i {E B

— FENELXHNE

FENEERBEAME, AEBMKRE S —ER, HEEKLTENEFHE
R = KERGY

BE—8aEENAYA,TEI=ZIHNE:

L ZHNEAEBNSREERGENEMA AT, BEMRMAA) . W
F 1 i) Preface 1 77, E & # “ The main purpose of our text, then, is to make learn-
ing about harmonic functions easier. " F XM E T it &N B &M ERI AR .

2. ZBMRE (N5 EMBARZA, FEERASUREENQIEHET
E) .

3. H¥BIEFRNABEMASASZENER LIRS,

B_Woa X BREEHNERN. BENTASAFEZTHRHANERE A
(WEA]) A TE], DA fp ok i B — At (B R 0 1 rp R A 2 o R R S SO R M

B AEEXN X HHEBEENA XA GBS,

DL E &S TEA R BT T AT i s 08 ol B 00 2> o] 48 W, 355 0 7k 3 ik
WA E, ZEAANZETHERTFEN—RRREShEa —Lx
AEIZ,
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Z.EBTERREMaRZEG]

EHEER T E N, — 5 8 A E N R EEE )T AR
AL A0 R SCRIHERE , 6130, AN — WE) current, B LA 9 R, — W E] integrate,
MUNEREMG AR A-FTHEZNERFFTHERALMEREERX, I
WitR R EE . XR, RIS WK FE, THRE—-®ET.

I “igh B ARG REMEpR G EEHH

(a) The only prerequisite for this book is --:

X B “ prerequisite” B4R “ N B A I HER R4,

(b) It is assumed that the reader is familiar with ---.

X be assumed B A BWRZEN R “BRER" (EEE - 5 T B 5
o

(¢) A grounding in calculus is assumed. BN B EXEE BB B 3w
A,

(d) A prior exposure to advanced mathematics is not required. & & : TLATIR A&
FHRSERENEEOREARAB(REREERAASRERE),

2. EH T HFA R ERE ML BT A A

FEEFTHEATE R BT 4 B SR 23 % AW “ attempt to” A A1 B,
WTRHSEMPRES.

3. FARAHRA—NEEIBMAN AL

R—RFEF, A-1TERIMEEFBAL K, HKARAMEREFXNETFH.
man, SR, R, 1] 4 H1 3%k A} describe, treat, concern, discuss, deal with,
present, cover % - H AR A RIFRIE, W0, T EE58)5 BB A “ this book” , “this
text” , “the material " Z# TR K",

4. AF“PRFHTRBMGEAFREHEL S

& % 1B be due to-- ] A, be due to FHFE X, —REBAR BT,
“HIT (RS E ) Preface 2); R RRRE,. EHAEFETIHELET
e o

LA 7 ER L 2R R R A

(1) A special debt of gratitude is due to Prof. Wang.

(2) The author would like to express his deep gratitude to Mr. Brown.

(3) The author takes great pleasure in thanking Doctor Li for his helpful sugges-

tions.
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3.1.1 Prefacel ©®

WER X E—AK 4N The theory of harmonic functions HEMBOTFS.

Harmonic functions—the solutions of Laplace’ s equation—play a crucial role in
many areas of mathematics, physics, and engineering. But learning about them is not
always easy. At times each of the authors has agreed with Lord Kelvin and Peter
Tail, who wrote ([12], Preface')

There can be but one opinion as to the beauty and utility
of this analysis of Laplace; but the manner in which it has
been hitherto presented has seemed repulstve to the ablest
mathematicians, and difficult to ordinary mathematical
students’.
The quotation has been included mostly for the sake of amusement, but it does con-
vey a sense of the difficulties the uninitiated sometimes encounter.

The main purpose of our text, then, is to make learning about harmonic func-
tions easier. The only prerequisite for the book is a solid foundation in real and com-
plex analysis, together with some basic results from functional analysis. The first fif-
teen chapters of Rudin’ s Real and Complex Analysis, for example, provide sufficient
preparation.

In several cases we simplify standard proofs. For example, we replace the usual
tedious calculations showing that the Kelvin transform of a harmonic function is har-
monic with some straightforward observations that we believe are more revealing. An-
other example is our proof of Bdcher’s Theorem, which is more elementary than the
classical proofs.

We also present material not usually covered in standard treatments of harmonic
functions. The section on the Schwarz Lemma and the chapter on Bergman spaces are
examples. For completeness, we include some topics in analysis that frequently slip
through the cracks in a beginning graduate student’ s corriculum, such as real-analyt-
ic functions.

We rarely attempt 1o trace the history of the ideas presented in this book. Thus
the absence of a reference does not imply originality on our part.

In addition to writing the text, the authors have developed a software package to

@ A% HE:S. Axler, P. Bourdon, W. Ramey. The Theory of Harmonic Functions, Berlin; Springer,
2001, ’
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manipulate many of the expressions that arise in harmonic function theory. Our soft-
ware package, which uses many results from this book, can perform symbolic calcu-
lations that would take a prohibitive amount of time if done without a computer. For
example, the Poisson integral of any polynomial can be computed exactly. Appendix
B explains how readers can obtain our software package free of charge.

This book has its roots in a graduate course at Michigan State University taught
by one of the authors and attended by the other authors along with a number of gradu-
ate students’. The topic of harmonic functions was presented with the intention of
moving on to different material after introducing the basic concepts. We did not move
on to different material. Instead, we began to ask natural questions about harmonic
functions. Lively and illuminating discussions ensued. A freewheeling approach to
the course developed; answers to questions someone had raised in class or in the hall-
way were worked out and then presented in class (or in the hallway). Discovering
mathematics in this way was a thoroughly enjoyable experience. We will consider this

book a success if some of that enjoyment shines through in these pages.

Eﬁ-’?i’iﬂﬂ
. ([12] ,Preface) ¥Rr“WXEK[12IHWFF", [12] RAEBIHFIHE 12
/I\)‘CW(O

2. XBER B R B B A R, (B )G B AW F R R E M E TR
AL RE BRI RN 3, BB FMEFA], in which it has been hitherto
presented 51 which {{ 3£ analysis of Laplace, it {32 the manner;but one opinion
as to- , R RF oo RAE—MEBER(LRE)" . BERTFR: AMTH—-B0ARX
Ff Laplace AR ERZHE A, BEEZSAEMAEXEART MU FERARN
B R BB OB, Fik % BB R 4 B X,

3. taught by -+ 1 attended by --- J& W4 1~ 3% 5 49 i 2= 43 16 4 1E , [6) 1B i
course, A FEK , T FEH/ NG ABAEEEBHBRMN L REN—TIHRE
R, ZREd —AEEELEH RSN - UHRES S TRRENE
Wo (MEE - ZBEE=ZNTEES)

#IER
 EEBAMTHE:
(1) EXMEFEMHLER SBRNEENES.
(2) 10 % IR ¥ = R 1E, 235 harmonic function ( & Fl 2F %7 ), Laplace’ s
equation (I 3 7 W 5 & ) , polynomial ( & I =, ) , software package ( K 4 f1 ),
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Kelvin transform ( JF/R CZE# ) %,
2. [E 40T R)RE
(1) FHEMCAMKEOE) B I AR 7
(2) FEAFABAMLEMEFEA?
(3) AHEMMHEmT HK?

3.1.2 Preface2 ©

HHEE:LUT R — 4% F Counterexamples in Topological Vector Spaces H]

During the last three decades much progress has been made in the field of topol-
ogical vector spaces. Many generalizations have been introduced ; this was, to a cer-
tain extent, due to the curiosity of studying topological vector spaces for which a
known theorem of Functional analysis can be proved. To justify that a class C, of to-
pological vector spaces is a proper generalization of another class C, of topological
vector spaces, it is necessary to construct an example of a topological vector space
belonging to C, but not to C,; such an example is called a counterexample. In this
book the author has attempted to present such counterexamples in topological vector
spaces, ordered topological vector spaces, topological bases and topological algebras.

The author makes no claim to completeness, obviously because of the vastness of
the subject. He makes no attempt to give due recognition to the authorship of most of
the counterexamples presented in this book'.

It is assumed that the reader is familiar with general topology. The reader may
refer to B[ 18] for information about general topology. *

To facilitate the reading of this book, some fundamental concepts in vector
spaces and ordered vector spaces have been collected in the Chapter called “Prereq-
uisites” . Thereafter each Chapter begins with an introduction which presents the rele-
vant definitions and statements of theorems and propositions with references where
their proofs can be found. For some counterexamples which require long and compli-
cated proofs, only reference has been made to the literature where they are available.

The books and papers are listed separately in the bibliography at the end of the
book. Any reference to a book is indicated by writing B [ ] and to a paper by P [ ]°.

The author would like to express his deep gratitude to Professor T. Husain, Mec-

@ AVWiEXH A :S. M. Khaleelulla. Counterexamples in Topological Vector Spaces. Berlin: Springer,
2001,
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Master University, Hamilton, Canada, and Dr. 1. Tweddle, University of Stirling,
Stirling, Scotland, who have given him both moral and material support during the
preparation of this book. The author wishes to thank Mr. Mohammed Yousufuddin for
typing the manuscript.

The author takes great pleasure in thanking the editors and the staff of
Springer’ s “Lecture Notes in Mathematics” series for their keen interest in the publi-

cation of this book.

EES5RA

1. He makes no attempt to give due recognition to the authorship of most of the
counterexamples presented in this book. H.# the authorshin B K “ JRIEE ", give due
recognition & % “ % KT /EINT ", makes no attempt to BHATE”, BAAF
BSZ:VE%‘X?TENij’)li{ﬂi:ﬁ*B’ﬂﬁ%ﬁ%ﬁ@]?ﬁﬂiﬁﬁ’(ﬁ%‘ﬁ‘]ﬂﬂﬁ%ﬂo

2. D FSCEAHE B SR XA RIR S RAAR KD S, #150 B[3]# B
[18]4 BiFRERKSE X FHS A 3 18 #9H, TH P3]&ETHTHNIM
3o

3. RE2 KGR

ESEXR

1. ERMTHE:

(1) 2XWETNDLER EBENEENE.

2) RAHREHEFRFAYE A &, 4 $% counterexample ( X ) ; topological
space( #a ¥h 25 @] ) 5 topological vector space ( ¥ #h a] B 25 8] ) ; ordered topological
vector space( FF RN B2 [d]) ; topological base ( 3R $M KL ) ; topological algebra( $hH
$MA %) ; functional analysis({Z RATAT) %,

2. [T A

(1) e AFHRABE ML AMEFAT % 5 A HE B4 WA HR?

(2) {EH i il B B & X7

(3) & H % T5% T HEF S hRS i T L BB ?

3.1.3 Instructor’s guide ¢

i 4 3% B — K (B 5+ 7 72 ( Differential Equations) #44 # B 7 o 4 thi 1)

@ AYiRxH A :J. Goldberg & M. C. Potter. Differential Equations. New York: John Wiley & Sons,
1982,
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Accompanying this text is a Guided Tour of Differential Equations using Computer
Technology by Alexandra Skidmore and Margie Hale. This supplementary book offers
computer projects in differential equations with necessary keystroke instructions for
Maple, Mathematica and Derive. This work can be combined with selected examples
and exercises to constitute either a one or two semester course.

In what follow, we outline the possible of ones semester course following either
the traditional study of the nth-order equation with systems being relegated to the
background, or a study of systems of liner differential equations through the medium
of matrix algebra. There is sufficient material here so that the instructor can pick and
choose among the latter four chapters. Indeed, one can easily see how to use this text
in a two semesters survey of thg initial and boundary value problems. Our suggestions
follow.

Chapter 0; Complex Numbers, Roots and Matrices

Section 1-3 provides a review of the theory of equations. All of this material is
needed in the study of the constant coefficient equation, but particular emphasis
should be given to complex roots and the exponential form of complex numbers. Sec-
tions 4-6 are best left until needed in Chapter 2.

Chapter . First-order Differential Equations

Here we acquaint the student with first-order linear equations. This is a good
place to explain what it means to solve a differential equation, to explain the distinc-
tion between specific and general solutions and to describe and illustrate initial-value
problems. Towards this end, we present a number of simple applied problems. The
instructor is encouraged to select two or three examples.

This chapter also provides an introduction to change of variables in a linear
equation by offering the method of variation of parameters for the first-order linear
equation.

Section 5 offers a brief excursion into the most common integrable nonlinear
equations, variables separable and exact equations. Some users may wish to skip this
section ; this can be safely done because no future work depends explicitly on this ma-
terial.

Chapter 2 ; Linear Systems

Instructors who wish to use this text for a more traditional course without relying
on systems material may skip this chapter and go immediately to Chapter 3. For those

using a systems approach, we recommend first returning to Chapter O, Sections 4 to
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review notation, row-reduction, determinants and linear independence. In this re-
gard , the relationship between det A =0 and Ax =0 having nontrivial solutions usually
needs special emphasis.

We recommend doing all sections in this chapter although one may skip Sections
3.5 and 2. 8 to save time.

Chapter 3: Second-Order Equations

This is the traditional treatment of the second-order constant coefficient linear
equation. One might choose to skip Section 3.2 because it is a bit more theoretical
than the remaining sections and skip Section 3.3 since sectionally continuous func-
tions are used only in Chapter 5, The Laplace Transform (its natural home!) and
Chapter 8.

As in Chapter 1, we offer the instructor a choice, of the classical applications to
electrical circuits and spring-mass systems.

We have made Section 3. 11, The Cauchy-Euler equation of second-order op-
tional. Section 3. 12 is the standard, and in our opinion, rather difficult approach to
variation of parameters. We believe that Section 4. 6, variation of parameters for sys-
tems, is a far more natural method of presentation; first, because it is so similar to
variation of parameters for the scalar first-order equation and second, because there is
no need to puzzle over the hard-to-motivate equations which comprise the classical
approach. (One never sees the classical variation of parameters for the third-order
equation, and not just because it is tedious!)

Chapter 4 : Higher-Order Equations

Sections 1-3 handle the nth-order equation without reference to systems. These
sections, then, provide a natural extension of the material of Chapter 3 to higher or-
der equations. We recommend these sections because they are good practice on the
ideas introduced earlier. Sections 4 -6 discuss the central idea of converting an
nth-order equation to a ( companion) system. For instructors using a systems
approach we recommend doing the entire chapter, albeit some of the more theoretical
aspects can be done lightly or even skipped.

Chapter 5: The Laplace Transform

As mentioned in the preface, Chapter 5 is one of optional chapters. We begin
with the traditional approach to the Laplace transform with applications to sectionally
continuous forcing functions ( square-wave, saw-tooth, and the like). Section 5.8 is
optional and Section 5. 12 treats the Laplace transform of systems.

Chapter 6 ; Series Methods
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This optional chapter presents a fairly complete discussion of power series meth-
ods in the solution of linear differential equations with variable coefficients. Besides
the expansion of solutions about an ordinary point, we present solutions about the reg-
ular singular point ( the Frobenius series) and a method we call the Wronskian meth-
od. The classical Bessel, Legendre, Lagueree, Hermite and Bessel-Clifford equa-
tions are used as illustrations.

Chapter 7: Numerical Methods

This chapter introduces the methods of Euler, Heun and Runge-Kutta. We use
the Euler method to explain the main ideas in numerical approximations. The Heun
and Runge-Kutta methods are presented for comparison purposes and to illustrate how
improved accuracy is obtained. The last section is devoted to an explanation of these
methods applied to systems.

Chapter 8: Boundary-value Problems

This chapter introduces the boundary-value problem as a consequence of the
separation of variables in the wave, diffusion and Laplace equations. This leads di-
rectly to the expansion of functions in Fourier series. Motivation for this material is

provided by physical applications.

FREHP

XA G EABOR M RN R RRER TR KHBE AR
Bep B AL, A RE T A SCH B A R . B T RNC AR Al 43 U s .

1. — %% R1E . 4l sectionally continuous functions ( 43 B i% £t 6 $0) ,
boundary-value problem ( 3118 [5] 8% ) , exact equation ( {4 2§ 7 #2 ) , variables separa-
ble equation( 7] 43 BS 45 & By J7#E ) , variation of parameter( SH L H k) %,

2. BERMBF MR ER LT 4 AR E 0 Euler(BR$1) , La-
place transform ( $if 3% $if #f 25 # ) , Bessel-Clifford equations ( Ul 28 /R - 72 F| 48 1€ 77
), %5%,

3. BT det A FREM A WITHIR,

4. BFER 4B % FR . Maple, Mathematica, Derive,

FIER
L ERIMTHE:
(1) &£XMFEFMFLER SBEHITENE,
(2) 15 DFIAE e 5 R E .
2. [0 AR
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§3.2 HEEMESHENZE

AV NHBEREM, AR, E—-DTNREGHBRS, W -F
$2.3NBHMNAET H— SRR E A TEBEZBERTB=/DTT0A
BN BEMRR BN TN ABETE(BS%E), HP— =M
VOISR IR Z 4 8, B /IR A S P2 BEE . X B8
A, B R % AR AR e AR T AT A 3

3.2.1 The basical concept of sets ¥

Many of the objects we shall study are themselves collections of other objects.
These collections or sets may be finite or infinite; later we shall meet sets with addi-
tional structure, but for the moment we shall look at abstract sets and the ways in
which they can be combined to form new sets.

By a set we understand, then, any collection of objects. For example, the fol-
lowing are sets; (i ) all the stars visible from my house at 9 pm tonight, ( 1i ) all
one-legged magicians, (jii) all odd numbers. We see that in some cases it may be
difficult to check which objects belong 1o the set (e. g. (i) above) or whether the
set has any members at all ( ( ii ) above). All that matters is that the definition is
sufficiently clear for us to be able to tell (in principle at least) whether any given ob-
ject is or is not a member of the set.

Remark: According to G. Cantor {1845—1918) , the mathematician who de-
veloped set theory, “a set is a grouping together of single objects into a whole. ” Note
that no uniform property of the objects in the set is implied other than that they are
grouped together to form the set. The totality of students taking college algebra forms
a set. The collection consisting of a desk, a chair, and a book constitutes a set.

We usually denote sets by capitals and their members, also called their ele-
ments, by lower case letters. However, it will not always be possible to keep to this

convention, especially when we are dealing with sets whose members are themselves

(D AT H :P. M. Cohn. Algebra. New York: John Wiley & Sens, 1982,
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sets. If S is a set, we write € S to indicate that x is a member of S; in the contrary
case we write x & S.

A set, in this sense, is no more and no less than the totality of its members; no
considerations of order or multiplicity enter. Thus: Adam and Eve;Eve and Adam;
Adam, Eve and the mother of Cain, all describe the same set. In a more precise
form this can be stated by saying that S and T denote the same set: S=T, if and only
if, forallx, xeSoxeT.

‘Every set encountered in the real world is finite, by this we mean that its mem-
bers can (at least in principle) be counted, using the natural numbers, and this
process stops at a certain number. Otherwise the set is infinite, e. g., the set of all
odd numbers is infinite. It is this occurrence of infinite sets in mathematics that re-
quires rather careful analysis. Although no critical situations will arise in these pa-
ges, it should be kept in mind that too free a use of set-theoretic notions can easily
lead to contradictions. The best known of these is Russell’ s paradox” : A set may be
a member of itself, e. g., the Union of all Registered Charities may be a Registered
Charity. Now consider the set M of those sets that are not members of themselves. Is
M a member of itself, i. e. is Me M? If Me M, then M & M ( by the definition of
M), while if M & M, then M € M. Thus we reach a contradiction in either case. The
paradox is resolved by restricting the ways in which sets can be formed, so that it be-
comes inadmissible to consider “the set of all those sets that are not members of
themselves”>. There are several ways of doing this, but they need not concern us
here ; they will not play a role in the rather simple set-theoretical arguments we shall
meet.

Let S and T be sets. If every member of T also belongs to S, we say that T is a
subset of S and write TC S or also S2T. E. g., the odd numbers form a subset of
the set of all numbers. Any set S is a subset of itself; this is called an improper sub-
set of § in contrast to the proper subsets of S which are different from S itself. We
write TC S or SO T to indicate that T is a proper subset of S.

Frequently we describe a subset of S by means of a propositional function, thus
fxe SIP(x)} denotes the subset of S consisting of those (and only those) elements
x for which P(x) holds. E. g., if the set of all natural numbers is denoted by N,
then the subset of odd numbers may be denoted by {x € Nlx is odd}. On the other
hand, forms like {x[P(«x)}, in which the domain over which x ranges is left un-

specified, are best avoided.
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Let S and T be any sets, then the elements which belong to both S and T form a
set which is called the intersection of S and T and is denoted by SNT. E. g., if Sis
the set of all one-legged creatures and T the set of magicians, then SN T is the set of
all one-legged magicians. It may happen that SN T has no members at all; this
means that S T is the empty set. By definition this is the set with no members; it is
generally denoted by . Two sets whose intersection is the empty set are said to be
disjoint.

From two sets S, T we can form another set, the union, written SUT, which
consists of all the members of S or T. E. g., a public library may admit as borrower
anyone who is either ( i ) a householder in the district or (il ) a resident of at least
3 years’ standing. Denoting the sets of persons named in ( 1), (ii) by A, B re-
spectively, we see that the set of people eligible as borrowers is AUB.

In most cases, the sets under consideration in any given case will all be subsets
of some given set U, the “universe of discourse”. Thus U might be the set of natural
numbers, or of triangles in the plane etc. In this situation we can, for any set S,
form its complement, i. e. , the set of all members of U that are not in S; it is deno-
ted by §’. Thus, if S is the set of all odd numbers, then its complement (in the set
of all natural numbers) is the set of all even numbers. This example makes it clear
why the complement, to be useful, has to be taken within a given set as universe.
We also note the following brief way of describing intersection, union and comple-
ment, which brings out a certain analogy with the rules for combining propositions.

SNT={xelUlxeSAxeT!, NS ={xelUlxes,, forall il

SUT=lxelUlxeSVxeT}, US,=lxelUlxes,, for some i},

S'={xeUlx & S}.
Here U is the universe containing all the objects under discussion. We also define the
relative complement S\T={xe Slx ¢ T}.

Although many of our sets are infinite, we shall also be dealing with finite sets.
In particular, with any object x we can associate the set {x} whose only member is
x. Tt is important to distinguish between the set {x| and the object x (which may it-
self be a set). E. g., the set N of natural numbers is infinite, but the set IN},
whose only member is N, is finite. If S is any finite set, its members can (by the
definition of finite set) be labelled or indexed by the integers from 1 to n, for some
then S={«x,,--,x,}; if distinct

integer n. Thus if the elements of S are x|, ,x

[

elements have received distinct labels, i. e. if x,7#x, for i, then S consists of ex-
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actly n elements. But it is usually more convenient not to impose this restriction, so
that there may be repetitions among x,, **-,%,. If we wish to consider the objects
x,,**,%, in the order given, we use parentheses: (x,,-'*,x,), and call the result a
sequence or, more particularly, an n-tuple, e. g., a roster selecting pilots for flying
duties is of this form. By contrast, the set {x,,---,%,| where the order is immateri-
al, is written with curly brackets (braces). A set which has been indexed in some
way by the numbers from 1 to n is also called a family; more generally even infinite
sets can be indexed if we use an infinite indexing set. E. g. if A ;. denotes the
plane triangle with vertices A, B, C, this provides an indexing of all triangles in the
plane by triples of points and we may speak of the family | A .} of triangles ob-
tained in this way.

From any two objects x and ¥ we can form the sequence (x,y); it is called an
ordered pair, and of course is different from (y,x), unless x=y. If S and T are any
sets, we denote by SxT the set of all ordered pairs (x,y) withas € Sandy e T.
When T=S, we also write 87 in place of SxS. The set SxT is called the Cartesian
product of S and T, after R. Descartes who showed how to describe points of the
plane by the Cartesian product of the real line with itself.

Examples, { 1 ) At a dance, let S be the set of gentlemen and T the set of la-
dies, then SxT is the set of possible couples, (i) If S=1{0.,4,6!,7={1,4}, then
SxT=1{(0,1),(0,4),(4,1),(4,4),(6,1),(6,4)}. (1ii) If S=T=R, the set
of real numbers, then R? is the set of pairs of real numbers and these pairs may be
used to represent points in the plane.

More generally, from n sets S,, -+, S, we can form the product §, x§, x-+- xS,
whose elements are all the sequences (x,,*,x,), in which x, e S(i=1,--,n);
when S, =---=5,=8, say, one also writes S" in place of SxSx---xS and §" is called
the nth Cartesian power of S or the Cartesian square when n=2.

Exercises

(1) Prove the following formulae for subsets of a set U: (i) ANA=A, (ii)
AUA=A, (jii) ANB=BNA, (iv) AUB=BUA, (V) (ANB)NC=AN(BN
C), (vi) (AUBYUC=AU(BUC), (vii) AN(BUC)=(ANBYU(ANC),
(vii) AU(BNC)=(AUB)N(AUC). (Compare with Ex. (1), 1.1.)

(2) Iustrate the formulae of Ex. (1) by taking A, B, C to be the set of all
quadrilaterals, all regular polygons and all polygons large enough to cover a penny

( not necessarily respectively) .
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(3) If A has a elements and B has 8 elements, find the number of elements in
AxB. If, moreover, A and B are disjoint, find the number of elements in AU B.
What is this number when AN B has & elements?

(4) How many subsets are there in a set of n elements? ( Do not forget to in-
clude @ and the set itself. )

(5) Give examples of sets such that ( | ) all and ( ii ) none of their members

4
are also subsets.

(6) (De Morgan’s laws). Show that (AUB) ' =A'NB’,(ANB)'=4"UB".

ARS5iHNA

| S8 - EE =W, AN R, (B 5% 55 B AR # [ 24 8
0] 3 ELA ) -7 #F B B AR 2 00

2. Russell’ s paradox B R “ B 178" 8 “ Russell #8187 , B E & WX EH H =+
K Russell |REM—MHAFHERBESRFAZBRBWERS T, 1FIEH
NEHBETROFETLFEL, BRAKE - ZRE-ITEEMEMBHEA
(I MeM),eRUMEM, SBEFE:RN, EHREMEM BERH Me
M S EETE.

3. “the set of all those sets that are not members of themselves. ’ X H the set
of - B e SR A R — A of 18 K 0 I — B R oo
H’U""" ;thatglﬁ—ﬁ\%lﬁ}i’—ﬂﬁ‘ fﬁsetso BANEETIER - HFEACARA
CHRRAMESHRNES

4. Give examples of sets such that ( { ) all and ( ii ) none of their members
are also subsets. ¥ B33 A) 4 W& #Y B 53 LA K all #1 none A L. &AM : 4
BT ESHETF (1) EHTERABEENTFES; (2) THEMBEATHAE
“EMFE.

$TER

I #EEITHE:

(1) £2xwEEMFLIE FEMEENS.

(2) 20 N HIBH % RiIE, 335 improper subset( dE E F 4 ) , universe ( £ 3,
JFE4E 5 ) , universe of discourse (i3, Bl — M S ENE , B E —EWERNT
CHEER TN T, % B universe )[i] X id] ) ,relative complement ( fEXT 424 ) ,
n-tupe(n JCZ,n EHJ ), Cartesian product ( 1§ K JL B, F K ), Cartesian power
(5B ILE, FERE) ,Cartesian square(H§ E JLHFTE) , vertices (T &) , curly brack-
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ets( braces) (#4455 ) ,indexing of sth. (45 M-S FrA9 5 ) , quadrilaterals( P4
), De Morgan’s laws ({8 - BEARE)

(3) BRI S0 B E M %,

2. [EZANT R

(1) IREEH N 2 EEZH?

(2) =T EEPHEY RS LHABA LR MM E?

(3) EFRMAIFRI? BT AT AHEHESR WA E L7

(4) o FEA% £ 5% (BB SURSE) WM& 2 HBH,

(5) HRIILFBENMERMMAHE B n NELEZH?

3.2.2 Logic®

Mathematics is the study of relations between certain ideal objects such as num-
bers, functions and geometrical figures. These objects are not to be regarded as real
but rather as abstract models of physical situations. As examples of the relations that
can hold, consider the following assertions that can be made about the natural num-
bers

(a) every even number is the sum of two odd numbers,

(b) every odd number is the sum of two even numbers,

(c¢) every even number greater than 2 is the sum of two primes.

Of these assertions, (a) is true, (b) is false, while for (¢) it is not known whether
this is true or false ( (¢) was conjectured by Goldbach® in 1742 and has so far resis-
ted all attempts to prove or disprove it).

If our mathematical system is to serve as a model of reality we must know how to
recognize true assertions, at least in principle ( even though in practice some may be
hard to prove). When the object of discussion is intuitively familiar to us—as in the
case of the natural numbers—we take certain assertions recognized to be true as our
axioms and try to derive all other assertions from them. Once that is done, we can
forget the intuitive interpretation and regard our objects as abstract entities subject to
the given axioms. When we come to apply our system to a concrete case, we need to
find an interpretation for each notion introduced and verify that each axiom holds in
the interpretation; we are then able to conclude that all the assertions derived from

the axioms also hold. This underlines the need to keep the axiom system as small as

O© AV H . P. M. Cohn. Algebra. New York: John Wiley & Sons, 1982,
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possible.

The advantage of this axiomatic method of study is that we can examine the
effect on our system of varying the axioms and that the proofs become more transpar-
ent the more abstract the system. On the other hand, it takes a little time to familiar-
ize oneself with the abstract notions; here the ( more or less concrete ) model on
which it was based will help, although it is not strictly necessary and certainly no part
of the theory.

Studying these abstract notions is rather like learning a new language; as in that
case we shall find that as our knowledge widens we recognize more landmarks; this
makes learning very much easier. But whereas we use a foreign language to talk about
the same concepts as in our native tongue, the purpose of the mathematical language
is to talk about new ideas which can be expressed only with difficulty (or not at all)
in a natural language like English.

There is another respect in which the process differs from learning a language :
we shall need to reason about the new concepts and this will require careful attention
to the logical interrelation of statements. Of course it is true that even in everyday af-
fairs we can spurn logic only at our peril, but there the patent absurdity of our con-
clusion usually forces us to abandon a faulty line of reasoning. By contrast, when we
pursue an abstract line of thought, involving unfamiliar concepts, we may reach con-
clusions by logical reasoning, but we will no longer be able to check these conclu-
sions by commonsense. It is therefore important to be fully aware of the rules of logic
we need and to realize that these rules can be applied without regard for the actual
meaning of the statements on which they are used. For this reason we begin by de-
seribing very briefly some concepts and notations from logic.

Propositional logic describes ways in which true statements ( also called asser-
tions or propositions) can be combined to produce other true statements. E. g, if it
is asserted that * Jack was running’ and ° Jill was singing *, then we may
conclude that

‘Jack was running and Jill was singing’ . (D)
On the other hand, if Jack was not running then statement (1) is false irrespective of
what Jill was doing. By enumerating further possibilities we can thus give a precise de-
scription of the way the word ‘and’ is used to link assertions. In order to do this con-
cisely, let ‘A’ stand for an assertion, such as ‘Jack was running’ , and ‘B’ for a sec-
ond assertion, not necessarily different from A. Then we can form the expression ‘A and

B’ | also written ‘A A B’ and called the conjunction of A and B, and make a table which
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indicates in which cases A A B is true, using ‘T’ for ‘true’ and ‘F’ for ‘false’:

A T T F F
B T F T F
ANB T F F F

This is called the truth-table for conjunction. It shows that A A B is true when 4 is
true and B is true, and false in all other cases. For our purposes we may assume that
each statement is either true or false; the relevant value T or F is called the truth-val-
ue of the statement. Since there are two possible truth-values for A and two for B, we
have 2x2 =4 possibilities in all, which are listed in the above table.

A second way in which assertions can be combined is by using ‘or’; John went to
the cinema last night, or to the theatre’. This is a true statement if in fact John last night
went to the cinema, and also true if he went to the theatre; the possibility that he went to
both is not really envisaged, but if he did, the statement would still be regarded as true.
This causes some ambiguity in everyday life: if A and B are both true, is the statement
‘A or B’ to be regarded as true? The situation is usually cleared up by the context (but
not always, cf. ‘This summer Jane will go to ltaly or Austria’ ). In mathematics the ex-
pression ‘A or B’ is always taken to mean ‘A or B or both” ; it is written ‘AV B’ and is

called the disjunction of A and B. lts truth-table is

A T T F F
B T F T F -
AV B T T T F

A typical use of disjunction in mathematics is the sentence: If @ and b are two real
numbers whose product is zero; ab=0, then a=0 or 5=0. Clearly we must not ex-
clude the case where a=0 and =0.

With every statement we can associate its opposite or negation by inserting * not’
in the appropriate place. Thus ‘ Max is the biggest liar’ has the negation ‘ Max is not
the biggest liar’ . Generally, if A is any statement, then its negation is ‘not A’ , also

written ‘1A’ | and it is true precisely when A is false. Its truth-table is

A T F

—A F T

Here there are only two possibilities because only one statement is involved.
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The notion of implication is particularly important for us and its use in mathe-
matics differs in some ways from everyday usage, though the underlying meaning is of
course the same. Thus ‘A implies B’ or ‘if A, then B’ , written ‘A—B’ means for
us: ‘either A is false or B is true’. It is expressed in the truth-table.

For example, a mathematical proof might contain the line: ‘If n>5, then n>
3’. A parallel use in everyday English would be: *If this book was influenced by

Shakespeare must been written after the Canterbury Tales’ .

A T T F F
B T F T F
A—B T F T T

EBS5 %A

L AN HBEEZENEAMESANNMERAZRENIT L, E§2.118
ZARF]“and RS GERR) 57, “or” FERL GEHE) 7, “not” FEHL“3E ", “im-
ply" R B, EANTMNMEREFS AR AT,V "R =", “ 57
BiE B AR “ A B (conjuction ) , “ B #ia B XU FR “ HTEL” (disjuction ) , BLAE , i#
—# 38 i F{H & (truth-table) R LA MM EAZHEMN T L., HERREXFH
PIAERE, HA TRARE, Bap @ F RR, BRan A L .

2. (c¢) was conjectured by Goldbach, [ iEH: (¢) B EEMHIZHHBIELE,

¥IER
I ERMTAE:
(1) &xwEEMboEE FROEBENE,
(2) 15 i IHBEARE .
(3) TR SO0 48 £ 35 A H0E 0 o IO b B A 28 A % 3L
2. BT
(1) AH A Ak
(2) Wi ABERRECFETRNBARES?
(3) Ul TEBIEh RIE( LAEF?

3.2.3 Mappings ©

Let S and T be sets; any subset of SxT is called a correspondence from S to T.

@© AFiELW A :P. M. Cohn. Algebra. New York: John Wiley & Sons, 1982.
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E. g., let S be the set of all points in the plane and T the set of lines; the relation of
incidence (the point P is incident with the line [ if P lies on ) defines a correspon-
dence from points to lines. To each point P correspond all the lines through P and to
each line [ correspond all the points on I. This is an example of a * many-many corre-
spondence’ , where to each element of S correspond many elements of T and vice ver-
sa'. In general, to each element of S there may correspond many, one or no elements
of T.

An important special case of a correspondence is that of a bijective or one-one
correspondence, also called a bijection. Here there corresponds to each s € § just
onet € Tandto eacht € T just ones e S. The following are some examples of bi-
jections: ( 1 ) At a gathering of married couples there is a bijection between the set
of men and the set of women: to each person there corresponds precisely one spouse
of the other sex. ( i ) The real numbers may be represented on a line (the x-axis,
say, in coordinate geometry) so that to each real number corresponds just one point
on the line and to each point on the line corresponds one real number, ( {ii ) The cor-
respondence x +>2x defines a bijection between real numbers; on the other hand
(1v) the correspondence x — x° does not, because x and—x have the same square
for any real x.

The last example makes it clear that the notion of bijection is too restrictive to
account for such simple functions as x°. But the notion of function, or mapping, in
various guises, plays a basic role in mathematics. For this reason the next definition
is fundamental in all that follows.

A mapping from S to T is a correspondence between S and T such that to each

x € S there corresponds exactly one vy € T. If fis the mapping, one writes f; S—T

or S —f>T and calls S the domain and T the range of f. The unique element y € T

that corresponds to x e § is called the image of x and is written f(x) or f,, or more
often xf. We also write x = y to indicate the correspondence between x and its image
y. Often the set of all images, namely |y € Tly=xffor some x e S} is also called
the image of the mapping f and is written $f or imf} in practice this double use of the
term ‘image’ does not lead to confusion.

Examples of mappings. ( 1 ) With each newborn baby associate its weight in
grams to the nearest gram. This is a mapping from the set of newborn babies to the
natural numbers. ( jj ) Let S be the United Kingdom and T a map of the United

Kingdom. There is a ‘ mapping’ which associates with each place in the country a
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point on the map. ( iii) and (iv). The examples (]il) and (iv) of correspondenc-
es considered earlier define mappings from R to itself, namely x 2z and x = 2 re-
spectively. (v ) If §=(x,) is a family indexed by a set A, then we have a mapping
at=x_ from A to S. (Vi) Given a Cartesian product P=5xT, we can define map-
pings from P to S and T by the rules (x,y)x and (x,y)> y; they are called the
projections on the factors § and T. Similarly, in an n-fold product P =S, x-+- xS, we
have for each i=1,--+,n a projection g,: P—S, given by (x,,--+,x, )b x,.

Clearly a bijection is a particular type of mapping. On closer examination we see
that two properties are required for a mapping to be bijective; it is useful to consider
them separately. A mapping f: S—T is said to be injective or an injection or one-one if
distinct elements of S have distinct images, i. e. , s¥s’ implies sf#s’f. The map-
ping is called surjective or a surjection or onto T if every element of T is an image, i.
e. , if Sf=T. Thus a mapping is bijective precisely if it is injective and surjective. In
the above examples, ( i ) is neither surjective nor injective (at least if we take
enough babies) , while ( ii ) and (iii) are bijective. The mapping x %" of R into
itself considered in ( iV) is neither injective nor surjective, but on the set C of com-
plex numbers it defines a mapping from C to itself which is surjective, though not in-
jective (the surjectivity is just an expression of the fact that every complex number
has a square root) .

Let f: S—T, g:T—U be any mappings, then we can compose them to get a
mapping h:S—U, given by

zh=(xf)g forallxeS. (1)
A graphic way of expressing this equation is shown in the accompanying diagram.
Starting from an element x € S, we reach the same element of U whether we go via
T, x — xf=(xf) g or direct, x — xh’, we express this by saying that the triangle
shown commudes.

The mapping h defined by (1) is called the composite or product of f and g and
is denoted by fg; in this notation (1) reads

x(fg)= (xf)g. (2)

As a rule one omits the parentheses and denotes either side of (2} by xfg. We
observe that fg is defined only when the range of f is contained in the domain of g.
Further we note that if we had written mappings on the left, (2) would read:
(fg)x=g(fx). Ttis to avoid this reversal of factors that we put mappings on the right

of their arguments.
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As an example, let f, g: N—N be given by

T
xf=x+1, xg=x", then xfg=(x+1)* ,xgf=x"+1.
g
We see that fg# gf, so attention must be paid to J
U
§ h

the order in which the mappings are composed.

When S is a finite set, f and g may be given

explicitly. Let us indicate each mapping by writ-

ing down the elements of S as a sequence and un- Fig. 3-2-1

der each element write its image. Thus if S= {1,2,3}, and f is given by
(1 2 3),whilegis(1 2 3),thenfgis(1 2 ?’),z;mdgfz(1 2 3).
2 31 1 3 2 3 21 2 1 3

1 2 3
Again fg 7 gf; on the other hand if A is (3 ) 2) then fh =hf.

An important rule in composing mappings is the associative law; For any map-

pings f: S—T, g.T—>U, h:U—V we have

(fg)h=f(gh). (3)
Observe that both sides of (3) are defined, by what was assumed about f, g, A.
More generally, the equation (3) holds for any mappings f, g, h such that both sides
of (3) are defined.

To prove (3) we apply each side to an element x of S, remembering (2):
xl (fg)h])=[x(fg) Jh=((xf)g)h and x[f(gh) ] = (xf) (gh)= ((xf)g) h; now a
comparison gives (3).

With every set S we can associate the identity mapping 1, which maps each ele-
ment of S to itself: x = x. Clearly this is always a bijection. Further, for any f:5—
T and h: U—S we have 1, f=f,hl ;=h.

Let S be any set and T a subset, then there is a mapping ¢ from T to S, defined
by xt=x for all x e T; this is called the inclusion mapping of T in S. Although ¢ and
L, have the same effect wherever they are defined (namely on T) , they must be care-
fully distinguished; e. g., whereas 1, is bijective, ¢ is injective, but not surjective
(except when T'=S and so 1 =1,). In fact + may be obtained from 1 by restricting
the domain to T'; this is often expressed by writing 1 =1,17. Generally, if f: X—Y is
any mapping and X' is a subset of X, then the restriction of fto X', denoted by f1X',
is defined as the mapping f': X'—Y given by xf' =af for all x € X'. We observe that
this restriction may be written as ' =¢f, where ¢ is the inclusion of X’ in X.

Using the composition of mappings we can describe bijections. In the first place

we have
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LEMMA 1 If /: ST, g: T—S$ are any mappings such that
Je=1s, (4)
then f is injective and g is surjective.

For let x,y e S and xf=yf, then x =xfg =yfg =y, hence f is injective. Given
any 2 € S, x=xfg=(xf)g and this shows g to be surjective.

Suppose that f: S—7T, g: T—S satisfy

fe=ls, =1, ()
then f is both injective and surjective, by the lemma, and so is a bijection. Con-
versely, if f: S—T is a bijection, then we can always find a unique mapping g: T—
S to satisfy (5). For, given u € T, we know there exists just one x € S such that
xf=u. Put ug=x, then this defines g on T and ugf=u, sfg=x, therefore (5) holds.
This proves

THEOREM 2 A mapping f: S—T is a bijection if and only if there is a map-
ping g: T—S to satisfy (5).

There can be at most one mapping g to satisfy (5), for any given f. For assume
that (5) holds and that g': T—S$ is another mapping such that fg' =1, g'f=1,,
then by the associative law, g'=g'l;=g'fg=1,;g=g. The unique mapping g satisfy-
ing (5) is called the inverse of the bijection f and is written . In this notation (5)
reads ff ' =1y, f'f=1,.

The distinction between finite and infinite sets is an important one which will be
taken up in greater detail in Vol. 2. Here we shall only note one useful property of fi-
nite sets ( actually it can be used to characterize them) :

LEMMA 3 An injective mapping from a finite set to itself is also surjective.

For let f: S—5S be injective and take @ e S; we must find b € S such that

a=bf. (6)
Consider the effect of performing f repeatedly. Let us write f? for ff and generally ab-
breviate ff---f ( with n factors) as f". In the series of elements a, af, af’, -+ there
must be repetitions, because S is finite, so assume that
af =af", (7)
where r>s say. Since fis injective, xf=yf implies x=y, so we may cancel f in (7 ).
If we do this s times, we get a f " =a, i. e., (6) holds with b=af ™.

Later we shall meet many applications of this lemma. It is not really a surprising

result and, to newcomers at least, not as surprising as the fact that it no longer holds

for infinite sets. To give an illustration, if in a club each member succeeds in borrow-
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ing £1 from another member but no two have borrowed from the same person, then
everyone has also had to lend £1 ( by the lemma) so no one is any better off. But
suppose that we have an infinite club, with members 4,,4,,--- indexed by the posi-
tive integers ( where it is assumed that A, # A for m#n). If now for each n, A bor-
rows £1 from A, , then A, is £1 better off, while all the others come out even.

The failure of Lemma 3 for infinite sets makes it seem difficult at first sight to ex-
tend the notion of counting and cardinality (or ‘ number of elements’) to infinite
sets. These difficulties were overcome by Cantor who laid the foundations of set theo-
ry in the 1870s. This does not concern us directly as we shall (in this volume) use
the notion of cardinality only for finite sets. With every finite set S we associate a nat-
ural number |S1, the number of its elements ( sometimes called the cardinal of S).
In a complete account one would have to show that this is uniquely defined, i. e.,
that different ways of counting S give the same answer. This will be proved when we
come to the axiomatic development of numbers in Vol. 3.

Exercises

(1) S is a set of four elements. Find (i) the number of mappings of S into it-
self; (ii) the number of bijections of S to itself. ( Hint. Try sets of two and three el-
ements first. }

(2) If f: A—B and g: B—C are both injective (or both surjective) , show that
fg is so too. If fg is injective (or surjective) what can be said about f and g?

(3) If f is any bijection and f ' its inverse, show that the domain and range of
f7! are the range and domain respectively of f. Show also that £™' is again bijective
and (f7') 7' =f.

(4) Iff: A»B, g: B—C, h: C—A are three mappings such that fgh=1,, ghf
=1, and hfg=1,, show that each of f, g, h is a bijection and find their inverses.

(5) Let fg=1,: if f is surjective, or if g is injective, show that both f and g
are bijective and inverse to each other.

(6) Let fg=1,: we say that g is a right inverse of f and that £ is a left inverse
of g. Show that when the domain of f has more than one element, f is bijective iff it
has a single right inverse, or also iff it has a single left inverse. (Hint. To get coun-
terexamples, look at mappings from N to N. )

(7) (i) For any integer a define a mapping u, of N into itself by the rule y,: x
= xa. Show that y, =g p,. *(ii) For any integer a define a mapping v, of N into it-

self by v_: x> x+a. Show that v, =v,v,.

a

(8) A mapping f: S—T is said to be constant if xf=yf for all x,y € S. Show



136 E=E TWE—HNRE

that for any two distinct constant mappings of S into itself, fg # gf. What happens
when S has only one element?

(9) In an infinite club indexed by the integers, {4,,4,, -}, how much does
A, have to borrow from A in order that each member shall be £1 better off than
before ?

(10) Let S be the set of finite sequences of Os and 1s and define a mapping f of

a+l

S into itself by the rule: If a=a,a,--a,(a,=0 or 1), then af=a’,a’,---a’,, where
0'=01,1'=10. Show that af has no block 000 or 111 and that in af*( = aff) any
block of length at least five contains 00 or 11.

(11) Show that AxB=BxA only if A=B or one of A, B is empty. Is it possible
for non-empty sets to satisfy (AxB)xC=Ax(BxC)? (Hint. Take B to consist of

one element. )

TR5HEM

1. A4 ¢ many-many correspondence’ B iF M “ LB L XN, “vice ver-
sa” BPLT I, KRR RZIBAR”,

2. For any integer a define a mapping u, of N into itself by the rule u, : x +—
xa. Show that u, =uu,. FERFRENFEBRRIEXHXNFERERS , &
SCHIBCER S EE ARMEER B - - o MGEM 2. B _HENE
AL GRS RBE XA A R, X AT PR X FAE R o, R p, s 2 —
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L ERIMTANE:

(1) &ExXmEEMPLER FERAFTENSE.

(2) 20 % BB FAE  FR 5 2A XA A RE R ARE . 3H % I AN
B BB 22304 JUAS & F BT M 8022 R 1B, 40 : correspondence ( 3 J ) , mapping ( B
&7) ,image ({2 ), bijection ( ;L &t ) , injection ( N Ff ) , surjection ( # & ) , projection
($# %) ,one-one correspondence ( —— %} i ) , composing mapping ( & 4 BL&t) , in-
verse (3 ) ,identity mapping ( {8 2 4] ) |, inclusion mapping{ £ & B4} ) , projection
(Beht) %

(3) FRfR& S EH &M 45iE RiEERES,
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2. [T fe) R

(1) A5 R A1 58 SC P9 5 7 5 RS S 5 iy 2

(2) EERATERM TR RTEH A%

(3) B 10 % BA 2 80K E RSt f7 HoP 1s #10s 53 B FRRA 47

3.2.4 Egquivalence relations ©

By a relation on a set S we mean a correspondence of S with itself. E. g., ‘be-
ing related’ is a relation on the set of all humans ( provided that we are equipped
with an exhaustive genealogy)'. Let @ be a relation ; we write xwy to express the fact
that x stands in the relation @ to y, i. e. that the pair (x,y) belongs to w. Fre-
quently relations are denoted by a symbol such as ~ , thus in place of xwy we write
x ~79.

Many relations have one or more of the following three properties:

E.1 Foreveryx € S, x ~x(reflexive).

E.2 Forallx,y € S, if x ~y, then y ~ x{ symmetric).

E.3 Forallx,y,z e S, ifx~yand y ~2z, then x ~ z( transitive) .

For example, the relation ‘x is father of y’ (on the set of all humans) has none of
these properties. On the other hand, *x has the same parents as y’ has all three, ‘x
is ancestor of ¥’ is transitive and ‘x is brother of v’ is symmetric on the set of all hu-
man males, but not on the set of all humans. This last point illustrates that we must
always specify the set on which we are operating.

A relation on S which is reflexive, symmetric and transitive is called an equiva-
lence on S. This is an important notion, which in some ways generalizes the notion of
equality, for the relation of equality ( on any set) trivially satisfies E. 1-3. An
equivalence on S separates the elements of S into classes, grouping together objects
which agree in some particular respect. * E. g-, '« has the same parents as y’ is an
equivalence which groups siblings together. Similarly, the relation *x has the same
remainder after division by 2 as ¥’ on N groups all the even numbers together and all
the odd numbers.

Let us see how this can be done generally, for any equivalence on a set S. For
any x € S, we group together all the elements equivalent to x into an equivalence

class or block S_i. e. we put

D AFHIRWH .P. M. Cohn. Algebra. New York: John Wiley & Sons, 1982,
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S.={y e Sla~y}.

By the reflexivity, x € §, we claim that any two blocks S, and S, either are dis-
joint or coincide. Suppose that S, and S, are not disjoint; we must prove that S =S,
and we begin by showing that x ~y. Since S,N S, # &, there existsz € SN S,
by definition this means that x ~z and y ~z. By symmetry, z ~y and hence, by tran-
sitivity, x ~y. Now letu e S then y ~u, hence x ~ u ( by transitivity) and so u e
S,; this proves that S, C S_. A similar argument shows that S, C S,andso S, = § ,
as claimed. Thus the different S, provide a division of S into non-empty subsets, any
two of which are disjoint. This is called a partition of S.

Given an equivalence * ~’ on S, we can form a new set S / ~ , whose members
are the different blocks S, and we then have a mapping A : S—S/ ~ which assigns to
each x e S the block S ; A is called the natural mapping from S to S/ ~. It is sur-
jective, but not injective, unless the equivalence on S was just equality; S / ~ is
called a quotient set.

We note that conversely, every partition on a set S arises in this way from an
equivalence. For suppose that S is partitioned into sets A, B, ---. Then eachx & S
belongs to just one set of the partition, say x € A. We put x ~y if x and y lie in the
same set. This is an equivalence on S with blocks A, B, ---.

The example considered earlier, ‘x and y leave the same remainder after divi-
sion by 2 gives a partition of N into two blocks, the even numbers and the odd num-
bers. Similarly, in any given year, the relation ‘x and y fall on the same day of the
week ’ gives a partition of the days of the year into seven blocks, corresponding to the
seven days of the week.

Any mapping f: S—T gives rise 1o an equivalence on S by the rule; x ~ y if and
only if xf=yf. The reader should verify that this is indeed an equivalence.
Exercises

(1) Which of the following relations between positive integers are reflexive,
which are symmetric and which are transitive? (i) a#b, (ii) e<b, (iii) e differs
from b by less than 2, (iv) any positive integer dividing a also divides b.

(2) Which of the following are equivalence relations? (i) x is within sight of y
( where the objects are points on the earth’ s surface), (ii) % is on the same lati-
tude as y, (iii) x has the same number of digits as y ( numbers in decimal nota-
tion) .

(3) Let © ~’ be a reflexive relation. Show that * ~’ is symmetric and transi-

tive iff a ~b, a ~c=b ~c.
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(4) What is wrong with the following ‘proof’ that every relation on S that is sym-
metric and transitive is reflexive? For any a, b € S, a ~b implies b ~a (by symmetry)

and hence, by transitivity, a ~a. Give a counter-example to the assertion.

ERSIRA
L XERFENR:— P RE S ERXRRBHR S BIE A S H—FXTR, a5k
B R TA AR S R —FR R (IR AR S BRI RE) .
2. “An equivalence on S separates the elements of S into classes, grouping to-
gether objects which agree in some particular respect. ” , group T ¥ 3} if] F§ , group-

ing 52— MBETE S A A IR, LBA INT4E S AT R 2.

EIEK

L ZRIWTAAE:

(1) 2XWEEMPLER FBRNFEENE,

(2) 10 T IHBUFEARTE , 1 reflexive (B R B HEM , R B HY) , symmetric
(XTHRHY) , transitive( L Z 3 MR, 818 89) , natural mapping( B A5t ) , quo-
tient set ( B 2 ), remainder ( 4 %) , division ( & 8, 2+ &£ ), partition ( 43 %, 20
)%

€3) FRMRA RS R R ERKEEEBMES.

2. [a] 40T Rl -

(1) FHXRBWME LHY?

(2) Hram BABS? BERIWME XH? DBBMBRENBISHHEZ,

(3) —ANBRETF: SOTBRAER S FR— I SN RANESLELRHR
(I

3.2.5 Mathematical methods—teaching and learning ©
( 1) How to solve it'—Procedure for solving problem
UNDERSTANDING THE PROBLEM
First. You have to understand the problem .

What is the unknown? What are the data? What is the condition? Is it possible to

satisfy the condition? Is the condition sufficient to determine the unknown? Or is it

@ FRE=FEXHIEH :G. Polya. How to Solve It: a new aspect of mathematical method. Princeton,
N. I.: Princeton Univ. Press, 1985,



140 F=8 BUSOE—HNER

insufficient? Or redundant? Or contradictory?
Draw a figure. Introduce suitable notation.

Separate the various parts of the condition. Can you write them down?

DEVISING A PLAN

Second. Find the connection between the data and the unknown. You may
be obliged to consider auxiliary problems if an immediate connection cannot be
found. You should obtain eventually a plan of the solution.

Have you seen it before? Or have you seen the same problem in a slightly differ-
ent form?

Do you know a related problem? Do you know a theorem that could be useful?

Look at the unknown! And try to think of a familiar problem having the same or
a similar unknown.

Here is a problem related to yours and solved before. Could you use it? Could you
use its result? Could you use its method? Should you introduce some auxiliary ele-
ment in order to make its use possible?

Could you restate the problem? Could you restate it still differently?

Go back to definitions.

If you cannot solve the proposed problem try to solve first some related problem.
Could you imagine a more accessible related problem? A more general problem? A
more special problem? An analogous problem? Could you solve a part of the problem?
Keep only a part of the condition, drop the other part; how far is the unknown then
determined , how can it vary? Could you derive something useful from the data? Could
you think of other data appropriate to determine the unknown? Could you change the
unknown or the data, or both if necessary, so that the new unknown and the new data
are nearer to each other?

Did you use all the data? Did you use the whole condition? Have you taken into

account all essential notions involved in the problem?

CARRYING OUT THE PLAN
Third. Carry out your plan.
Carrying out your plan of the solution, check each step. Can you see clearly that

the step is correct? Can you prove that it is correct?
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LOOKING BACK
Fourth. Examine the solution obtained.
Can you check the result? Can you check the argument?
Can you derive the result differently? Can yoﬁ see it at a glance?
Can you use the result, or the method, for somé other problem?

(1) How to solve it — A Dialogue

Getting Acquainted
Where should I start? Start from the statement of the problem.
What can I do? Visualize the problem as a whole as clearly and as vividly as you
can. Do not concern yourself with details for the moment.
What can I gain by doing so? You should understand the problem, familiarize
yourself with it, impress its purpose on your mind. The attention bestowed on the
problem may alsc stimulate your memory and prepare for the recollection of relevant

points.

Working for Better Understanding

Where should I start! Start again from the statement of the problem. Start when
this statement is so clear to you and so well impressed on your mind that you may lose
sight of it for a while without fear of losing it altogether.

What can I do? Isolate the principal parts of your problem. The hypothesis and
the conclusion are the principal parts of a “problem to prove” ; the unknown, the da-
ta, and the conditions are the principal parts of a “problem to find”. Go through the
principal parts of your problem, consider them one by one, consider them in turn,
consider them in various combinations, relating each detail to other details and each
to the whole of the problem.

What can I gain by doing so? You should prepare and clarify details which are

likely to play a role afterwards. %%ﬁ\&
Hunting for the Helpful Idea %:,%‘}5

Where should I start? Start from the consideration of the principal parts of yo%? )
¢

problem. Start when these principal parts are distinctly arranged and clearly con- éjﬁﬁ?
ceived, thanks to your previous work, and when your memory seems responsive. L o
What can I do? Consider your problem from various sides and seek contacts with 3@‘:?& s
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your formerly acquired knowledge.

Consider your problem from various sides. Emphasize different parts, examine
different details, examine the same details repeatedly but in different ways, combine
the details differently, approach them from different sides. Try to see some new
meaning in each detail, some new interpretation of the whole.

Seek contacts with your formerly acquired knowledge. Try to think of what
helped you in similar situations in the past. Try to recognize something familiar in
what you examine, try to perceive something useful in what you recognize.

What could I perceive? A helpful idea, perhaps a decisive idea that shows you at
a glance the way to the very end.

How can an idea be helpful? 1t shows you the whole of the way or a part of the
way; it suggests to you more or less distinctly how you can proceed? ldeas are more
or less complete. You are lucky if you have any idea at all.

What can I do with an incomplete idea? You should consider it. If it looks ad-
vantageous you should consider it longer. If it looks reliable you should ascertain how
far it leads you, and reconsider the situation. The situation has changed, thanks to
your helpful idea. Consider the new situation from various sides and seek contacts
with your formerly acquired knowledge.

What can I gain by doing so again? You may be lucky and have another idea.
Perhaps your next idea will lead you to the solution right away. Perhaps you need a
few more helpful ideas after the next. Perhaps you will he led astray by some of your
ideas. Nevertheless you should be grateful for all new ideas, also for the lesser ones,
also for the hazy ones, also for the supplementary ideas adding some precision to a
hazy one, or attempting the correction of a less fortunate one. Even if you do not
have any appreciable new ideas for a while you should be grateful if your conception
of the problem becomes more complete or more coherent, more homogeneous or betier

balanced.

Carrying Out the Plan
Where should I start? Start from the lucky idea that led you to the solution. Start
when you feel sure of your grasp of the main connection and you feel confident that
you can supply the minor details that may be wanting.
What can I do? Make your grasp quite secure. Carry through in detail all the al-
gebraic or geometric operations which you have recognized previously as feasible.

Convince yourself of the correctness of each step by formal reasoning, or by intuitive
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insight, or both ways if you can. If your problem is very complex you may distinguish
“great” steps and “small” steps, each great step being composed of several small
ones. Check first the great steps, and get down to the smaller ones afterwards.

What can I gain by doing so? A presentation of the solution each step of which is

correct beyond doubt.

Looking Back

Where should I start? From the solution, complete and correct in each detail.

What can I do? Consider the solution from various sides and seek contacts with
your formerly acquired knowledge.

Consider the details of the solution and try to make them as simple as you can;
survey more extensive parts of the solution and try to make them shorter; try to see
the whole solution at a glance. Try to modify to their advantage smaller or larger parts
of the solution, try to improve the whole solution, to make it intuitive, to fit it into
your formerly acquired knowledge as naturally as possible. Scrutinize the method that
led you to the solution, try to see its point, and try to make use of it for other prob-
lems. Scrutinize the result and iry to make use of it for other problems.

What can [ gain by doing so? You may find a new and better solution, you may
discover new and interesting facts. In any case, if you get into the habit of surveying
and scrutinizing your solutions in this way, you will acquire some knowledge well or-
dered and ready to use, and you will develop your ability of solving problems.

(Il ) Teachers’ purpose in the classroom

1. Helping the student. One of the most important tasks of the teacher is to
help his students. This task is not quite easy; it demands time, practice, devotion,
and sound principles.

The student should acquire as much experience of independent work as possible.
But if he is left alone with his problem without any help or with insufficient help, he
may make no progress at all. If the teacher helps too much, nothing is left to the
student. The teacher should help, but not too much and not too little, so that the
student shall have a reasonable share of the work.

If the student is not able to do much, the teacher should leave him at least some
illusion of independent work. In order to do so, the reader should help the student
discreetly , unobtrusively.

The best is, however, to help the student naturally. The teacher should put

himself in the student’ s place, he should see the student’s case, he should try to
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understand what is going on in the student’s mind, and ask a question or indicate a
step that could have occurred to the student himself.

2. Questions, recommendations, mental operations. Trying to help the
student effectively but unobtrusively and naturally, the teacher is led to ask the same
questions and to indicate the same steps again and again. Thus, in countless prob-
lems, we have to ask the question: What is the unknown? We may vary the words,
and ask the same thing in many different ways: What is required? What do you want
to find? What are you supposed to seek? The aim of these questions is to focus the
student’ s attention upon the unknown. Sometimes, we obtain the same effect more
naturally with a suggestion: Look at the unknown! Question and suggestion aim at the
same effect; they tend to provoke the same mental operation.

It seemed to the author that it might be worth while to collect and to group ques-
tions and suggestions which are typically helpful in discussing problems with
students. The list we study contains questions and suggestions of this sort, carefully
chosen and arranged; they are equally useful to the problem-solver who works by
himself. If the reader is sufficiently acquainted with the list and can see, behind the
suggestion, the action suggested, he may realize that the list enumerates, indirectly,
mental operations typically useful for the solution of problems. These operations are lis-

ted in the order in which they are most likely to oceur.
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3.3.1 Integers @

The integers are familiar to us from elementary arithmetic, but here we shall
want to express that familiarity in precise terms. We do this by writing down a list of
properties which the integers possess and on which we shall base all our deductions.

Later, in Vol. 3, we shall see that all the properties listed here can actually be de-

® AFEXH A :P. M. Cohn. Algebra. New York: John Wiley & Sons, 1982,
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duced from quite a brief list of axioms, but this is immaterial at present.

We denote the set of positive integers (also called natural numbers) 1, 2,
3, -+ by N and write Z for the set of all integers, positive, negative and zero. Here
N stands for number and Z for Zahl, the German for number; both abbreviations are
generally used in mathematics.

The set Z admits three operations: addition, x+y, subtraction, x—y, and multi-
plication, x + y or xy. Often it is convenient to express subtraction by adding the neg-
ative; x—y=x+(~y). These operations are connected by the following laws:

Z.1 Associative law: (x+y)+z=x+(y+z),(xy)z=x(yz).

Z.2 Commutative law: x+y=y+x, Xy = yA.

Z.3 Existence of neutral element. x+0=x, xl =x.

Z.4 Existence of (additive) inverse: x+( -x)=0.

The number 0 is said to be neutral for addition because adding it to any number x
leaves » unchanged; likewise 1 is neutral for multiplication. Every number & has the
additive inverse ~x ( which undoes the effect of adding x) , but apart from 1 and -1,
no integer has a multiplicative inverse. However we shall find such inverses once we
come to consider rational numbers in 2. 4.

In addition to the above laws, there is a further law, relating addition and multi-
plication :

Z.5 Distributive law: x(y+z)= xy+zxz.

A set R with two operations x+y, xy and a negative ~x, satisfying Z. 1-5 is called a
ring ; more precisely it is a commutative ring ( because the multiplication is commuta-
tive, ef. Ex. (1), 6.1). Thus the set Z of all integers is a commutative ring. How-
ever, these laws are not yet sufficient to determine Z; in Ch. 6 we shall give a gener-
al definition of a ring and we shall find that there are many different types.

We now look at some consequences of the above laws. It follows from the dis-
tributive law that x0 =0 for all x. By the associative law, the sum of any number of
terms is independent of the way in which brackets are placed, and by the commuta-
tive law the order of the terms is immaterial. A similar remark applies to multiplica-
tion; for the present we shall accept this without proof and return to this point in Ch.
3 to give a general proof.

Thus the sum of numbers a, ,-*-,a, may be written a,+:+- +a,. Often one abbre-

n

viates this expression by writing down the general term a, with a capital sigma to

[ R )

show that the sum is to be taken, with some indication of the range over which the
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terms are to be summed (unless this is clear from the context). So instead of a +--
+a, we may write

"
n
Z a, or Z , or z a, or simply Z a,,
v

r=1

where in each case v is a dummy variable (cf. 1.1). When n=0, the sum written
here is empty and, by convention, this is taken to be 0. This notation is not only
briefer; it can also help to make our formulae more perspicuous as well as more accu-
rate. For instance, in the expression

142+++n,

the reader is expected to guess that he is dealing with an arithmetic progression; the

expression Z | @, Temoves all doubt. Thus the formula for the sum of the first n natu-

ral numbers may be written Z : V=%n(n+l ). We observe that for n=0 the right-

hand side reduces to 0, so with our convention about empty sums, this formula still
holds for n=0.

For another example consider the distributive law. This has a generalized version
which reads (cf. Ex. (2))

(a,++++a,) (b +--+b, )=a,b +a,b,+-++ab,,

or in abbreviated form Z a, - Z b, = Z ” a,b,. Here we have not indicated the
precise range of summation, since it is immaterial, but only the indices of summation
W, v.

A similar abbreviation exists for repeated products, using capital pi, II, in
place of > . Thus instead of a,a,:--a, we write

ﬁ a, or ll[ a, or H a, or simply ﬂ a,.
1 v

r=1
For example, the factorial function may be defined as n! = n n. An empty prod-
uct is taken to be 1; thus empty sums and products are neutral for addition and multi-
plication respectively.

It is an important property of the integers that the product of two non-zero inte-
gers is never zero:

Z.6 For any integers a, b, if a#0 and b#0, then ab+#0; moreover 1 #0.
This has the following useful consequence:

Cancellation law; Fora, b, ce Z, if ca=ch and c#0, then a=b.

This asserts that multiplication by a non-zero integer is an injective mapping of Z into
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itself. To prove it, suppose that a7 b, then a—b6#0 and hence (by Z.. 6)c(a-b) #
0, therefore ca—cb=c(a-b) #0,

Besides the operations on Z we have an order relation, i. e. an ordering on Z:
xssyory=x. Hx<ybutx#y, we write x<y or also y>x. This relation satisfies the
requirements for a total ordering (see 1.5) and is related to the operations of Z by
the following rules:

2.7 Ifx, <zx,and y, <y,, then x,+y, <x,+y,.

Z.8 Ifx<yandz>0, then zx<zy.

The presence of these rules means that Z is a totally ordered ring. Using the ordering
we can describe the set N of positive integers as
N={xeZIx>0}. (1)

Later we shall see how to reconstruct Z from N; for the moment we note that,
for every x € Z, eitherx=0orx € Nor —x e N and that these three possibilities
are mutually exclusive. In fact, this is true in any totally ordered ring, taking N to be
defined by (1). For we know that just one of the following holds ( because we have a
total order) : x=0 or x>0 or x<0. Now x+(-x)=0, hence, if x<0, then 0<-x by
Z. 7. Thus either x=0 or x>0 or —x>0, as asserted.

In order to fix Z completely, we use the following condition on the set N of posi-
tive integers:

I ( Principle of induction) : Let S be a subset of N such that 1 € S and n+1
S whenever n € S. Then S=N.

This principle forms the basis of the familiar method of proof by induction. Let
P(n) be an assertion about a positive integer n, e. g., P(n) might be the sum of
the first n positive integers is n(n+1)/2. Suppose we wish to prove P(n) for all n,
i. e. (¥n) P(n). Then by I it will be enough to prove (i) P(1) and (ii)
(Vn) (P(n)=P(n+1)).? For this means that the set S of all n for which P(n)
holds contains 1 and contains n+1 whenever it contains n. Hence by I, S=N, i. e.
P(n) holds for all n e N. '

There are two alternative forms of I that are often useful.

I': Let S be a subset of N such that 1 € Sand n e S wheneverm e S for all
m<n; then S=N,

I" (Principle of the least element) : Every non-empty set of positive integers has
a least element.

To prove I, I’ and I” equivalent we shall establish the implications I=I'=I"=1.

I=I’. Let S be such that 1 € S and n € S whenever m e S for all m<n. Define T
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={x € NlyeSforall y<x}, thusx e T precisely when all the numbers from 1 to
x lie in S. Clearly T C S, so it will be enough to show that T=N. Sincel € S, we
have ]l € Tand, ifn € T, theny € Sforall ysn, hence n+l € Sandsoy e
S for all yssn+1; but this means that n+1 € T. Applying I, we see that T=N.

I'=T". Let S be a set of positive integers without a least element; we shall show
that S is empty. Denoting the complement of S by S’, we must show that $'=N.
Now, since S has no least element, 1 & S, so 1 € §’; moreover, if m e S’ for all m
<n, then n € §’, for otherwise n would be the least element in S. Thus by I, s’
N and S must be empty.

I"=1. 1 is the least element of N (for if the least element r satisfied r<1, then
r<r, a contradiction). Let S be a subset of N such that 1 € S and n+1 € S whenever
n e S, then the complement S’ of S in N has no least element. For 1 & §' and if n
eS’, then n-1eS’, hence, by I”, §'=( and so S=N as we wished to show.

We end this section with a practical remark on proofs by induction. Generally a
theorem is easier to prove, the stronger the hypothesis and the weaker the conclusion.
But in an induction proof the conclusion at the nth step becomes the hypothesis at the
{(n+1)th step and the theorem may actually become easier to prove if the conclusion
is strengthened; for an instance of this see Lemma 4.3. We also remark that an in-
duction frequently starts at 0 (instead of 1) ; clearly this does not affect the validity.
Exercises

(1) Prove that (a+b) (c+d)= ac+bc+ad+bd from the axioms.
(2) Prove a ( Z b,,) = 2 ab, by induction. Deduce the general

distributive law

(2 a)(Xb)= 2 ab.
(3) Prove that for any integer a, a0=0.
(4) Prove the rule of signs: (-a)b=-ab, (-a)(-b)=ab.
(5) For any integers m, n, prove that m, n =1=mn =1, with ‘>’ unless m

=n=1."

TR 5%

L AN B E R 0 HE T (B BT A EF SO B Rk
W& S, fan: A

Z.1 Associative law: (x+y)+z=x+(y+z), (xy)z=x(yz).

Z.2 Commutative law : x+y=y+x, Xy =ya.
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KB M|, Associative law J“FEH " ; Commutative law ] “ 3 HE”, A, A
T SCHET H « Distributive law N “ 43 BRE” ;commutative ring J“ 3B ; neutral
element “LILE" ; (additive) inverse 3 “ (M) BTG E” ; Principle of induc-
tion 2y “ Y344 B JR #2” ; Principle of the least element 2B “ I /N§U L7 ; repeated
products Jy“ % FeFA” ;empty product Fy“ 23T F1” ;indices of summation A “ 3K f 5
"%

LR G0 SR A HE T TCAR 4R, 38 A T B0 ARG I o

2. (i) P(1) and (ii) (V) (P(n)=>P(n+1))REBIEBZHKA,
(Vr)P(n)ER“GEPXEEn BOL” ,=>FR“HEHEK”, (1) P(1) FM(ii) —B
FARPFHAENNE NZEBEZEAERZFR (1) Bn=1 Bl P W7,
(il) AR P XHMERE n L R P XHERE n+l BOZ

3. For any integers m, n, prove that m, n =1=mn=1, with ‘>’ unless m =
n=1, X8 with 5| K EEBERRE., BATERE:WEEEE,EB n,n>
1 ZEB mn=1, ESEARHE I m=n=1 8 mn>1 37

FIEK

L ERWOT AR

(1) £xMEBEMPLER EBRHEEAR,

(2) 15 MHIBB¥FARIE,S ~8 MERRBFERENNY, HPREREQHE
EBRSUHAZ 1 FHFImE,

(3) FBAIENE L BHEEREEZRMES

2. B W MR

(1) BERow 2P B AL

(2) hnfe] FH %o U3 9935 9E B 7

(3) Qv fe] UE BA B2 V3 9 [ B 555 5/ B B 2 4

3.3.2 Prime numbers @

The following classification of the integers according to the integers that they di-
vide, or are divisible by, will greatly facilitate our study. Zero has been defined
(Section 1.5) as the identity under addition. The integers +1 and -1 are called
units ( Section 2. 1). An integer p that is not zero or a unit is said to be prime if its

only divisors are +p and the units. An integer is called composite if it has two or more

O AYWEXH A:B. E. Meserve. Fundamental Concepts of Algebra. New York: Dover Pub. Inc,
1982,
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prime divisors ( not necessarily distinct). For example, 6 =2 + 3 and 121 = 11% are
composite numbers. We shall find that every integer belongs to one of four classes:
zero, uniis, prime numbers, composite numbers. Since zero is neither positive nor
negative, this will mean that every positive integer belongs to one of three classes and
every positive integer greater than one is either prime or composite. In the following
discussion, negative prime numbers are assumed to be expressed in the form ep,
where e is the unit —1 and p is a positive prime. Thus only positive prime numbers
need be considered.

We now use these definitions in the proofs of several theorems.

THEOREM 2. 2 Every integer greater than one has a positive prime divisor.

Let m be any given integer greater than one. Then m is prime if and only if its
only positive divisors are m and 1.

If m is not a prime, it has a positive divisor m,, where m, # m and m, # 1.
Thus if m is not prime, it may be written as the product of two positive integers,
m=m,m, ,where neither m, nor m, is a unit. If neither m, nor m, is prime, then
m=m, m;,m, m, where no m; is a unit. If no m;, is a prime, then m =
MLy Ty Ty Ty Ly Ty 5 Mgy T,y , Where no my, is a unit. This process will terminate
if and only if at some step at least one of the m’ s is a prime number. We shall now
show that for any given positive integer m the process must terminate, i. e. , it can-
not continue indefinitely. First, we observe that any positive integer m, which is not a
unit satisfies the order relation m,>1 (Section 1.6). Then we also have m=m, m,>
m, and, in general,

m>m, >m, >m >
for as many steps as the process continues. Thus the process terminates if and only if
the set of positive integers m, m,, m,, , m,,, - 1s a finite set. However, this set is
a subset of the finite set m, m~1, m-2, ---, 3, 2, | and therefore must itself be fi-
nite. Thus the above process must terminate after a finite number of steps, and m
must have a prime divisor.

We have also proved that any given positive integer m can have only a finite
number of positive integral divisors greater than one. Our next theorem indicates
which positive integers need to be considered when one seeks the positive divisors of a
given integer m.

THEOREM 2. 3 If a positive integer m is composite, it has a positive prime divi-
sor <1, where I is the greatest integer whose square is <m.

By Theorem 2.2, any positive integer m greater than one has a positive prime
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divisor p, that is, m=pm,. Also, if m#p, then m, has a positive prime divisor =<
m,. If Theorem 2. 3 were false, there would exist a number m that was composite and
had no positive prime divisor <I. In this case, we would have I<p, I<m, or I+1<
p, I+1<m,, and (I+1)*<pm, =m, contrary to the assumption that [ is the greatest
integer whose square is <m. Thus Theorem 2.3 must be true ( method of indirect
proof, Section 1. 10).

Before we can use Theorem 2.3 to determine whether or not a given integer m,
say 359, is prime, we need some method for determining the primes </ where I’ <m
<(I+1)”. For the case m =359 we need to know the prime numbers < 18.

The prime numbers bounded by any finite integer N may be found by a method
called the Sieve of Eratosthenes: Write down the integers from 1 to N, exclude 1 since
it is a unit, counting from 2 strike out every second number thereafter, counting from

3 strike out every third number, and, in general, counting from any remaining inte-

ger k which is < Jn (Theorem 2.3) strike out every kth integer. For example, the
prime numbers bounded by N=18 are 2, 3, 5, 7, 11, 13, 17, and may be found
from the array

2,3,4,5,6,7.8,9,10,11,12,13, 14, 15,16, 17, 18
in which it was only necessary to exclude the unit and multiples of 2 and 3 since the
next remaining integer, 5, has a square greater than 18.

We now may use Theorem 2.3 and determine whether or not 359 is a prime by -
testing 359 successively for divisibility by 2, 3, 5,7, 11, 13, 17. On this basis we
may assert that 359 is a prime number.

One reason for considering such mechanical methods as the above for determi-
ning primes lies in the fact that no analytical representation or formula for all primes
has yet been found. However, we may prove several theorems regarding primes. The
following theorem is a modern version of Proposition 20 in Book IX of Euclid’ s Ele-
ments.

THEOREM 2. 4 The set of positive prime numbers is cou"ntably infinite.

Suppose there were a largest prime number, say P, then the number N=P! +1
must have a prime divisor (Theorem 2.2). But no number=< P divides P! +1=N.
Thus N has a prime divisor greater than P and there is no greatest prime, i. e., the
set of positive prime numbers is countably infinite. For example, if P=2, then N=
21 +1=3, which is prime, if P=5, then N=5! +1=121, which has 11>5 as a

prime divisor. This process for determining the existence of a prime greater than a
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given prime P may also be used, together with the existence of a single prime number
2, to prove by mathematical induction ( Section 1.4 ) that there exists a countably in-
finite subset of the set of positive prime numbers. Then, since the set of all positive
prime numbers is a subset of the set of positive integers, which is countably infinite,
we have another proof that the set of positive prime numbers is countably infinite.

The best-known properties of primes concern divisibility. Given any integer m
and prime p, the only positive divisors of p, and therefore the olny possible positive
common divisors of p and m, are p and 1. Thus we have

THEOREM 2.5 If p is a prime and m is any integer, then either p divides m or
(p, m)=1.

Another common theorem may be proved as follows: Suppose p is a prime num-
ber, and a and b are each positive integers less than p. We wish to prove that p does
not divide the product ab, written p + ab. We shall use the method of indirect proof
and suppose that p | ab. Furthermore, we shall assume that b is the smallest positive
integer such that p | ab, that is, ab is the least multiple of a such that p | ab. This
last assumption may be made without loss of generality, since if there exists a single
integral multiple, there must be a smallest positive integral multiple of a that is divis-
ible by p (Section 2.2). Now by the Division Algorithm, there exists an integer m
such that

mb < p<(m+1)b,0 < p-mb<b.
Actually mb # p since 1<b<p and p is prime. By assumption, p| ab and thus p |
mab. Then from p | ap we have p | (ap-mab) and p | a(p-mb), whence a(p-
mb) is a multiple of @ which is divisible by p. But also a{p-mb) <ab, contrary to
the assumption that ab is the least multiple of a that is divisible by p Thus p does not
divide ab, and we have given an indirect proof of the following theorem.

THEOREM 2.6 If p is a prime, and a and b are two positive integers each less
than p, then p | ab.

This theorem may be extended to include any two positive integers a and b such
that p f a and p 1 b. Leta=mp+r, b=np+s, 0<r<p, 0<s<p. Now if p | ab, we al-
so have p | rs, contrary to Theorem 2.6. Thus if p{ a and p { b, then p | ab. In
other words, if p | ab, then p | a or p | b. Since the product of two integers is an
integer, we may also take a, < a,=a, a; =b and prove that if p | a,a,a,, then p
divides at least one of the numbers «,, a,, a,. By repeated application of this

process, we have
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THEOREM 2.7 Ifpis a prime and p | a,a,:-a,, then p divides at least one
of the integers a,, a,, -+, a,, where n is any posttive integer.

A very important application of this property of prime numbers is found in the
factorization of all positive integers as products of powers of prime numbers (Section-
2.4). Throughout the remainder of this text we shall make extensive use of the prop-
erties of prime numbers and the analogous properties of irreducible polynomials ( Sec-
tion 3.6).

Exercises

1. Find the prime numbers less than 200, using the Sieve of Eratosthenes.

2. Determine which of the following are prime numbers;

(a) 85, 103, 179, 539,

(b) 267, 781, 859, 937,

(e) 1245, 2287.

3. Write out a formal proof of Theorem 2. 7, using mathematical induction.

Is n’—n+41 a prime number for all positive integral values of n? Explain.
Give four numerical examples illustrating Theorem 2. 5.
Repeat Exercise S for Theorems 2. 6 and 2. 7.

Given any integer NV, how could you find all its positive prime divisors?

W ~J & N

Prove that n'+1 is a composite number if n is greater than one.

9. Prove that 3"—1 and, in general, m"~1 is composite if n is greater than one
and m is greater than 2 ( see Exercise 7, Section 1.4).

10. A number of the form 27 -1 that is prime is called a Mersenne prime. Find
five such numbers.

11. Prove that 2" -1 is composite if n is composite (see Exercise 9, Section

1.4). Give an example of a composite number of the form 2°—1 where p is a prime.

#SBR

L FEEMTHE:

(1) £XWFEFIMFLER SRHEENE.

(2) 15 PHIHBEFARE,S ~8 MERAREGENAE, KhHEEREQE
prime ( Z 1/ EH M), composite (F /B M) , prime divisor( ZH F), divisi-
bility ( A] & #£ ) , countably infinite ( 7] 7 F5 55 ) , sieve of Eratosthenes ( #Hi #6688
fiti ik ), strike out(HERR) % .
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3.3.3 Polynomials and Algebraic Functions ¥

1. Polymomials

The positive integers have been used in Chapter 1 to define rational, algebraic,
transcendental, and real numbers. Properties of the ring of integers have been dis-
cussed in Chapter 2. In this chapter we shall use a ring of polynomials in one varia-
ble to define rational, algebraic, transcendental, and analytic functions. Divisibility,
the Division Algorithm, the Euclidean Algorithm and properties in the ring of polyno-
mials corresponding to prime numbers, bases, and congruence’s in the ring of num-
bers will be discussed. Our purpose is threefold: to understand the basic properties of
polynomials, to see the relationships between polynomials and other common func-
tions, and to introduce a few concepts that will be needed in our discussion of the
theory of equations in Chapter 4.

In the first two chapters, we have been primarily concerned with numbers: inte-
gers, rational numbers, real numbers, and complex numbers. We now introduce a
new set of symbols x,y, t, and consider equality, addition, subtraction, multiplica-
tion, and division in the total set composed of the new symbols and the complex num-
bers. The new symbols may be considered simply as symbols without any sets of val-
ues or assumed relations. In this case they are called indeterminates. The new sym-
bols may also be considered as variables that take on values from a subset of the set of
complex numbers. We shall usually call the symbols variables, although we shall at
times mention corresponding properties of indeterminates. A great deal of the theory
considered in this chapter will apply to both variables and indeterminates.

Given any indeterminate x, we define the symbol x" for any positive integer n to
represent the product of n factors x, x°=1,x7"x" =1, and (x"")" =x. Similar defini-
tions hold for any variable x, with the exception that " and x™ are undefined when
x=0. Addition and multiplication of the new symbols and complex numbers may be

defined such that they are unique, commutative, associative, and satisfy the distribu-

@ AR A:B. E. Meserve. Fundamental Concepts of Algebra. New York: Dover Pub. Inc,
1982 .
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tive laws. Thus ax+bx = (e+b)x and (ax) (bz)= abx® for any complex numbers
a, b.

The product of any set of complex numbers and the new symbols is called a mo-
nomial. For example, 15, x, 2«, 5x°y’t, and 342 xy are monomials. The sum of
two monomials is called a binomial. A sum of three monomials is called a trinomial
and, in general, a sum of one or more monomials is called a polynomial.

A monomial of the form bx” , where m is a nonnegative integer and b is a com-
plex number, is called a monomial in x with coefficient b and, when b # 0, of de-
gree m. Any complex number b is itself a monomial. The monomial 0 has no degree.
When b # 0, the monomial b=bx" has degree zero.

A polynomial of the form
(3.1) ax"+ a,x" '+ - +oa,_ xta,,
where the a, are complex numbers and e, #0, is called a polynomial of degree m in
x. The a; are called the coefficients of the polynomial. The nonzero leading coeffi-
cient a, is called the initial of the polynomial. Since indeterminates do not take on
numbers as values, two polynomials in an indeterminate x are equal if and only if the
coefficients of corresponding powers of x are equal. Thus, for an indeterminate x, the
equation

ax” +bx+c=x+2
implies that a = 0, b = 1, and ¢ = 2. Two polynomials in a variable x may be equal
for any nonnegative integral number of values of the variable x. Thus for a variable x,
the equation x°-2x-3=0 implies x=3 or x=-1.

The degree of a polynomial depends upon the variable under consideration. For
example, 3x°y’ is of degree two in x with coefficient 3y’ and of degree five in y with

coefficient 3x°. The polynomial 102° may be considered as a polynomial of degree six

in x with coefficient 10, a polynomial of degree two in 2x” with coefficient -;—, a poly-

nomial of degree twelve in/x with coefficient 10, and in many other ways. We shall

use the notation p(x) to indicate a polynomial in x, p ( /2% )10 indicate a polynomi-
al in /2x.

2. Algebraic functions

A polynomial equation f(x,y)=0, where f(x,y) is considered as a polynomial
in y with coefficients from the ring of polynomials in x with complex coefficients, de-

fines y as an algebraic function ( Section 3.16) and has as its real graph an algebraic
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plane curve. The concept of an algebraic function is an extension of the concept of a
polynomial in that every polynomial p(x) satisfies f(x,y)=y-p(x) , that is, a poly-
nomial is a special case of an algebraic function that arises when f(x,y) has the form
y-p(x). Similarly, a rational function (Section 7. 6) is a special case of an algebra-
ic function that arises when f(x,y) has the form p(x)y—-q(x).

We have seen ( Section 3.10) that any polynomial p(x) is a single valued func-
tion of x. Also, a rational function of x is single-valued whenever it is defined ( Sec-
tion 3.3). However, an algebraic function defined by a polynomial equation f(x,y)
=0 of degree n in y may have n values of y corresponding to a given value of x. For
example, y°-x=0 associates two real values of y with each positive value of x. Our
discussion in this section consists of a very brief introduction of a graphical represen-
tation (the Riemann surface) of the n values of the algebraic function y( not neces-

sarily real or distinct) corresponding to each value of x( Theorem 4. 2).
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3.3.4 Groups @

1. Monoid
The number systems described in Ch.2 had two basic operations: addition and

multiplication, and sometimes their inverses : subtraction and division. We now want

@ AYWESUE B P. M. Cohn. Algebra. New York: John Wiley & Sons, 1982,
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to study the general properties of an associative but not necessarily commutative oper-
ation. The method of doing this is not to look at a particular system such as the inte-
gers or the rational numbers, but to assume that we have an arbitrary set with an op-
eration satisfying the associative law and see what consequences can be derived in
this way. It will be useful to begin with a formal definition.

By a monoid we understand a set S with an element e and a mapping p: S’ S
such that if w(x,y) is the result of applying u to the pair x,y €35, then

M.1 p(x, u(y,z))=p(u(x,y),z) forall x,y, ze S.

M.2 p(e,x)=p(x,e)==xforallxeS.
Note that by definition, a monoid is never empty. A mapping such as 4 which acts on
pairs of elements of S is called a binary operation, with values in S, and an element
e satisfying M. 2 is said to be a neutral element for u. There cannot be more than
one neutral, for if we also have u (e, x)=pu(x, ¢')=x, then e=p(e, e')=¢".

Clearly both addition and multiplication are instances of such a binary operation,
and in fact Z is a monoid under addition ( with O as neutral) as well as multiplication
(with 1 as neutral). This example illustrates that in discussing particular instances of
monoids one must name not only the set but also the operation unless this is clear
from the context.

2. Groups; the axioms

By a group one understands a monoid in which every element is invertible.

The commutative law is not assumed; when it holds, i.e. if xy=yx for all x,y.
the group is said to be commutative or abelian (after N. H. Abel). Thus a group G
is defined by the following four conditions ;

G.1 G has a binary operation xy defined on it.

G.2 The operation is associative: (xy)z=x(yz) forall x,y, z, € G.

G.3 G has a neutral element 1 1x=xl=x for all x € G.

G.4 Every element x € G has an inverse x ' wx =a a1

It is a remarkable fact that the whole of group theory, which includes many deep
results and is far from being fully explored yet, rests ultimately on this simple set of
axioms. Of course we shall only be able to touch on the most basic properties in this
chapter and in Ch. 9, but it is hoped that even this brief account will convey some-
thing of the inherent simplicity and beauty of the theory.

We begin by observing that the axioms G.1-4 are 1o some extent redundant:
less is needed to verify that we have a group. This remark is of practical use as it may

help to shorten our verifications. Before proving it we note another useful conse-
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quence of the group axioms:

G.5 Givena, b € G, the equations bx = a, yb = a each have a unique solu-
tion, namely x = b ' a, y = ab™.

For if bx =a, then b’a = b’ bx = la = x, so there is at most one solution and,
in fact, b(b'a) = bb™'a = la = a. Thus bx = a has exacily one solution; by sym-
metry the same holds for yb = a.

THEOREM 1. Let G be a set with a binary operation which is associative. Then
the following conditions on G are equivalent:

(a) Gis a group,

(b) G is not empty and for all a, b € G, the equations bx = a, yb = a each
have a solution ,

(c) there exists e € G such that xe = x for all x € G and if we fix such e, then
for each x € G there exists x' € G such that xx’ = e.

Note that we do not assume that the solutions in (b) are unique.

We shall prove the theorem according to the scheme (a)=(b)=(c )=>(a).
The remarks preceding the theorem show that (a)=(b). Now assume (b), take a
e G and find e e G to satisfy ae = a. For any b e G there exists x € G such thal
xa = b (by (b)) and hence b = xa = xae = be; moreover, aa’ = e always has a
solution a’, therefore (¢) follows.

Next assume (¢); we must show that G is a group. Given x € G, we can find i
e G with xx' = e and then 1" € G with x'x" = e. Hence x'x = x've = x'xx'2" =
x'ex" =x'x"=e; thus xx’ = e= a’x. Moreover, x= xe = xx'x=ex, hence e is neutral
and ' is an inverse of x, i.e. G is indeed a group.

As a first application we have

PROPOSITION 2 A finite monoid S with either of the properties

xz = yz=> a = y for all x,y, z €S (right cancellation) | (1)
o= zy = x = yforall x,y, z €S (left cancellation) (2)
1s a group.

Proof. Assume that one of (1), (2) holds, say (2); by (2) the mapping A, :
x—zx of S into itself is injective, hence bijective ( by Lemma 3, 1.3, because S is
finite ). Thus bx = 1 has a solution for any b € S; hence § satisfies (¢) of Th. 1 and
is therefore a group.

The notions of homomorphism, isomorphism, endomorphism and automorphism
defined for monoids carry over to groups as a special case. We note: to verify that a

mapping f: G — H between groups is a homomorphism we need only check that
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(xy)f=xf+ yf, for if this holds then (1./)* =1,f, where 1; is the neutral of G; by
division it follows that 1.f is the neutral of H. Since homomorphisms preserve neutrals
it will cause no confusion to denote the neutral in any group by the same symbol 1.
We also note that for any group homomophism f, we have (xf) (x7'f)= (22" )f=1f=
1, and similarly (x7'f) (xf)=1, hence
(xf) " =27 f. (3)
Let G be a group, then by a subgroup of G one understands a subset H of G
which is a group relative to the operations in G. Thus H is a subgroup of G iff (i)
leH, (ii) x,y € Hoxy e H, (iii) x € H=x"' € H. Alternatively, H is a sub-
group of G iff (iv) H# & and x,y € H=xy™' € H. Clearly (iv) holds for any sub-
group of G; conversely, when it holds, take ¢ € H, then 1 = aa”' € H, hence for

anyx e H, "' =1z~

e H, and whenever x,y € H then y”' € H by what has just
heen proved, and so by (iv), xy =x(y™") "' e H, therefore H is indeed a subgroup of
G.

In discussing groups the following notation is ofien useful. Let A, B be any sub-
sets of a group G and write

AB=1{xylxeA,ye B}, Al ={x"IxeAl.

If A reduces to a single element: A={a} , we write aB instead of {a} B, and similar-
ly for B. To give an example, the condition for a non-empty subset H of G to be a
subgroup may be restated as HH C H and H' C H, or equivalently, HH ' C H.
Some care must be taken to write HH and not H*( which is sometimes taken to mean
sz e H}).

PROPOSITION 3  Let G be a group. If H and K are any subgroups of G, then

so is their intersection H N K.
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3.3.5 The parallel postulate ©

Euclid’ s first four postulates have always been readily accepted by mathemati-
cians. The fifth (parallel) postulate, however, was highly controversial. In fact, as
we shall see later, consideration of alternatives to Euclid’ s parallel postulate resulted
in the development of non-Euclidean geometries.

At this point we are not going to state the fifth postulate in its original form, as it
appeared in the Elements. Instead, we will present a simpler postulate ( which we
will later show is logically equivalent to Euclid’ s original). This version is sometimes
called Playfair’s postulate.

Because it appeared in John Playfair’ s presentation of Euclidean geometry, pub-
lished in 1795, although it was referred to much earlier by Proclus ( A. D. 410 -
485). We will call it the Euclidean parallel postulate because it distinguishes Euclid-
ean geometry from other geometries based on parallel postulates. The most important
definition in this book is the following .

DEFINITION. Two lines L and m are parallel if they do not intersect, i. e. , if
no point lies on both of them. We denote this by L/ m.

Notice first that we assume the lines lie in the same plane (because of our con-
vention that all points and lines lie in one plane, unless stated otherwise; in space
there are noncoplanar lines which fail to intersect and they are called skew lines, not
“parallel” ). Notice secondly what the definition does not say: it does not say that
the lines are equidistant, i.e. , it does not say that the distance between the two lines
is everywhere the same. Don’t be misled by drawings of parallel lines in which the
lines appear to be equidistant. We want to be rigorous here and so should not intro-
duce into our proofs assumptions that have not been stated explicitly. At the same
time, don’t jump to the conclusion that parallel lines are not equidistant. We are not
committing ourselves either way and shall reserve judgment until we study the matter
further. At this point, the only thing we know for sure about parallel lines is that they

do not meet.

THE EUCLIDEAN PARALLEL POSTULATE. For every line L and for ev-

O AFiEXHEA.D. V. Singer. Geometry. Berlin: Springer, 1998,
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ery point P that does not lie on L there exists a unique line m through P that is parallel

to L. (See Figure 3-3-1).

L

Fig. 3-3—1 Lines L and m are parallel.

Why should this postulate be so controversial? It may seem “obvious” to you,
perhaps because you have been conditioned to think in Euclidean terms. However, if
we consider the axioms of geometry as abstractions from experience, we can see a
difference between this postulate and the other four. The first two postulates are ab-
stractions from our experiences drawing with a straightedge; the third postulate de-
rives from our experiences drawing with a compass. The fourth postulate is perhaps
less obvious as an abstraction ; nevertheless it derives from our experiences measuring
angles with a protractor ( where the sum of supplementary angles is 180°, so that if
supplementary angles are congruent to each other, they must each measure 90°).

The fifth postulate is different in that we cannot verify empirically whether two lines
meet, since we can draw only segments, not lines. We can extend the segments further
and further to see if they meet, but we cannot go on extending them forever. Our only re-
course is to verify parallelism indirectly, by using criteria other than the definition.

What is another criterion for L to be parallel to m? Euclid suggested drawing a
transversal (i.e., a line ¢ that intersects both L and m in distinct points) , and meas-
uring the number of degrees in the interior angles o and 8) on one side of ¢. Euclid

predicted that if the sum of angles o and S8

turns out to be less than 180°, the lines (if ' - "
produced sufficiently far) would meet on the 8
same side of ¢ as angles a and B (see Figure ) :
3-3-2). This, in fact, is the content of Eu- Fig. 3-3-2

clid’ s fifth postulate.

The trouble with this criterion for parallelism is that it turns out to be logically
equivalent to the Euclidean Parallel postulate that was just stated ( see the section
Equivalence of Parallel Postulates in Chapter 2). So we cannot use this criterion to

that would be cir-

convince ourselves of the correctness of the parallel postulate

cular reasoning. Euclid himself recognized the questionable nature of the parallel pos-
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tulate, for he postponed using it for as long as he could (until the proof of his 29th

proposition ) .
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¥2% R 15 1145 . postulate (/2B ) , parallel postulate ( SE£7 /3% ) , supplementary an-
gles(#MfH ) , congruent to each other( H A4 %), ransversal (1 &R 1, BLL) | crite-
rion ( #EN , #1515 ) , non-Euclidean geometries ( EVSIREDED
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3.3.6 Vector space of n-tuples ©

The collection of all n-dimensional vectors is called the vector space of n-tuples,
or simply n-space. We denote this space by V.
We introduce now a new kind of multiplication called the dot product or scalar

product of two vectors in V.
DEFINITION [fA = (a,,-,a,) and B=(b,,-- ,b.) are two vectors in 'V,
their dot product is denoted by A+ B and is defined by the equation

A-B= Z ab,.
k=1
Thus, to compute A+ B we multiply corresponding components of A and B and

then add all the products. This multiplication has the following algebraic properties.
THEOREM 1 For all vectors A, B, C in V, and all scalars ¢, we have the fol-

lowing properties :

(a) A-B=B-A ( commautative law) ,
(b) A-(B+C)=A-B+A-C ( distributive law) ,
(c¢) c(A*B)==(cA)B=A-(cB) ( homogeneity ) ,
(d) A-A>0if A0 ( positivity ) ,

(e) A-A=01if A=0.

D AYWEXWA.T. M. Apostol. Calculus, Vol. 1. New York: John Wiley & Sons Inc. 1987,
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Proof. The first three properties are easy consequences of the definition and are
left as exercises. To prove the last two, we use the relation A-A= > a’. Since each
term is nonnegative, the sum is nonnegative. Moreover, the sum is zero if and only if
each term in the sum is zero and this can happen only if 4 = 0.

The dot product has an interesting geometric interpretation which will be de-
scribed in Section 5. Before we discuss this, however, we mention an important ine-
quality concerning dot products that is fundamental in vector algebra.

THEOREM 2 THE CAUCHY-SCHWARZ INEQUALITY. If A and B are vec-
tors in V_ , we have
(6.1) (A-B)’<(A-A)(B-B).

Moreover , the equality sign holds if and only if one of the vectors is a scalar mul-
tiple of the other.

Proof. Expressing each member of (6.1) in terms of components, we obtain

n n

(3 ) <(3 @) (3 #).

k=1 k=1

which is the inequality proved earlier in Theorem 1.4.

We shall present another proof of (6.1) that makes no use of components. Such
a proof is of interest because it shows that the Cauchy-Schwarz inequality is a conse-
quence of the five properties of the dot product listed in Theorem 1 and does not de-
pend on the particular definition that was used to deduce these properties.

To carry out this proof, we notice first that (6.1) holds trivially if either A or B
is the zero vector. Therefore, we may assume that both A and B are nonzero. Let C
be the vector

C=xA-yB, where x=B+B and y=A4-B.
Properties (d) and (e) imply that C- C=0. When we translate this in terms of x
and y, it will yield (6.1). To express C+ C in terms of x and y, we use properties
(a), (b) and (c) to obtain
C-C=(xA-yB) + (xA-yB)=x"(A-A) -2xy(A+B) +y*(B-B).
Using the definitions of x and y and the inequality C- C=0, we get
(B-B)*(A-A)-2(A-B)*(B-B)+(A-B)*(B*B) =0.
Property (d) implies B+ B>0 since B# 0, so we may divide by (B+B) to obtain
(B-B)(A-A)-(A-B)*=0.

which is (6.1). This proof also shows that the equality sign holds in (6. 1) if and
only if C = 0. But C = O if and only if xA = yB. This equation holds, in turn, if

and only if one of the vectors is a scalar muitiple of the other.
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The Cauchy-Schwarz inequality has important applications to the properties of
the length or norm of a vector, a concept which we discuss next..

Figure 3-3-3 shows the geometric vector from the origin to a point A = (a,,
a,) in the plane. From the theorem of Pythagoras, we find that the length of A is giv-
en by the formula

length of A = ./a]+a].

A corresponding picture in 3-space is shown in Figure 3-3-4. Applying the theorem
of Pythagoras twice, we find that the length of a geometric vector A in 3 —space is giv-

en by

length of A = ,/a}+a5+al.

A
A a;
(o]
a \\
2 / \\\ a,
~
] a, a,
Fig. 3-3-3 Fig. 3-3-4

'* | the square root of the

Note that in either case the length of A is given by (A:4)
dot product of A with itself. This formula suggests a way to introduce the concept of
length in n-space.

DEFINITION If A is a vector in V_, its length or norm is denoted by | A |
and is defined by the equation

lAl =(4-4)"

The fundamental properties of the dot product lead to corresponding properties of

nerms.

THEOREM 3  If A is a vector in V, and if ¢ is a scalar, we have the following

properties ;
(a) A >0 if A0 (posilivity ) ,
(b) 4] =0 if4=0,
(¢) JleA |l =lel- | A (homogeneity ).

Proof. Properties (a) and (b) follow at once from properties {(d) and (e) of

Theorem 1. To prove (c), we use the homogeneity property of dot products to obtain
| A | =(cA-cA)'?=(lA-A)"7 =()"(A-A) P =lel- | A].
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The Cauchy-Schwarz inequality can also be expressed in terms of norms. It
states that
(6.2) (A-B)’< [ AI*1B|™
Taking the positive square root of each member, we can also write the Cauchy-
Schwarz inequality in the equivalent form
(6.3) [A-Bls |JA- | B -

Now we shall use the Cauchy-Schwarz inequality to deduce the triangle inequality.

THEOREM 4 TRIANGLE INEQUALITY. If A and B are vectors in V_,
we have

IA+B [ < Al +]B]-
Moreover , the equality sign holds if and only if A = O, or B = O, or B = cA for some
>0,

Proof. To avoid square roots, we write the triangle inequality in the
equivalent form
(6.4) NA+B I < (Al +1BI)™
The left member of (6.4) is

| A+B || *=(A+B) - (A+B)=A <A+2A-B+B-B= | A ||*+24-B+ | B || *,
whereas the right member is

CHAT+IBI) = 1Al 2 Al-IBI+IB|"

Comparing these two formulas, we see that (6.4) holds if and only if we have
(6.5) A-B< |AI-|B.
ButA:B=<{A-Bl so (6.5) follows from the Cauchy-Schwarz inequality, as ex-
pressed in (6.3 ). This proves that the triangle inequality is a consequence of the
Cauchy-Schwarz inequality.

The converse statement is also true. That is, if the triangle inequality holds then
(6.5) also holds for A and -A, from which we obtain (6.2). If equality holds in
(6.4),then A-B=||A|-|| B |, so B = cA for some scalar c. Hence 4-B =
clfAl*and | A ||| B =c|| A} . if A% O this implies c=lcl =0. f B # O then
B = cA with ¢>0.

FIEKR
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le (n JC4), multiplication ( & ¥:), dot product ( 55 F&), scalar product (5 &
F1), homogeneity ( F¥1E), positivity ( IE1E ), scalar multiple (i B fE%X), the
Cauchy-Schwarz inequality (¥ PG - FL2E A %K), norm (JE4() , square root (F
FHR), the triangle inequality (Z=fAER) %,
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3.3.7 Conic sections ©

The general real quadratic equation in two variables has the form
(7.1) Ax’ +Bxy+Cy’ +Dx+Ey+F =0,
where the coefficients are assumed to be teal and A* + B’ +C* #0. The graphs of
equations of the form (7.1) are called conic sections, since for every set of real coef-
ficients for which (7.1) has a nonvacuous graph, the graph may be obtained as the
intersection of a plane and a right circular cone ( possibly degenerate). In this see-
tion we shall discuss briefly the development of the hyperbola, parabola, ellipse, and
circle as the intersections of planes with a right circular cone, i. e. , as plane sections
of a right circular cone. We shall also mention several of the properties of these conic
sections as a review of analytic geometry.

A circle may be defined as the locus of points in a plane equidistant from a given
fixed point Q of the plane. When there is a coordinate system (x,y) and a distance
relation in the plane, the circle is the graph of a polynomial (x-h) +(y=k)* -1,
where its center Q has coordinates (h, k) and the distance is r = 0. A circle with r
=0 is called a point circle and is classified as a degenerate form of the circle.

Consider a nondegenerate real circle with center ¢ and let P # Q be an arbi-
trary real fixed point on the line that passes through Q and is perpendicular to the
plane of the circle. The locus of points on the set of lines joining P to points of the
circle is called a right circular cone ( Figure 3—-3-5). The cone has two nappes meet-
ing at P. The locus of points on the set of lines perpendicular to the plane of the cir-

cle and through points of the circle is called a right circular cylinder ( Figure 3-3-6)

D AYIEXH A:B. E. Meserve. Fundamental Concepts of Algebra. New York: Dover Pub. Ine,
1982 .
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and may be considered as a limiting case of the cone as the distance PQ increases

without bound.

\/

Fig. 3-3-5 Fig. 3-3-6

Let IT be an arbitrary real plane and consider the right circular cone generated
by lines through the fixed point P and a given nondegenerate circle with center @ as
ahove. Let the constant angle between the generating lines and PQ be a. A graph of
the quadratic equation (7.1) is said to be degenerate if and only if it is obtained by
passing the plane IT through P. This condition may also be expressed algebraically as
follows; The graph is degenerate if and only if A = 0, where

24 B D

A=|B 2C E

D E 2F
A nondegenerate graph of (7.1) is a hyperbola, parabola, or ellipse according
as B’-4AC>, =, or < 0. Geometrically, these three cases, respectively, arise ac-
cording as the smallest angle 6 between the plane IT and the line PQ is <, =, >«

(Figure 3-3-7). (The normal to the plane makes an angle with PQ equal to the comple-
ment of #. ) For example, consider the cone ?)acz-f-3y2 -z’ =0, with a=30°. For any re-
al number k the plane z=%, with 8 equal to a right angle, intersects the cone in a cir-
cle 3x* +3y* -k’ =0; the plane z=x+k with §=45°>q intersects the cone in an ellipse
2x2 +3y* =2xk-k* =0 the plane z=x3 +k with @=30° = o intersects the conic in a
parabola 3y’ —2xk/3 =k* =0; and the plane z=2x+k with §<a intersects the cone in a
hyperbola 3y° -z —4xk-k* = 0.

The degenerate conics may be identified algebraically or geometrically. From a
geometric point of view ( Exercise 1), a hyperbola may degenerate into two intersec-
ting lines, a parabola into two coincident lines or two parallel lines (using a right cir-

cular cylinder) , and an ellipse into a point. The ellipse becomes a circle when it is a
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right angle.

\
\X/
I\
Y
[\
o}
S
/.
f<a f=a a<6=90°
a<6<90°
Fig. 3-3-7

If the coordinate axes are rotated ( Section 5. 15) through an angle ¢ where
tan 2 =B/ (A-C) if A # C and y=45° if A = C, it is shown (Exercise 6) in most
analytic geometry texts that the equation (7.1) takes on the form
(7.2) A2’ +C'y +D'x+E'y+F' =0,

It can also be shown (Exercise 7) that the numbers A+C, B°-4AC, and A are
unchanged by a rotation or translation of the coordinate axes. Thus B*-4AC=-44'C’
and the graph, possibly degenerate, of (7.2) is a hyperbola, parabola, or ellipse
according as A’C’ <, =, or > 0. Since A’ and C’ cannot both be zero in the quadratic
equation (7.2), the general equation of a nondegenerate parabola may be written in
one of the forms
(7.3) (y=k)>=2p(a-h) or (x-h)*=2p(y-k).

Similarly, if A’C’'#0, let h=-D'/2A" and k=-E'/2C’. Then a nondegenerate

ellipse has an equation of the form

. 2 _ 2
(7.4) (=h) k) Ly 0<a,0<0,
a b
and a nondegenerate hyperbola has an equation of the form
(x-h)> (y-k)® -k)* (x-h)’
(7.5) 2) ybz =1 or (yaz) ( bz) =1.

The first parabola in (7.3) has axis y = k, vertex (h, k), and passes through
the points (A+p/2, k+p). It may be defined in the plane as the locus of points
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equidistant from the line x=h~p/2 (called the directrix) and the point (h+p/2,k)
( called the focus).
The ellipse (7.4) has center (h, k) and, assuming a’>b*, the ends of its ma-

jor axis are at (hta, k), the ends of its minor axis are at (h, ktb), and its foci are

at (hty/a’=b>, k). If o> =b", it is a circle. The ellipse may be defined in the plane
as the locus of points P such that PF,+PF,=2a, where F, and F, are the foci.
The first hyperbola in (7.5) has center (h, k), ends of its major axis at (h

+a, k), foci at (him, k), and asymptotes b(x-h)= xa(y—-k). It may be
defined in the plane as the locus of points P such that PF -PF, =+2a.

Thus the real graph ( when such exists) of the general quadratic equation (7.1)
may be obtained as the section of a right circular cone ( possibly degenerate) by a
plane and is called a conic section. The form of the graph may be specified in terms
of the quantity B*~4AC and the rank (Section 5.10) of the determinant A. The defi-
nitions of hyperbola, parabola, and ellipse as loci on a plane can be proved to be
equivalent to the definitions as sections of a right circular cone. A very readable treat-
ment of conic sections may be found in [38; 102-138], a more complete treatment
in [18; 171-236], a history of conic sections and quadric surfaces in [ 11].
Exercises

1. Draw figures illustrating how each of the following nonvacuous degenerate
conics may be obtained as a plane section of a right circular cone or a right circular
cylinder; (a) two intersecting lines, (b) two coincident lines, (c) two distinct par-
allel lines, (d) a point.

2. Graph the following conic sections;

(a) 2°+y* =25, (b) 95 +4y* =36,
(c) 92" -4y* =36, (d) #*=y+2,
(e) r'-2x=y, (f) x=y2—2y+5,

(g) y=x"-6x+7.
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(1) 2XWFEMFLER RENEEHNE,
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right circular cylinder( iE [ £ ) , the generating line ( 2% ), ellipse (@ ) , hyper-
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3.3.8 Higher plane curves ©

The graphs in the xy-plane of polynomials f{x,y) of degree greater than two are
called higher plane curves. These graphs have been completely classified when f( x,
y) has degree three or four, 1. e., for cubic and quartic curves. Many other curves
have been extensively studied. In this section we shall define a singular point and, in
particular,” a donble point. Then we shall classify double points and finally classify
cubic plane curves in terms of their double points. A few general properties of higher
plane curves will be mentioned.

A point P of a curve such that every line through P intersects the curve with a
multiplicity (Section 8.2) at least two at P is called a singular point of the curve. If
some line through a singular point P intersects the curve with multiplicity two at P,
then P is a double point. Any line is either entirely on (i.e., a component of) a
curve of degree n or intersects the curve in at most n points. This can be proved
using the fact that if an equation f(x,y)=0 of degree n and the equation of the line
are solved simultaneously, then the resulting equation in one variable is either identi-
cally zero or of degree at most n.

Similarly, two curves of degree m and n either have a component in common or

intersect in at most mn points. Using such arguments, it can be shown that a curve of

% «»»‘

degree n can have at most —( n-1)(n-2) double points [23; 41-42]. In paﬁﬁ%

A
lar, a cubic curve has at most one double point ( Exercise 1). %,;%ﬁ

At an ordinary (nonsingular) point, a curve of degree n has a unique tangent;

O AViEXH A:B. E. Meserve. Fundamental Concepts of Algebra. New York: Dover Pub. Inc,
1982,
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at a double point it has two tangents; and, in general, at a singular point P it has k&
tangents when every line through P intersects the curve with multiplicity at least k at

P and some line intersects the curve with multiplicity exactly k at P.

y

AN
AN

FIG. 3-3-8

Double points are classified as nodes when the tangents are distinct, cusps when
they coincide. When the tangents are conjugate imaginary lines, the double point is
called a node or isolated point. The Folium of Descartes, x* +y° = 3axy (FIG.
3-3-8) ,has a node at the origin and the line x+y+a =0 as an asymptote (Section
6), the semicubical parabola y* =2’ (FIG. 3-3-9) has a cusp at the origin, and the
curve y° =x°(x—1) (FIG. 3-3-10) has an isolated point at the origin.

y Y

FIG. 3-3-9 FIG. 3-3-10

Cubic curves are generally classified as follows, in terms of their double points:
(1) Cubic curves without double points: elliptic cubics
(ii) Cubic curves with a node; nodal cubics,
(iii) Cubic curves with a cusp: cuspidal cubics.

Many of the properties of cubic curves may be found in [23; 139-243] and [26;
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201-263].

Quartic curves may also be classified in terms of their singular points. Such a
classification and many of the properties of quartic curves may be found in [23;
244-328] and [26; 264-349].

Plane curves of any degree n may be considered in terms of their double points
and other singular points. In particular, any irreducible curve ( Section 7-9) having
its maximum number of singular points, i. e., zero deficiency, is called a unicursal
curve. A unicursal curve is characterized by the fact that the coordinates of every
point on the curve may be expressed rationally in terms of a single parameter. Uni-
cursal curves are important in several mathematical theories.

The next two sections contain further details on the graphing of higher plane

curves.
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3.3.9 Zeros of an analytic function ©

I p(z) and g(z) are two polynomials then it is well known that p(z) =
s(z)q(z)+r(z) where s(z) and r(z) are also polynomial and the degree of r(z) is
less than the degree of ¢(z). In particular, if e is such that p(a) = 0 then choose
(z-a) for g(z). Hence, p(z)= (z-a)s(z)+r(z) and r(z) must be a constant poly-
nomial. But letting z=a gives 0=p(a)=r(a). Thus, p(z)= (z-a)s(z). If we also

@® AW 4 B :J. B. Conway, Functions of one complex variable (2th. Edt), Berlin: Springer,
2002.
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have that s(a) = 0 we can factor (z-a) from s(z). Continuing we get p(z) =
(z-a)"t(z) where 1 <m<degree of p(z), and t(z) is a polynomial such that t(a)
#0. Also, degree t(z) = degree p(z)-m.

Definition 1. If f;: G—C is analytic and a in G satisfies f(a) = 0 then a is a
zero of f of multiplicity m = 1 if there is an analytic function g: G — C such that
f(2)=(z-a)"g(z) where g(a) #0.

Returning to the discussion of polynomials, we have that the multiplicity of a ze-
ro of a polynomial must be less than the degree of the polynomial. If n = the degree
of the polynomial p(z) and a,, - ,a, are all the distinct zeros of p(z) then p(z) =
(z-a,)™ - (z-a,)™ s(z) where s(z) is a polynomial with no zeros. Now the
Fundamental Theorem of Algebra says that a polynomial with no zeros is constant.
Hence, if we can prove this result we will succeeded in completely factoring p(z) in-
to the product of first degree polynomials. The reader might be pleasantly surprised to
know that after many years of studying mathematics he is right now on the threshold of
proving the Fundamental Theorem of Algebra. But first it is necessary to prove a fa-
mous result about analytic functions. It is also convenient to introduce some new ter-
minology.

Definition 2. An entire function is a function which is defined and analytic in

6

the whole complex plane C ( The term “integral function” is also used. )
The following result follows from Theorem 2. 8 and the fact that C contains
B(O;R) for arbitrary large R.

Proposition. If £ is an entire function then f has a power expansion

f(z)= Z e,z

with infinite radius of convergence.

In light of the proceeding proposition, entire functions can be considered as pol-
ynomials of “infinite degree”. So the question arises: can the theory of polynomials
be generalized to entire functions? For example, can an entire function be factored?
The answer to this difficult and is postponed to Section VII. 5. Another property of
polynomials is that no non constant polynomial is bounded. Indeed, if p(z) = 2"+
a, 2" +-+ a, then zlirgp(z) = }irﬂr:z"[ l+a, 3 '+--+a,z "] = . The fact that al-
so holds for entire functions is an extremely useful result.

Liouville’ s Theorem. If fis a bounded entire function the f is constant.
Proof. Suppose \f(z) 1 <M for all zin C. We will show that f'(z) = O for all
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zin C. To do this use Cauchy’s estimate ( corollary 2. 14). Since f is analytic in
any disk B(z;R) we have that |f(z) | <M/R. Since R was arbitrary, it follows that
f'(z) = 0 for each z in C.

The reader should not be deceived into thinking that this theorem is insignificant
because it has such short proof. We have expended a great deal of effort building up
machinery and increasing our knowledge of analytic functions. We have plowed,
planted, and fertilized; we shouldn’ t be surprised if, occasionally, something is
available for easy picking.

Liouville’ s Theorem will be better appreciated in the following application.

Fundamental Theorem of Algebra. If p(z) is a non constant polynomial then
there is a complex number ¢ with p(a) = 0.

Proof. Suppose p(z) # O for all z and let f(z) = [p(z)]"; then fis an en-

tire function. If p is non constant then, as was shown above, limp(z) = o ; so

limf(z) = O. In particular, there is a number R > 0 such that |f(z) | < 1 if |zl >

z—®

R. But f is continuous on B(0;R) so there is a constant M such that 1f(z) 1 <M for
|zl <R. Hence f is bounded and, must be constant by Liouville’ s Theorem. It fol-
lows that p must be constant, contradicting our assumption.

Corollary. If p(z) is a polynomial and a, -+, a, are its zeros with a; having
multiplicity k; then p(z) = c¢(z-a, )1+ (z-a, ) for some constant ¢ and k, ++-- +k

is the degree of p.
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3.4.1 Newton’s law @

To begin our investigations of mathematical models, a problem with which most
of you are somewhat familiar will be considered. We will discuss the motion of a mass
attached to a spring as shown in Fig. 3-4-1.

Observations of this kind of apparatus show that the mass, once set in motion,
moves back and forth (oscillates). Although few people today have any intrinsic in-
terest in such a spring-mass system, historically this problem played an important part
in the development of physics. Furthermore, this simple spring-mass system exhibits
behavior of more complex systems. For example, the oscillations of a spring-mass
system resemble the motions of clock-like mechanisms and, in a sense, also aid in
the understanding of the up-and-down motion of the ocean surface.

Physical problems cannot be analyzed by mathematics alone. This should be the
first fundamental principle of an applied mathematician ( although apparently some
mathematicians would frequently wish it were not so). A spring-mass system cannot
be solved without formulating an equation which describes its motion. Fortunately
many experimental observations culminated in Newton’ s second law of motion de-
scribing how a particle reacts to a force. Newton discovered that the motion of a point

mass is well described by the now famous formula

@O AYWiEXHH :R. Haberman. Mathematical Modeles. New York: Prentice-Hall. Ine, 1977,
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Fig. 3-4-1 Spring-mass system

- d B
F = (m#) (1.1)

where F is the vector sum of all forces applied to a point mass m. The forces F equal
the rate of change of the momentum mv, where ¥ is the velocity of the mass and ¥

its position;

dx
T=—, (1.2)
d:
If the mass is constant (which we assume throughout this text) , then
= &
=m—=ma,
dt
where @ is the vector acceleration of the mass
v d°%
d="—=—7. (1.3)
dt  de

Newton’ s second law of motion (often referred to as just Newton’s law) , equation
1.3, states that the force on a particle equals its mass times its acceleration, easily
remembered as “F equals ma. ” The resulting acceleration of a point mass is propor-
tional to the total force acting on the mass.

At least two assumptions are necessary for the validity of Newton’ s law. There
are no point masses in nature. Thus, this formula is valid only to the extent in which
the finite size of a mass can be ignored. For our purposes, we will be satisfied with
discussing only point masses. A second approximation has its origins in work by
twentieth century physicists in which Newton’s law is shown to be invalid as the ve-
locities involved approach the speed of light. However, as long as the velocity of a
mass is significantly less than the speed of light, Newton’s law remains a good ap-
proximation. We emphasize the word approximation, for although mathematics is fre-
quently treated as a science of exactness, mathematics is applied to models which on-

ly approximate the real world.
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Exercises
1.1 Consider Fig. 3-4-2, which shows two masses (m, and m,) attached to

the opposite ends of a rigid (and massless) bar:

m, my 7
2

Fig. 3-4-2 Fig. 3-4-3

m, is located at ,, and m, is located at ©,, The bar is free to move and rotate

due to imposed forces. The bar applies a force Fl to mass m, and also a force Fz to
m, as seen in Fig. 3-4-3.

Newton’ s third law of motion, stating that the forces of action and reaction are
equal and opposite, implies that Fz =—}_7:l.

(a) Suppose that an external force G, is applied to m, , and G, to m,. By apply-

ing Newton’ s second law to each mass, show the law can be applied to the rigid body

consisting of both masses, if % is replaced by the center of mass %_, [i.e., show

m(d’%,,/dt*)=F, where m is the total mass, m = m, +m,, ¥, is the center of

mass, ¥, =(m,%,+m,%,)/(m,+m,), and F is the sum of forces applied, F=6,+

62 ]. The motion of the center of mass of the rigid body is thus determined. Howev-
er, its rotation remains unknown.

(b) Show that ¥, lies at a point on the rigid bar connecting m, to m,.

1.2 Generalize the result of exercise 1.1 to a rigid body consisting of N mas-
ses.

1.3 Fig. 3-4-4 shows a rigid bar of length L.

(a) If the mass density p(x) ( mass per unit length) depends on the position
along the bar, then what is the total mass m? _

(b) Using the result of exercise 1.2, where is the center of mass #_ ? [ Hint:

Divide the bar up into N equal pieces and take the

L J

limit as N— o . ]

(¢) If the total force on the mass is ﬁ, show
Fig. 3-4-4
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that m(d’%,, /de’) = F.
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3.4.2 Applications in the Biological Sciences ©

Nonlinear differential equations occur widely and are very interesting. It is
sometimes quite a challenge to explain why some behavior that the solutions of a
problem exhibit is not behavior that would be expected of the physical system that the
equation purports to model'. Often the defect can be remedied at the expense of cla-
rity and ease of understanding. This can be an expensive trade-off: simplicity and
clarity with possible fallacious behavior, versus obscurity and accuracy of behavior.
Here are several applications of nonlinear differential equations to the biological, the
physical, and the social sciences. Most of these equations have variables separable,
but others are examples of special classes of differential equations that can be studied
productively.

At first we consider the applications in the Biological Sciences. One of the typi-

cal examples is the following Logistic Equation.

@ AW HE:C. C. Ross. Differential Equations — An Introduction with Mathmatica. Berlin:
Springer. 1995,



180 === TWNOE—HNE

The nonlinear differential equation dy/dt=y(b~ay) is called the logistic equa-
tion. This name is from the Greek word Aoywortiko{ (logistikos), which means
“skilled in calculating. " Presumably this is because this equation works so well in a
wide range of applications. Here the topic is populations where the growth is restrict-
ed, rather than unrestricted as it was in Section 1.2. But differential equations simi-

lar to the logistic equation, such as the equation
d
= (d=ey) (b-ay) (2.1)

which is clearly a generalization of the logistic equation, govern such other processes
as bimolecular chemical reactions and the spread of flu epidemics. Both of these
equations are a special type of separable differential equation where dy/dt=F(y).
Notice that the independent variable ¢ is not present on the right hand side. Such
equations are called autonomous, and their solutions behave in special ways. For in-
stance, if y(t) is a solution, then so is y(¢+k) for any k. ( Any horizontal transla-
tion of a solution is also a solution. This is left as an exercise. )

Autonomous differential equations are solved in the standard way for separable

equations to obtain

1
G(y)= jF—(de}:HC,

which we want to solve for y. Sometimes G has an identifiable inverse so that we can
explicitly find y(¢)= G™'(t+c).

In the last section we saw that the differential equation for unrestricted growth
was dy/dt=ry. However, it is not reasonable to think that any support system can
sustain unrestricted growth for any extended period of time. Early in a process, the
growth may appear to be unrestricted, but since the earth and every habitat in it is fi-
pite in extent, Testrictions have to appear. A closer look at the equation for unre-
stricted growth indicates that we have successfully accounted for deaths in our popula-
tion in this way: Suppose that the death rate is d per unit population and the birth
rate is b per unit population. Then the rate of population change is r=b-d. This says
that the effective growth rate is the difference between the birth rate and the death
rate. If the birth rate and death rate are equal, dp/dt=0, and the population is sta-
ble. If the birth rate is numerically greater than the death rate, the population is in-
creasing. If the death rate exceeds the birth rate, the population is in decline. But
all of this assumes that any possible growth is unrestricted if b>d. How does one ac-

count for the fact that natural resources, be they an agar medium in a Petri dish, or a
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tropical rain forest, or the Pacific Ocean, are finite?

The standard technique for accounting for restricted growth is to assume that the
death rate is not a constant, but depends on the size of the population. That is we
take as our equation of growth, dy/dz="by—( ay)y=by-ay* =y(b-ay). Here b is the
birthrate, but the death rate is (ay) , which depends on y. Strange as it may seem at
first glance, this equation has served very well at predicting the size of populations
living in restricted environments. Note that if y is small, the equation is essentially
dy/dt = by, which is the equation of unrestricted growth. But as y increases, no mat-
ter how small a is, so long as it is nonzero, the term (ay) begins to have an effect,
and the rate of population growth begins to slow. We assume an initial population
of v,-

The two constant solutions, y=0 and y =b/a have significance. If y=0 the pop-
ulation has become extinet. No further growth of this population is possible. The oth-
er constant value y = b/a is called the carrying capacity of the environment. The
carrying capacity of the environment is the maximum population that the environment
can sustain. If the population reaches this level then it cannot increase further be-
cause the death rate becomes larger than the birth rate. We will solve the logistic
equation and observe how that equation models the phenomenon of restricted growth.
It is of critical importance for a population (such as humanity) to know the value of
a. Part of the problem of estimating a is that there are competitors for all natural re-
sources, and the equation as formulated does not take this explicitly into account. All
of the effects of competition are incorporated into the one coefficient a, so a is more
than merely an observable “death rate.”

Since the portion of the curve in which we have special interest (because it de-
scribes most populations living in restricted environments) lies between y=0 and y=
b/a, this interval will be implicitly used in our solution. For O<y<b/a, separate var-

iables to get

fy_(bdtyay—)z deco.

Then integrate to get
Lln —Lln( b—ay)=t+c
b 7 b ¥r= o

When =0, y(0)=y,, so
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Multiply through by b, combine logarithms, and exponentiate to get

Y Yo b
=——e". 2.2
b-ay b—ayoe (2:2)
Solving for y gives
by
y(t) °

- ay,+(b-ay,) e
Notice that y (t) — b/a as t— + o, and that y (¢) =0 as t— — . See
Figure 3-4-5.

population
bla

time

Fig. 3-4-5 A typical logistic curve.

A quick calculation reveals that y"= (b-2ay) (¥) (b-ay) , so that y is concave
up between 0 and b/(2a), and y is concave down between b/(2a) and b/a. When
y=b/(2a) , which is half-way between extinction and the carrying capacity, y"=0,
so the population curve y has its maximum slope there. If earth’ s population is fol-
lowing a logistic curve, then we are not yet at one-half of the carrying capacity of the
earth, because the rate of increase of population is still increasing. If we were past
half-way, then the rate of increase would be decreasing. Of course the flaw in this
reasoning is that we are probably not following a logistic curve, and we may be in
greater trouble than this simple analysis would dictate. There certainly are regions of
the earth that have essentially reached the carrying capacity of those regions to sup-
port their own populations.

Observe the disturbing fact that for most of its early history a population is
small. Tt then experiences a short period of very rapid growth that increases the size
of the population to near its possible maximum, and then the size of the population
becomes nearly constant at this very large size ( the carrying capacity ). The popula-
tion of the earth has dramatically increased during this century, so it would appear

that mankind is in the short period of rapid growth.



§3.4 HERNNASHARY 183
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3.4.3 The utility of graphs ©

This book is about a branch of discrete mathematics called graph theory. Dis-

crete mathematics — the study of discrete structures (usually finite collections) and

@ AW H:G. Agnarsson, R. Greenlaw, Graph Theory: Modeling, Applications, and Algo-

rithms. London: Pearson Education, 2007.
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their properties — includes combinatorics (the study of combination and enumeration
of objects) , algorithms for computing properties of collections of objects, and graph
theory (the study of objects and their relations). Many problems in discrete mathe-
matics can be stated and solved using graph theory. Therefore graph theory is consid-
ered by many to be one of the most important and vibrant fields within discrete mathe-
matics.

The best way to illustrate the utility of graph is via a “Cook’ s tour” of several
simple problems that can be stated and solved via graph theory. We do this in an in-
tuitive manner prior to presenting formal definitions in § 1.4. Graph theory has many
practical applications in various disciplines, including, to name a few, biology, com-
puter science, economics, engineering, informatics, linguistics, mathematics, medi-
cine, and social science. As will become evident after reading this chapter, graphs
are excellent modeling tools. We now look at several classic problems.

We begin with the Bridges of Kénigsberg. This problem has a historical signifi-
cance, as it was the first problem to be stated and then solved using what is now
known as graph theory.

Problem 1. The Bridges of Konigsberg

Figure 3—4-6 shows the layout of the Kénigsberg Bridges. The Pregel river in
the Konigsberg has two banks (labeled B, and B, ), and its splitting forms two
islands (labeled 7, and I,). These islands were connected to each other and to the
banks with seven bridges as shown in Fig. 3-4-6. The problem was to make a round

trip through downtown Konigsberg, traversing each bridge exactly once.

Pregel River

Fig. 3-4-6 The bridges of Kénigsberg.

Euler distilled the problem into its simplest form using the diagram ( that is,

graph) shown in Fig.3-4-7. The black dots (that is, vertices) represent the areas
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of land, and the line (that is, edge)

represent the bridge. ”
Looking at Figure 3-4-7, we see
that the problem now is to start at some I 5
black dot, go along each line exact
once, and end up at the starting dot. As
we shall see in Chapter 5, Euler gave an 5,

exact characterization of when such prob-

lems have solutions, in term of each dot Fig.3-4-7 The graph of the bridges of

having an even number of line-ends going Konigsberg problem.
into it, thereby showing in particular that the problem of the bridges of Kénigsberg
has no solution.

Problem 2. World Wide Web Communities

The World Wide Web Communities can be modeled as a graph, where the Web
pages are represented by dots or vertices and the hyperlinks between them are repre-
sented by lines or edges in the graph. One can discover interesting information by
examining this “Web graph.” As an example, the graph shown in Fig. 3-4-8 is
termed a Web community. This name is bestowed because the verlices represent two
different classes' of objects, and each verlex representing one type of object is con-

nected to every vertex representing the other kind of objects. In graph theory such a

graph is called a complete bipartite graph.

travelagency1.html

www.alitalia.com
travelagency?2.html

travelagency3.html Ww.delm.com

travelagency4.html

www.united.com

travelagency5.html

Fig.3-4-8 World Wide Web community.

On the left-hand side of Figure 3-4-8, the five vertices are displayed with la-
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bels travelagencyX. html, where 1 <X <35. Each such label travelagencyX. html re-
presents an HTML file for a given lravel agency. On the right-hand side of the figure,
the three vertices have labels www. alitalia. com, www. delta. com, and www. united.
com. Each of these labels is a Web site of a well-known airline. Note that there is an
edge between each HTMH file and each airline, but there are no edges between two
HTML file, nor are there any edges between airlines. Such a graph is common on the
Web between competitors in the same industry. Rival companies do not have hyper-
links on their Web pages to their competitors. For example, Delta has no hyperlink to
United Airlines. To be able to offer the best deals for their customers, travel agents
often have hyperlinks from their Web pages to all of the airlines, as shown in Figure
3-4-8. The travel agencies are also competing among themselves, so they too have
no hyperlinks from one agency to any other.

Such Web communities can be discovered by finding complete bipartite subgraghs
in the Web graph. Web community information can be used for marketing purposes or

for examining the relationships among companies in a given industry.
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3.4.4 Nonstandard Problems in Linear Programming ©

Thus far, we have seen how to solve a problem of standard maximum form by the
simplex algorithm, and we have seen how to solve a standard minimum problem by
solving the dual maximum problem, and applying the Strong Duality Theorem. In this
section, we discuss a technique for nonstandard LP problems'. The approach re-
quires two phases of computation. The first phase involves reformulating the original
objective function, and performing the simplex algorithm on the new problem. Its
goal is to produce a basic feasible solution. The second phase uses the final system of
the first phase, together with the original objective function, to produce an optimal
solution by the ordinary simplex method.

The following proposition, whose proof is requested in Exercise 5, allows us to
treat maximum problems only.

4.1 PROPOSITION Suppose that g(y) = b’ - y is objective function for a
minimum problem with some nonempty feasible region F. Define f(x) = -g(x) =
- (b" » x). The problem of maximizing f over F has an optimal solution x* if and
only if x” is also optimal for the problem of minimizing g, and in addition,

min g = — (max f).

Therefore, given a minimum problem, we may solve instead the problem of
maximizing the negative of the objective over the same feasible region. It should be
pointed out that there are other ways of solving minimum problems directly, and it
may not be computationally most efficient to translate all minimum problems into max-
imum problems in this way. But this proposition does allow us to focus our attention
only on solving ( nonstandard) maximum problems, and therefore it has the advan-
tage of simplifying the exposition.

4.2 EXAMPLE Consider the two-variable problem:

(4.3) maximize ; f=4x +x,
subject to: -x, +x, = —1
X, 45, =2
2%, +x, <8
(4.4) %, ,%x, =0

This is not of standard form ,because of the presence of a negative number on the right

® AWM A Kevin J Hastings, Introduction to the mathematics of operations research, New York:
Marcel Dekker INC, 1989,
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side of the first constraint, and inequalities in the “ = " direction in the first two con-
straints. The feasible region is depicted
in Figure 3-4-9. Notice that the origin
is not feasible. This is in contrast to the
situation for standard maximum prob-
lems, in which the origin is always fea-

sible. Recall also that in the simplex al- @2

gorithm, the initial system represented
| x
the origin, which was feasible, and at l/ (3/2,1/2) '

each succeeding step another basic fea-

sible solution was produced. The main Figure 3-4-9

difficulty with nonstandard linear programs is the need to produce an initial simplex
system that represents a basic feasible solution. Once that is done, the simplex algo-
rithm can finish the problem.

The first step of our Phase algorithm is to remove negative signs on the constant
constraint bounds by multiplying through by -1, if necessary. Referring to the prob-
lem of Example 1.2, the first constraint in (4.4) becomes

%, %, <1

Now introduce slack variables into all “ <" onstraints. At the same time, intro-
duce surplus variables into all “ =" constraints—e. g. , in the second constraint of
(4.4) here exists a nonnegative surplus variable x, such that x, + x,-x, = 2. We

“=” form, then no slack or

should note there that if a constraint is already written in *
surplus variables are necessary, and the constraint may simply be left untouched.
Thus, the first step of Phase 1 produces the following system of equality constraints
for Example 4.2:
(4.5) % =%, 4%, =1

X, 4%, —%, =2

2x, +%, +x5=8

x;= 0 for all i

4.6 REMARK We have generalized the standard maximum problem by allo-

wing negative entries in the vector b, allowing “ =" constraints, and allowing “ ="
constraints. Theres is one other direction that we could take, namely, to permit nega-
tive values of the variables x,. We show briefly how to convert such a problem into

the current form. If a certain variable x, is bounded form below by some number L <

0, then
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x,=L
=x,-L=0
We see that if we change variables in the constraints and the objective function by x/ =

x,— L, then the new variable x/ is constrained to be nonnegative. If no such lower bound

L is present, then x; may be split into two nonnegative variables %! and x; by

+ - + -
X, =X —X; x; %, =0
L[ if x,=0
where x, = )
0 otherwise

0 if x, 20
o

-, otherwise

This introduces one extra variable into the system for every such x; that is unbounded
below, and increases the complexity of the computation. We will not discuss this is-
sue further here; for more information, the reader may see Hillier and Lieberman
[31] or Gribik and Kortanek [26]°.

The second step in Phase 1 is to solve a different maximization problem. To be
specific, insert a new artificial variable a, into each equality constraint of the current
system, and define a new objective function to be the sum of the negatives of the a,
terms. In the problem of Example 4.2, we produce:

(4.7) maximize : g=—a,—-a,—a,
(4.8) subject to: %, ~%,+x;+a, =1
X, 4%, —%, 40, =2
2%, +x,+x;,+a, =8
x,,a,20 foralli
The reason for doing this is given in the following theorem.

4.9 THEOREM Let A be an m X n, matrix with n,= m, let ¢ be a vector
of n, entries, let b be a vector of m nonnegative components, let I be the m x m
identity matrix, and denote by 1 the vector all of whose m entries are equal to 1.
Consider the following two LP problems;

(LP1) maximize; ¢ x
subject to; Ax=b,x=0
(LP2) ma)iiinize; 0 x+(-1) -a
subj;act to: Ax+la=b, x,az=0
We have the following.
(a) Problem LP2 is both feasible and bounded hence the simplex algorithm pro-
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duces an optimal solucion x*, @”.

(b) The optimum value of LP2 is strictly less than zero if and only if LP1 is in-
feasible.

(c) If the optimum value of LP2 is zero, taken on ata@” =0, then x” is a basic
feasible solution of LP1. Also, the final simplex system of constraints for LP2, with

a = 0, is equivalent to the initial constraints Ax =& for LP1.

ETE5iHA

1. LP £ Linear Programming {455 ; LP problem R4 “ £ tE# R (A&

2. We will not discuss this issue further here; for more information,the reader
may see Hillier and Lieberman(31] or Gribik and Kortanek [26]. iX B[ 31 ][ 26 ]
ABREBFIEBERKF SR 31 F126 K25 0. 28 T 3R X AR, 3
i1k B At — £ MHE; RS E2{F B R % W23 Hillier 1 Lieberman
B2 /[ 31 ] 8¢ Gribik #1 Kortanek f3EE[26]

EIER

1. #ROTHE:

() £XMEFEMRLEER SRNFEEAR.

(2) 15 MFHEBHEE ARORERE. 8 ~10 MR EGEWAR, K
o $ 2% R B AL 3E : linear programming ( £k #E HLR ) , optimal ( H AR H9) , dual (X 18
#3) , Strong Duality Theorem (38 X {& E ¥ ) , simplex( B[ 4fi [} ), simplex method
(g ¥E) , nonempty (JEZSHY ), feasible region ( F] 73 ) , minimum problem
(B /MHEREN) , maximum problem (£ & B [A] £ ) , objective function( H AR R %4 ) ,
subject to( iR M T) , surplus variable (|4 & ) , artificial variable( AT &)

2. [A)& T R R .

(1) L H030 &4 3 Ar o o) &R 5 bn HE R A H A A TR ?

(2) BIEtnrER R E EEAER A 47 ] 58 AR A 7

(3) LP2 5 LP1 4R, EfEH285KER?

(4) B (REMARK) #8043 3 2 R 656 8 A+ A R A% 7

3.4.5 Construction of Mathematical Models ¥

In the preceding discussion we viewed modeling as a process and considered

@O AVWiRE X H:F. R Giordano, M. D. Weir, W. P. Fox. A First Course in Mathematical
Modeling. 3rd edt. Beijing: China Machine Press, 2003.
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briefly the form of the model. Now let’ s focus attention on the construction of mathe-
matical models. We begin by presenting an outline of a procedure that is helpful in
constructing models. In the next section, we illustrate the various steps in the proce-
dure by discussing several real-world examples.

STEP 1 Identify the problem. What is the problem you would like to ex-
plore? Typically this is a difficult step because in real-life situations no one simply
hands you a mathematical problem to solve. Usually you have to sort through large
amounts of data and identify some particular aspect of the situation to study. Moreo-
ver, it is imperative to be sufficiently precise (ultimately) in the formulation of the
problem to allow for translation of the verbal statements describing the problem into
mathematical symbology. This translation is accomplished through the next steps. It
is important to realize that the answer to the question posed might not lead directly to
a usable problem identification.

STEP 2 Make assumptions. Generally, we cannot hope to capture in a usa-
ble mathematical model all the factors influencing the identified problem. The task is
simplified by reducing the number of factors under consideration. Then, relationships
among the remaining variables must be determined. Again, by assuming relatively
simple relationships, we can reduce the complexity of the problem. Thus the assump-
tions fall into two main activities:

a. Classify the variables :

What things influence the behavior of the problem identified in Step 17 List
these things as variables. The variables the model seeks to explain are the dependent
variables and there may be several of these. The remaining variables are the inde-
pendent variables. Each variable is classified as dependent, independent, or nei-
ther.

You may choose to neglect some of the independent variables for either of two
reasons. First, the effect of the variable may be relatively small compared to other
factors involved in the behavior. Second, a factor that affects the various alternatives
in about the same way may be neglected, even though it may have a very important
influence on the behavior under investigation. For example, consider the problem of
determining the optimal shape for a lecture hall, where readability of a chalkboard or
overhead projection is a dominant criterion. Lighting is certainly a crucial factor, but
it would affect all possible shapes in about the same way. By neglecting such a varia-
ble, possibly incorporating it later in a separate, more refined model, the analysis

can be simplified considerably.
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b. Determine interrelationships among the variables selected for study;

Before we can hypothesize a relationship between the variables, we generally
must make some additional simplifications. The problem may be sufficiently complex
so that we cannot see a relationship among all the variables initially. In such cases it
may be possible to study submodels. That is, we study one or more of the independe-
nt variables separately. Eventually we will connect the submodels together. Studying
various techniques, such as proportionality, will aid in hypothesizing relationships
among the variables.

STEP 3 Solve or interpret the model. Now put together all the submodels to
see what the model is telling us. In some cases the model may consist of mathemati-
cal equations or inequalities that must be solved to find the information we are see-
king. Often, a problem statement requires a best or optimal solution to the model.
Models of this type are discussed later.

Often, we will find that we are not quite ready to complete this step, or we may
end up with a model so unwieldy we cannot solve or interpret it. In such situations we
might return to Step 2 and make additional simplifying assumptions. Sometimes we
will even want to return to Step 1 to redefine the problem. This point will be ampli-
fied in the following discussion.

STEP 4 Verify the model. Before we can use the model, we must test it out.
There are several questions to ask before designing these tests and collecting data —
a process that can be expensive and time-consuming. First, does the model answer
the problem identified in Step 1, or did it stray from the key issue as we constructed
the model? Second, is the model usable in a practical sense: that is, can we really
gather the data necessary to operate the model? Third, does the model make common
sense?

Once the commonsense tests are passed, we will want to test many models using
actual data obtained from empirical observations. We need to be careful to design the
test in such a way as to include observations over the same range of values of the
various independent variables we expect to encounter when actually using the model.
The assumptions made in Step 2 may be reasonable over a restricted range of the in-
dependent variables but very poor outside of those values. For instance, a frequently
used interpretation of Newton’ s second law states that the net force acting on a body
is equal to the mass of the body times its acceleration. This law is a reasonable model
until the speed of the object approaches the speed of light.

Be careful about the conclusions you draw from any tests. Just as we cannot
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prove a theorem simply by demonstrating many cases that support the theorem, like-
wise, we cannot extrapolate broad generalizations from the particular evidence we
gather about our model. A model does not become a law just because it is verified re-
peatedly in some specific instances. Rather, we corroborate the reasonableness of our
model through the data we collect.

STEP 5 Implement the model. Of course, our model is of no use just sitting
in a filing cabinet. We will want to explain our model in terms that the decision
makers and users can understand if it is ever to be of use to anyone. Furthermore,
unless the model is placed in a user-friendly mode, it will quickly fall into disuse.
Expensive computer programs sometimes suffer such a demise. Often the inclusion of
an additional step to facilitate the collection and input of the data necessary to operate
the model determines its success or failure.

STEP 6 Maintain the model. Remember that the model is derived from a
specific problem identified in Step 1 and from the assumptions made in Step 2. Has
the original problem changed in any way, or have some previously neglected factors
become important? Does one of the submodels need to be adjusted?

We summarize the steps for constructing mathematical models in Figure
3-4-10. We should not be too enamored with our work. Like any model, our proce-
dure is an approximation process and therefore has its limitations. For example, the
procedure seems to consist of discrete steps leading to a usable result, but that is
rarely the case in practice. Before offering an alternative procedure that emphasizes
the iterative nature of the modeling process, let’ s discuss the advantages of the meth-
odology depicted in Figure model.

The process shown in Figure 3-4-10 provides a methodology for progressively
focusing on those aspects of the problem we wish to study. Furthermore, it demon-
strates a curious blend of creativity with the scientific method used in the modeling
process. The first two steps are more artistic or original in nature. They involve ab-
stracting the essential features of the problem under study, neglecting any factors
judged to be unimportant, and postulating relationships precise enough to help answer
the questions posed by the problem. However, these relationships must be simple
enough to permit the completion of the remaining steps. Although these steps admit-
tedly involve a degree of craftsmanship, we will learn some scientific techniques we
can apply to appraise the importance of a particular variable and the preciseness of an
assumed relationship. Nevertheless, when generating numbers in Steps 3 and 4, re-

member that the process has been largely inexact and intuitive.
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Construction of a mathematical model

Step 1. Identify the problem.
Step 2. Make assumptions.
a. Identify and classify the variables.
b. Determine interrelationships between the variables and
submodels.
Step 3. Solve the model.
Step 4. Verify the model.
a. Does it address the problem?
b. Does it make common sense?
c. Test it with real-world data.
Step 5. Implement the model.

Step 6. Maintain the model.

Fig. 3-4-10
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3.5.1 Introduction to numerical methods @

The subject of numerical analysis is concerned with the derivation, analysis and
implementation of methods for obtaining reliable numerical answers to mathematical
problems. We use the adjective ‘reliable’ to indicate that it is essential to have con-
fidence in any answers produced and an assessment of reliability can form part of the
analysis of a method. In subsequent chapters we shall apply numerical methods to a
variety of problems including finding some or all of the roots of an algebraic equation,
solving a set of linear simultaneous equations and calculating the value of a definite
integral. We can at this stage make a number of preliminary observations on the
words ‘ derivation” , ‘analysis’ and ‘implementation’ which appear at the beginning
of this paragraph.

The ‘ derivation’ stage is concerned with deriving and describing the sequence
of numerical steps which is expected will eventually lead to the required numerical
answers. The complete description of these steps, perhaps written in some pseudo-

programming language, is called an algorithm. This stage may or may not be easy

®© AWREXHE .C. Phillips & B. Cornlius. Computational Numerical Methods. New York: John Wiley
and Sons, 1986. )
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and often intuition and experience will play an important role. As a simple example of
a derivation, we may cite the so-called trapezium rule in which we try estimate the

value of the definite integral
b
szf(x)dx,bm. (1.1)

In Fig. 3-5-1 (a) we suppose the curve y=f(x) is plotted. Then, remembeﬁng
the interpretation of a definite integral, if A is the point (@, f(a) ) and B is the point
(b, f(b)), we can say that an approximation to [ is given by the shaded area. This

corresponds to the area of the trapezium with base b — a and vertical sides

f(a) and f(b); that is,
I~ 1) +(h) . (1.2)

We ought now to ask immediately about the accuracy of the approximation (1.2).
Trying to find an answer to this question forms a part of the ‘ analysis’ stage to which
we have referred. For the present we observe that the error is represented by the un-
shaded part of the area under the curve. It may be ‘small’ in the sense that the tra-
pezium rule approximation is sufficiently accurate for the purpose in hand, or it may
be unacceptably large as illustrated in Fig. 3-5-1(b). It is important to realize
that, in general, we shall not be able to find this error. What we can do, however,
is to try to find a bound for it; that is, if E denotes the error, we try to find a positive

number bound M for which we can assert that | E1 <M.

y ¥y
B y=f(x)
A
/]
o a b X
(@) ®)

Fig. 3-5-1

Intuitively, we would expect that an improvement in accuracy can be obtained
by dividing the interval of integration into a number of subintervals and then applying

the trapezium rule to each sub-interval in turn. In section 6.8 we describe a method
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which employs interval subdivision to estimate a definite integral correct to some
specified tolerance.

In producing a computer program which implements a numerical method, due
attention must be paid to efficiency; by this we mean that time and storage require-
ments must not be excessive. Suppose that we wish to estimate (1.1) using the tra-
pezium rule with f(x)= 22’ 32’ +4x+1. Clearly, we need to evaluate 24’ ~34’ +4a+
1 (and, of course, 2b°-3b*+4b+1) and this would appear to involve six multiplica-
lions, one subtraction and two additions. However, by expressing f(a) as ((2a-3)a+
4)a+1 we can reduce the number of multiplications to just three. Although this may
seem a fairly small reduction in the number of operations ( and hence the time taken
to evaluate the expression) for high degree polynomials the savings achievable are

very large indeed.
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3.5.2 Prelude to Numerical partial differential equations ©

Numerical partial differential equations is a large area of study. The subject in-

cludes components in the areas of applications, mathematics and computers. These

©® AFiEXHE:J. W. Thomas. Numerical Partial Differential Equations. Berlin: Springer, 1995.
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three aspects of a problem are so strongly tied together that it is virtually impossible to
consider one in isolation from the other two. It is impossible (or at least, fool-hardy)
to consider the applied aspect of a problem without considering at least some of the
mathematical and computing aspects of that problem. Often, the mathematical as-
pects of numerical partial differential equations can be developed without considering
applications or computing, but experience shows that this approach does not generally
yield useful results.

Of the many different approaches to solving partial differential equations numeri-
cally (finite differences, finite elements, spectral methods, collocation methods,
etc. ), we shall study difference methods. We will provide a review of a large range
of methods. A certain amount of theory and rigor will be included, but at all times
implementation of the methods will be stressed. The goal is to come out of this course
with a large number of methods about which you have theoretical knowledge and
with which you have numerical experience.

Often, when numerical techniques are going to be used to solve a physical prob-
lem, it is not possible to thoroughly analyze the methods that are used. Any time we
use methods that have not been thoroughly analyzed, we must resort to methods that
become a part of numerical experimentation. As we shall see, often such experi-
mentation will also become mnecessary for linear problems. In fact, we often do not
even know what to try to prove analytically until we have run a well-designed series of
experiments.

As in other areas of experimental work, the experiments must be care-fully
designed. The total problem may involve the physics that describes the original
problem ; the mathematics involved in the partial differential equation, the difference
equation and the solution algorithm for solving the difference equation; and the
computer on which the numerical work will be done. Ideally, before experiments are
designed, one should know as much as possible about each of the above aspects of
the problem.

Several times throughout the text we will assign small experiments that will hope-
fully clarify some aspects of the schemes we will be studying. It is hoped that these
experiments will begin to teach some useful experimental techniques that can be used
in the area of numerical solution of partial differential equations. In other parts of the
text, it will be necessary or best for the reader to decide that a small experiment is
needed, and then design and run that experiment. It is hoped that one thing the

reader will learn from this text is that numerical experimentation is a part of the subject



§3.5 TEWESITENNZE 199

of numerical solution of partial differential equations.

Numerical methods for solving partial differential equations, like the analytic
methods, often depend on the type of equation, i. e. elliptic, parabolic or hyperbolic.
A slight background in the methods and theory of partial differential equations will be
assumed. An elementary course in partial differential equations is generally sufficient.
In addition, since part of the emphasis of the text is on the implementation of the
difference schemes, it will be assumed that the reader has sufficient programming skills
to implement the schemes and appreciate the implementations that are discussed.

The methods that we develop, analyze and implement will usually be illustrated
using common model equations. Most often these will be the heat equation, the one
way wave equation or the Poisson equation. We will generally separate the methods to
correspond to the different equation types by first doing methods for parabolic equa-
tions, then methods for hyperbolic equations and finally methods for elliptic equa-
tions. However, we reserve the right to introduce an equation of a different type and
a method for equations of different types at any time.

Much of the useful work in numerical partial differential equations that is being
done today involves nonlinear equations. The one class of nonlinear equations that we
will study is in Chapter 9, Volume 2, ref. [13], where we consider the numerical
solution of conservation laws. Often an analysis of the method developed to solve a
nonlinear partial differential equation is impossible. In addition, the discrete version
of the nonlinear problem may not itself be solvable. (Of course, methods like New-
ton’ s method can be used to solve the nonlinear problems. But Newton’ s method is
really an iteration of a series of linear problems. ) A common technique is to develop
and test the schemes based on model linear problems that have similarities to the de-
sired nonlinear problem. We will try to illustrate some methods that can be used to
solve nonlinear problems. Below we include four model nonlinear problems. The
reader should become familiar with these problems. When we develop linear methods
that might be applicable to these nonlinear problems, a numerical experiment should
be conducted using the linearized method to try to solve the nonlinear problem. Hints
and discussions of methods will be given when we think we should be trying to solve
problems HW0.0.1-0.0. 4.

HW 0.0.1 (Viscous Burgers’ Equation)
vtw,=w,,, 2 e (0,1), >0, (0.0.1)
v(0, t)=0v(1,)=0, >0, (0.0.2)



200 B=E BWE—NES

v(x,0)=sin 2wz, xe [0,1]. (0.0.3)

We wish to find solutions for v=1.0, 0.1, 0.01, 0.001, 0. 0001 and 0.00001.
The reader should be aware that there has been a large amount of work done on
the above problem. There is an exact solution to the problem which is not especially
useful to us. It is probably better to try to work this problem without knowing the exact

solution since that is the situation in which a working numerical analyst must function.

HW 0.0.2 (Inviscid Burgers’ Equation )

v+, =0, x e (0,1), >0, (0.0.4)
v(0, t)=v(1,6)=0, >0, (0.0.5)
v(x,0)=sin 2mx, xe [0,1]. (0.0.6)

We note that the only difference between this problem and HWO0. 0. 1 is that the v
term is not included. As we shall see later, this difference theoretically changes the
whole character of the problem. We also note that this problem is well-posed with a

boundary condition at both x=0 and x=1.

HW 0.0.3 ( Shock Tube Problem )

Consider a tube filled with gas where a membrane separates the tube into two
sections. For the moment, suppose that the tube is infinitely long, the membrane is
situated at x=0, for x<0 the density and pressure are equal to 2, for x>0 the density
and pressure are equal to 1 and the velocity is zero everywhere. At time t=0, the
membrane is removed and the problem is to determine the resulting flow of gas in the
tube. We assume that the gas is inviscid, the flow is one dimensional and write the

conservation laws for the flow (mass, momentum and energy) as

p.+(pv) =0, (0.0.7)
(pv),+(pv*+p), =0, (0.0.8)
E,+[v(E+p)],=0 (0.0.9)

where p, v, p and E are the density, velocity, pressure and total energy, respective-
ly. In addition, we assume that the gas is polytropic and write the equation of state as

p=(y=-1)(E-ps*/2), (0.0.10)
where 1y is the ratio of specific heats which we take to be equal to 1. 4. Clearly, both
as a physical problem and as a practical numerical problem, a finite domain and
boundary conditions are necessary. These conditions will be discussed in Chapter 6

when we prod you into beginning to solve this problem.
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HW 0.0.4 ( Thin Disturbance Transonic Flow Equation)

Consider potential flow over a symmetric, thin, circular arc airfoil. Expansions
based on the thickness of the airfoil reduce the problem to one involving the thin dis-
turbance transonic flow equation. For example we consider the following problem de-

scribing the transonic flow past a 5% half circular arc airfoil.
[1-M_-(y+1)M _ .14, +4,,=0,

(x,y) € R=(-1,2)x(0,1), (0.0.11)
¢, = 0on dR-{(x,0).0=sx=<1}, (0.0.12)
-(x-1/2)

on {(x,0):0sxz=<1}, (0.0.13)

" /6.375 625—(2-1/2)°

(i) Solve this problem for y=1.4 and M_ =0.7 and

(ii) y=1.4 and M_ =0.78.
Though nonlinear, the paniai differential equation above will look like either an ellip-
tic equation or a hyperbolic equation, depending on the sign of the term [1-M> —(y+
DM, ¢,].

As you will see as you. attempi to solve problems HW 0. 0. 1-0. 0. 4, when
we apply schemes developed for model linear problems to nonlinear problems, the re-
sults are often not what we anticipated. For this reason, much care must be taken

when we work the above problems.
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3.5.3 Introduction to the theory of Computation ¥

Let’ s begin with an overview of those areas in the theory of computation that we
present in this course. Then, you’ll have a chance to learn and/or review some

mathematical concepts that you will need later.

AUTOMATA, COMPUTABILITY, AND COMPLEXITY

This book focuses on three traditionally central areas of the theory of computa-

tion: automata, computability, and complexity. They are linked by the question:
What are the fundamental capabilities and limitations of computers?

This question goes back to the 1930s when mathematical logicians first began to ex-

plore the meaning of computation. Technological advances since that time have great-

ly increased our ability to compute and have brought this question out of the realm of

theory into the world of practical concern.

In each of the three areas — automata, computability, and complexity — this
question is interpreted differently, and the answers vary according to the interpreta-
tion. Following this introductory chapter, we’ll explore each area in a separate part
of this book. Here, we introduce these paris in reverse order because starting from

the end you can better understand the reason for the beginning.

COMPLEXITY THEORY

Computer problems come in different varieties; some are easy and some hard.
For example, the sorting problem is an easy one. Say that you need to arrange a list
of numbers in ascending order. Even a small computer can sort a million numbers
rather quickly. Compare that to a scheduling problem. Say that you must find a
schedule of classes for the entire university to satisfy some reasonable constraints,
such as that no two classes take place in the same room at the same time. The
scheduling problem seems to be much harder than the sorting problem. H you have

just a thousand classes, finding the best schedule may require centuries, even with a

@ AWiEXH A :M. Sipser. Introduction to the Theory of Computation. Boston: PES Pub, 1997.
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supercomputer. )

What makes some problems computationally hard and others easy?
This is the central question of complexity theory. Remarkably, we don’t know the
answer to it, though it has been intensively researched for the past 25 years. Later,
we explore this fascinating question and some of its ramifications.

In one of the important achievements of complexity theory thus far, researchers
have discovered an elegant scheme for classifying problems according to their compu-
tational difficulty. It is analogous to the periodic table for classifying elements
according to their chemical properties. Using this scheme, we can demonstirate a
method for giving evidence that certain problems are computationally hard, even if we
are unable to prove that they are so.

You have several options when you confront a problem that appears to be compu-
tationally hard. First, by understanding which aspect of the problem is at the root of
the difficulty, you may be able to alter it so that the problem is more easily solvable.
Second; you may be able to settle for less than a perfect solution to the problem. In
certain cases finding solutions that only approximate the perfect one is relatively easy.
Third, some problems are hard only in the worst case situation, but easy most of the
time. Depending on the application, you may be satisfied with a procedure that occa-
sianally is slow but usually runs quickly. Finally, you may consider alternative types
of computation, such as randomized computation, that can speed up certain tasks.

One applied area that has been affected directly by complexity theory is the
ancient field of cryptography. In most fields, an easy computational problem is pref-
erable to a hard one because easy ones are cheaper to solve. Cryptography is unusual
because it specifically requires computational problems that are hard, rather than
easy, because secret codes should be hard to break without the secret key or pass-
word. Complexity theory has pointed cryptographers in the direction of computational-
ly hard problems around which they have designed revolutionary new codes.
COMPUTABILITY THEORY

During the first half of the twentieth century, mathematicians such as Kurt
Godel, Alan Turing, and Alonzo Church discovered that certain basic problems can-
not be solved by computers. One example of this phenomenon is the problem of de-
termining whether a mathematical statement is true or false. This task is the bread
and butter of mathematicians. It seems like a natural for solution by computer be-

cause it lies strictly within the realm of mathematics. But no computer algorithm can
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perform this task.

Among the consequences of this profound result was the development of ideas
concerning theoretical models of computers that eventually would help lead to the con-
struction of actual computers.

The theories of computability and complexity are closely related. In complexity
theory, the objective is to classify problems as easy ones and hard ones, whereas in
computability theory the classification of problems is by those that are solvable and
those that are not. Computability theory introduces several of the concepts used in

complexity theory.

"AUTOMATA THEORY

Automata theory deals with the definitions and properties of mathematical models
of computation. These models play a role in several applied areas of computer
science. One model, called the finite automaton, is used in text processing, compil-
ers, and hardware design. Another model, called the context-free grammar, .is used
in programming languages and artificial intelligence.

Automata theory is an excellent place to begin the study of the theory of compu-
tation. The theories of computability and complexity require a precise definition of a
computer. Automata theory allows practice with formal definitions of computation as it

introduces concepts relevant to other nontheoretical areas of computer science.
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(3) BRI S5 AIHEER G MR ARE? ZFERIRER?
(4) azslieARLBEMAARM? EAHAEEER?

3.5.4 P versus NP Question and NP combletement ®

1) P class, NP class

For our purposes, polynomial differences in running time are considered to be
small, whereas exponential differences are considered to be large. Let’s look at why
we chose to make this separation between polynomials and exponentials rather than
between some other classes of functions.

P is the class of languages that are decidable in polynomial time on a determinis-

tic single-tape Turing machine. In other words,
P= {J TIME(n").
k

The class P plays a central role in our theory and is important because

1. P is invariant for all models of computation that are polynomially equivalent to
the deterministic single-tape Turing machine, and

2. P roughly corresponds to the class of problems that are realistically solvable
on computer.

NP is the class of languages that have polynomial time verifiers. (A werifier for a
language A is an algorithm V, where

A= {wlV accepts <w, c> for some string c|.

We measure the time of a verifier only in times of length of w, so a polynomial
time verifier runs in polynomial time in the length of w. A language A is polyromially
verifiable if it has a polynomial time verifier. )

The class NP is important because it contains many problems of practical interest.
From the preceding discussion, HAMPATH and COMPOSITES are members of
NP. The term NP comes from nondeterministic polynomial time and derived from an
alternative characterization by using nondeterministic polynomial time Turing machine.
I ) The P Versus NP Question

As we have been saying, NP is the class .of languages that are solvable in poly-
nomial time on a nondeterministic Turing machine, or, equivalently, it is the class of
languages whereby membership in the language can be verified in polynomial time. P

is the class of languages where membership can be tested in polynomial time. We

@ AR [ M. Sipser. Introduction to the Theory of Computation. Boston: PES Pub, 1997.
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summarize this information as follows, where we loosely refer to polynomial time
solvable as solvable “quickly”.

P = the class of languages where membership can be decided quickly.

NP = the class of languages where membership can be verified quickly.

We have presented examples of languages, such as HAMPATH and CLIQUE,
that are members of NP but that are not known to be in P. The power of polynomial
verifiability seems to be much greater than that of polynomial decidability. But, hard
as it may be to imagine, P and NP could be equal. We are unable to prove the
existence of a single language in NP that is not in P.

The question of whether P = NP is one of the greatest unsolved problems in
theoretical computer science and contemporary mathematics. If these classes were
equal, any polynomially verifiable problem would be polynomially decidable. Most
researchers believe that the two classes are not equal because people have invested
enormous effort to find polynomial time algorithms for certain problems in NP, without
success. Researchers also have tried proving that the classes are unequal, but
that would entail showing that no fast algorithm exists to replace brute-force search.
Doing so is presently beyond scientific reach. The following figure shows the two

possibilities.

NP
Fig. 3-5-2 One of these two possibilities is correct.

The best method known for solving languages in NP deterministically uses expo-

nential time. In other words, we can prove that

NP C EXPTIME = (J TIME(2"),

k

but we don’t know whether NP is contained in a smaller deterministic time complexity
class.
I ) NP-Completeness

One important advance on the P versus NP question came in the early 1970s
with the work of Stephen Cook and Leonid Levin. They discovered certain problems

in NP whose individual complexity is related to that of the entire class. If a polynomial

>



§3.5 ITBRESUHENNZE 207

time algorithm exists for any of these problems, all problems in NP would be polyno-
mial time solvable. These problems are called NP-complete. The phenomenon of NP-
completeness is important for both theoretical and practical reasons.

On the theoretical side, a researcher trying to show that P is unequal to NP may
focus on an NP-complete problem. If any problem in NP requires more than polyno-
mial time, an NP-complete one does. Furthermore, a researcher attempting to prove
that P equals NP only needs to find a polynomial time algorithm for an NP-complete
problem to achieve this goal.

On the practical side, the phenomenon of NP-completeness may prevent wasting
time searching for a nonexistent polynomial time algorithm to solve a particular prob-
lem. Even though we may not have the necessary mathematics to prove that the prob-
lem is unsolvable in polynomial time, we believe that P is unequal to NP, so proving
that a problem is NP-complete is strong evidence of its nonpolynomiality.

The first NP-complete problem that we present is called the satisfiability prob-
lem. Recall that variables that can take on the values TRUE and FALSE are.called
Boolean variables (see Section 0.2). Usually, we represent TRUE by 1 and FALSE
by 0. The Boolean operations AND, OR,and NOT, represented by the symbols A ,
V', and 7, respectively, are described in the following list. We use the overbar as a

shorthand for the = symbol, so x means = x.
0A0=0, 0VO0=0, O0=1,

0OA1=0, OVI=1, 1=0,
1A0=0, 1vo=t,
IAl=1, 1Vi=1.
A Boolean formula is an expression involving Boolean variables and operations.
For example,
o=(xAy)V(xAz)
is a Boolean formula. A Boolean formula is satisfiable if some assignment of Os and 1s
to the variables makes the formula evaluate to 1. The preceding formula is satisfiable
because the assignment x=0, y=1, and z2=0 makes ¢ evaluate to 1. We say the as-
signment satisfies ¢. The satisfiability problem is to test whether a Boolean formula is
satisfiable. Let
SAT={<¢>I¢ is a satisfiable Boolean formula} .
Now we state the Cook-Levin theorem which links the complexity of the SAT

problem to the complexities of all problems in NP.
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Cook-Levin theorem SAT ¢ P iff P = NP.
Next, we develop the method that is central to the proof of the Cook-

Levin theorem.
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3.5.5 Artificial intelligence and its tasks? ¥

What exactly is artificial intelligence? Although most attempts to define complex
and widely used terms precisely are exercises in futility, it is useful to draw at least
an approximate boundary around the concept to provide a perspective on the discus-
sion that follows. To do this, we propose the following by no means universally ac-
cepted definition. Artificial intelligence ( Al) is the study of how to make computers

do things which, at the moment, people do better. This definition is, of .course,

@ AR A :R. Knight. Arificial Intelligence. New York: McGraw-Hill, Inc. 1991.
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somewhat ephemeral because of its reference to the current state of computer science.
And it fails to include some areas of potentially very large impact, namely problems
that cannot now be solved well by either computers or people. But it provides a good
outline of what constitutes artificial intelligence, and it avoids the philosophical issues
that dominate attempts to define the meaning of either artificial or intelligence. Intere-
stingly, though, it suggests a similarity with philosophy at the same time it is avoiding
it. Philosophy has always been the study of those branches of knowledge that were so
poorly understood that they had not yet become separate disciplines in their own
right. As fields such as mathematics or physics became more advanced, they broke

off from philosophy. Perhaps if Al succeeds it can reduce itself to the empty set.

What then are some of the problems contained within AI? Much of the early
work in the field focused on formal tasks, such as game playing and theorem proving.
Samuel wrote a checkers-playing program that not only played games with opponents
but also used its experience at those games to improve its later performance. Chess
also received a good deal of attention. The Logic Theorist was an early attempt to
prove mathematical theorems. It was able to prove several theorems from the first
chapter of Whitehead and Russell’ s Principia Mathematica'. Gelernter’ s theorem
prover explored another area of mathematics; geometry. Game playing and theorem
proving share the property that people who do them well are considered to be displa-
ying intelligence. Despite this, it appeared initially that computers could perform well
at those tasks simply by being fast at exploring a large number of solution paths and
then selecting the best one. It was thought that this process required very little knowl-
edge and could therefore be programmed easily. As we will see later, this assumption
turned out to be false since no computer is fast enough to overcome the combinatorial
explosion generated by most problems.

Another early foray into Al focused on the sort of problem solving that we do every
day when we decide how to get to work in the morning, often called commonsense rea-
soning. It includes reasoning about physical objects and their relationships to each
other (e.g., an object can be in only one place at a time) , as well as reasoning about
actions and their consequences (e. g. , if you let go of something, it will fall to the
floor and maybe break). To investigate this sort of reasoning, Newell, Shaw, and Si-
mon built the General Problem Solver (GPS)?, which they applied to several common-
sense tasks as well as to the problem of performing symbolic manipulations of logical

expressions. Again, no attempt was made to create a program with a large amount of
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knowledge about a particular problem domain. Only quite simple tasks were selected.

As Al research progressed and techniques for handling larger amounts of world
knowledge were developed, some progress was made on the tasks just described and
new tasks could reasonably be attempted. These include perception ( vision and
speech) , natural language understanding, and problem solving in specialized do-
mains such as medical diagnosis and chemical analysis.

Perception of the world around us is crucial to our survival. Animals with much
less intelligence than people are capable of more sophisticated visual perception than
are current machines. Perceptual tasks are difficult because they involve analog
(rather than digital) signals: the signals are typically very noisy and usually a large
number of things (some of which may be partially obscuring others) must be perceived
at once. The problems of perception are discussed in greater detail in Chapter 2. 1.

The ability to use language to communicate a wide variety of ideas is perhaps the
most important thing that separates humans from the other animals. The problem of un-
derstanding spoken language is a perceptual problem and is hard to solve for the rea-
sons just discussed. But suppose we simplify the problem by restricting it to written
language. This problem, usually referred to as natural language understanding , is still
extremely difficult. In order to understand sentences about a topic, it is necessary to
know not only a lot about the language itself (its vocabulary and grammar) but also a
good deal about the topic so that unstated assumptions can be recognized. We discuss
this problem again later in this chapter and then in more detail in Chapter 15.

In addition to these mundane tasks, many people can also perform one or maybe
more specialized tasks in which carefully acquired expertise is necessary. Examples
of such tasks include engineering design, scientific discovery, medical diagnosis,
and financial planning. Programs that can solve problems in these domains also fall
under the aegis of artificial intelligence. Figure 3-5-3 lists some of the tasks that are
the targets of work in Al

A person who knows how to perform tasks from several of the categories shown in
the figure learns the necessary skills in a standard order. First perceptual, linguistic,
and commonsense skills are learned. Later ( and of course for some people, never) ex-
pert skills such as engineering, medicine, or finance are acquired. It might seem to
make sense then that the earlier skills are easier and thus more amenable to computer-
ized duplication than are the later, more specialized ones. For this reason, much of
the initial Al work was concentrated in those early areas. But it turns out that this na-

ive assumption is not right. Although expert skills require knowledge that many of use
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do not have, they often require much less knowledge than do the more mundane skills

and that knowledge is usually easier to represent and deal with inside programs.

Mundane Tasks

e  Perception

— Vision

— Speech
e  Natural language

— Understanding

— Generation

-— Translation
e Commonsense reasoning

e Robot control

Formal Tasks

e Games

— Chess

— Backgammon

— Checkers

— Go
e  Mathematics

— Geometry

— Logic

— Integral calculus

— Proving properties of programs

Expert Tasks

e Engineering

— Design

—— Fault finding

— Manufacturing planning
e Scientific analysis
e Medical diagnosis
e Financial analysis

Fig. 3-5-3 Some of the Task Domains of Artificial Intelligence
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As a result, the problem areas where Al is now flourishing most as a practical
discipline (as opposed to a purely research one) are primarily the domains that re-
quire only specialized expertise without the assistance of commonsense knowledge.
There are now thousands of programs called expert systems in day-to-day operation
throughout all areas of industry and government. Each of these systems attempts to
solve part, or perhaps all, of a practical, significant problem that previously required
scarce human expertise. In Chapter 20 we examine several of these systems and ex-
plore techniques for constructing them.

Before embarking on a study of specific Al problems and solution techniques, it
is important at least to discuss, if not to answer, the following four questions:

1. What are our underlying assumptions about intelligence?

2. What kinds of techniques will be useful for solving Al problems?

3. At what level of detail, if at all, are we trying to model human intelligence?

4. How will we know when we have succeeded in building an intelligent program?

The next four sections of this chapter address these questions. Following that is a

survey of some Al books that may be of interest and a summary of the chapter.
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3.6.1 Wavelets and Fourier analysis ©

Fourier series and the Fourier transform have been around since the nineteenth

century and many research articles and books (at both the graduate and under-gradu-

@ AR A :A. Boggess & F. J. Narcowich. A First Course in Wavelets with Fourier Analysis.
New York: Printice Hall. 2002.
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ate levels) have been written about these topics. By contrast, the development of
wavelets has been much more recent. While its origins go back many decades, the
subject of wavelets has become a popular tool in signal analysis and other areas of ap-
plications only within the last two decades or so partly as a result of Ingrid Dau-
bechies’ s celebrated work on the construction of compactly supported, orthonormal
wavelets.
Fourier Analysis _ _
The basic goal of Fourier series is to take a signal, which will be considered as a
function of the time variable ¢, and decompose it into its various frequency compo-
nents. The basic building blocks are the sine and cosine functions: l
sin(nt) , cqs(nt) ,
which vibrate at a frequency of n times per 24 interval. As an example, consider the
following funection :
f(t)=sin(t) +2cos(3 t) +0. 3sin(50 ¢).
This function has three components that vibrate at frequency 1 [ the sin(z) part], at
frequency 3 [ the 2cos(3 ¢)part], and at frequency 50 [ the 0.3sin(50 t) part].
The graph of f is given in Figure 3-6-1.

i

—

2

Fig 3-6-1 Plot of f(t)=sin(¢) +2cos(3 ¢)+0. 3sin(50 ¢)

A common problem in signal analysis is to filter out unwanted noise. The back-
ground hiss on a cassette tape is an example of high-frequency (audio) noise that va-
rious devices ( Dolby filters) try to filter out. In the preceding example, the compo-
nent, 0.3sin(50 t), contributes the high-frequency wiggles to the graph of f in Figure

3-6-1. By setting the coefficient 0.3 equal to zero, the resulting function is

}(t)= sin(t) +2cos(3 ¢)
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whose graph (given in Figure 3-6-2) is the same as the one for f but withont the
high-frequency wiggles. .

The preceding example shows that one approach to the problem of filtering out

unwanted noise is to express a given signal, f(t), in terms of sines and cosines;
fl)= Z a,cos(nt)+b, sin(nt)

and then to eliminate (i.e. , set equal to zero) the coefficients” (the a, and b,) that
correspond to the unwanted frequencies. In the case of the signal f just presented,
this process is easy since the signal is already presented as a sum of sines and co-
sines. Most signals, however, are not presented in this manner. The subject of Fou-
rier series, in part, is the study of how to efficiently decompose. a function into a sum

of cosine and sine components so that various types of filtering can be accomplished

. 30
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easily.

Fig. 3-6-2 Plot of f(t)=sin(t)+2cos(3 ¢)

Another related problem in signal analysis is that of data compression. Imagine

that the graph of the signal f(t) in Figure 3-6-1 represents a telephone conversa- -

tion. The horizontal axis is time, perhaps measured in milliseconds, and the vertical
axis represents the eleciric voltage of a sound signal generated by someone’ s voice.
Suppose this signal is to be digitized and sent via satellite overseas from America to
Europe. One naive approach is to sample the signal every millisecond or so and send
these data bits across the Atlantic. However, this would result in thousands of data
bits per second for just one phone conversation. Since there will be many such con-
versations between the two continents, the phone confpany would like to compress
this signal into as few digital bits as possible without significantly distorting the sig-

nal. A more efficient approach is 10 express the signal into its Fourier series: f(t)=

Z a,cos(nt)+b,sin(nt) and then discard those coefficients, a, and b,, that are
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smaller than some tolerance for error. Only those coefficients that are above this tol-
erance need to be sent across the Atlantic, where the signal can then be reconstruc-
ted. For most signals, the number of significant coefficients in its Fourier series is
relatively small.
Wavelets

One disadvantage of Fourier series is that its building blocks, sines and cosines,
are periodic waves that continue forever. While this approach may be appropriate for
filtering or compressing signals that have time-independent wavelike features (as in
Figure 3-6-1) , other signals may have more localized features for which sines and
cosines do not model very well. As an example, consider the graph given in Figure
3-6-3. This may represent a sound signal with two isolated noisy pops that need to
be filtered out. Since these pops are isolated, sines and cosines do not model this sig-
nal very well. A different set of building blocks, called wavelets, is designed to
model these types of signals. In a rough sense, a wavelet looks like a wave that trav-
els for one or more periods and is nonzero only over a finite interval instead of propa-
gating forever the way sines and cosines do [ see Figure 3-6-4 for the graph of the
Daubechies (N=2) wavelet]. A wavelet can be translated forward or backward in
time. It also can be stretched or compressed by scaling to obtain low-and high-fre-
quency wavelets ( see Figure 3-6-5). Once a wavelet function is constructed, it can
be used to filter or compress signals in much the same manner as Fourier series. A
given signal is first expressed as a sum of translations and scalings of the wavelet.

Then the coefficients corresponding to the unwanted terms are removed or modified.
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Fig. 3—-6-3 Graph of a signal with Fig. 3-6-4  Graph of Daubechies

isolated noise wavelet
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In order to implement efficient 2 , .

algorithms for decomposing a signal into 1.5F

an expansion ( either Fourier or wavelet 1t 1
based), the building blocks ( sines, 05k

cosines or wavelets) should satisfy vari- 0 \

ous properties. One convenient property —0.5¢+

is orthogonality, which for the sine 1k

function states —1{6 e

1 7 . ] 0 ifn#m,
—f sin(nt)sin(mt)dt=
m™Jo 1 if n=m. Fig. 3-6-5 High-freequecy Daubechies wavelet

The analogous properties hold for the
2%

cosine function as well. In addition, J’ sin( nt)cos(mt)dt =0 for all n and m. We
0

shall see that these orthogonality properties result in simple formulas for the Fourier
coefficients (the a, and b,) and efficient algorithms (fast Fourier transform) for their
computation.

One of the difficult tasks in the construction of a wavelet is to make sure that its
translates and rescalings satisfy analogous orthogonality relationships, so that efficient
algorithms for the computation of the wavelet coefficients of a given signal can be
found. This is why we cannot construct a wavelet simply by truncating a sine or co-
sine- wave by declaring it to be zero outside of one or more of its periods. Such a
function, while satisfying the desired support feature of a wavelet, would not satisfy
any reasonable orthogonality relationship with its translates and rescales and thus

would not be as useful for signal analysis.

EIEK

1. ERIMTHEA:

(1) &XHFEAPLER FRNEEANER,

(2) 20 ¥ B ECE A 50 BERRE,S ~8 MRARB il
Fya R, Hoh g2 iE 5 AR5 635 wavelet (/N ), Fourier analysis ( {# B nt
¥ ), vibrate (#k3h), filter out (1), high-frequency wiggle ( S #HhzN) ,
eliminate ( HEBR ), data compression ( F#E[E 45 ) , digital bits (¥ A7), tolerance
error (X1 iR#%E), time-independent wavelike feature (IS [8] i 37 fy i R 454 ) , al-
gorithm (B L), expansion (JEFF ), scaling (25 .%E#5 ), rescaling (&),
translate (F#), truncate (B ¥, BE) %,



218 g=z BWOE—UNER

2. [T B

(1) @Eﬂfﬁfﬁﬁ’ﬁiﬁﬁfﬁﬁﬁﬁ‘z,T:?ﬁﬁ‘/AZ<EZ5IJ:?

(2) 518 B FEH ., N A

(3) .‘é’:ﬂﬂﬂi{d\?}}iéﬂ‘ﬁ*iﬁﬁﬂ%fiﬁd\"ﬁﬁiﬁﬁiﬂ%ﬁﬁ?ﬁﬁ%ﬂ
ALY

(4) Hxs /N R R MERAT 47

3.6.2 The discovery of fractal geometry @

The aim of this chapter is to give the reader a short summary of the fundamentals
of fractal geometry. There are, of course, excellent works on this, some of which are
listed in the bibliography, which will take the reader further with the analysis that is
only sketched out here. All we attempt here is an elementary presentation of the rela-
tions that have to be known in order to follow, without difficulty and with a critical
mind, the scientific literature dealing with the concept of time in physics in a fractal
environment. We have preferred clanty to mathematical rigour. In this study the
reader will find that the key element of fractal geometry, the non-integral dimension,
is intimately associated with the way in which we evaluate our space, measure its
boundaries and “weigh” its contents, the meaning of the concept of dimension will be
seen to be, above all, physical. He will see also that the aim of a measure is to try to
free the mind of the paradoxes that characterize “ pathological” behavior, whilst using
examples of such behavior to enrich our vision of the world. Finally, he will see that
this freedom can be exercised at the mathematical level, perhaps more there than
elsewhere — something that the engineer too often forgets.

The surveyor's task: rectifiable curves, measuring by arc lengths

For most human beings the length of a curve is a primitive notion, acquired in
the first years of life. Doubtless Neanderthal man, although never having formalized
the knowledge, knew that the “ longer” a path the more time it would take him to fol-
low it; and similarly he would know that it was easier to walk on the flat than up a
mountain. Even so, he would not know the meaning of rectification, a term invented
much later to express our ability to measure the lengths of smooth curves.

Consider this concept for a moment: let us call a certain path an arc I', and

suppose that a person walks along this at a “speed” expressed by a certain function

@ AWBIEICH H:A. L mehaate. Fractal Geometries. London: CRC Presss Inc. 1977.
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A()=2nR

D |

Fig. 3-6-6 Approximation to a curve by steps of length 9, for p=4 and p=625. We
know that the perimeter of the circle is the finite number A =27R, where R is its radius;

this is the value obtained when 5—0.

v(¢). Each point on I" will be determined by a function [(¢) which gives the dis-
tance travelled from the starting point, where “¢” is the “time” of arrival at that
point. We say that the curve is parametrised by [(t) , which initially we assume to be
defined and continuous everywhere. This will be the case if the walker does not jump
erratically from place to place, and indeed the principle of the walk requires that he
does not. The step is the human gauge for measuring lengths along the paths we take.
But even without any jumping about the walker will not follow the curve in all its in-
finitesimal details: implicitly, he will approximate it by a polygonal line whose
general form is given by steps of length » placed on the ground in succession.

Let A () be the length of the plane polygonal line [ f(0), f(¢, ), f(t,), ",
fCt,) 1, where f(1,)= [x(tl) , ¥(t,) ] and Zis the finite sequence [¢,, t,, =+, t,].
We say that the arc is rectifiable if the upper bound of the real numbers A (#°) when
p — o is a finite number L, which is then called the length of the curve I'.

So far no constraint has been placed on the elementary segments that constitute
the polygonal line; suppose now that these are all of the same length n{p) and that
all the time intervals ¢,— ¢, , are equal and have the value At. Then the sequence Z’is
equivalent to giving the number p of measuring steps. If ¢ is the total time needed to
make the measure, p=t/At, and if p=t/7, where 7, is some constant time then p can
be regarded as a generalized frequency and used as a Laplace variable. We have now

Alp) = N(p)n(p), (1.1)
where 'N(p) is the number of steps in the polygonal line and A (p)= A (7). Rectifi-
ability can be understood simply from a graph of A (p) as a function of (p): it
- means that A(p) must tend to a finite limit, L, as 5(p) tends to zero. The necessa-

ry analysis can be performed in Laplace or Fourier space.
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A(p) — L when p — oo, that is when At — 0 and ¢ is finite.

Stated otherwise, the space gauge tends to zero when the time gauge tends to ze-
ro, or equivalently when the frequency gauge tends to infinity; an infinitely precise
measure requires an infinite frequency. Note that if p is the generalised frequency de-
fined above, the number of steps per unit time is proportional to p and also

”

N (p) ~p, where by the symbol “ ~ " is meant “behaves like”.

The concept of rectifiability is simple, intuitive and almost natural, but does it
hold universally? Ten years ago almost everyone except for a few mathematical spe-
cialists would have said yes. However, as Mandelbrot recalled in 1975, the true an-
swer is no, a study of Figure 3-6-7 should put us on our guard. Approximating a

rectifiable curve assumes some very special properties.

Curve length

F, Fractal

/

R, Rectifiable

logi

n~0 Gauge

- log n +oo

Fig. 3-6-7 Characteristics of rectifiable ( R) and fractal (F) curves. For R the length
A(7n) measured in steps of length n approaches a finite limit L as p—0, for F there is no

limit. The concept of non-integral dimension is related to the slope of a fractal curve.

There are curves with strange properties, such that the length does not tend to a fi-
nite limit as the step length n(p) tends to zero. How can we classify these, what proper-
ties are hidden in them? The essential aim of this chapter is to show that the concept of
“measure” , in the physical sense of the term, enables us to bring the properties of these
strange objects under our control. But we shall now leave further discussion of the param-
eter p to the next chapter, and concentrate on the analysis of the space.

During the last century mathematicians established the formal existence of certain
pathological curves: for example, Cantor, Peano, Hausdorff, Bouligand among others.
But it was the expatriate French geometer Mandelbrot who first understood the depth of
this work and made it more widely known, in particular characterizing the strange objects

by the term fractal. This was not easily achieved, his first book, published in 1975, was
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effectively ignored and he had to wait until 1983 for recognition of the importance of his
contribution. Eight years after the birth of his ideas, and thanks to a generation of young
physicists led by Mandelbrot himself, the importance of these pathological objects has at

last been acknowledged by the great majority of the scientific community.
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3.6.3 The concept of the fuzzy set ¥

Fuzzy sets and fuzzy logic have become one of the emerging areas in contempora-
ry technologies of information processing. Recent studies spread across various areas,
from control, pattern recognition, and knowledge-based systems to computer vision
and artificial life. A significant number of direct real-world implementations range

from home appliances to industrial installations and involve fuzzy sets, both by them-

@ AWEXHW A:A. Kandel. Fuzzy Mathematical Techniques with Applications. California; Addison-
Wesley Pbl. 1986.
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selves and hand in hand with other modern approaches, including neural networks'.

Essentially, fuzziness is a type of imprecision that stems from a grouping of ele-
ments into classes that do not have sharply defined boundaries. Such classes —
called fuzzy sets — arise, for example, whenever we describe ambiguity, vagueness
and ambivalence in mathematical models of empirical phenomena. Since certain as-
pects of reality always escape such models, the strictly binary ( and even the ternary)
approach to the treatment of physical phenomena is not always adequate to describe
systems in the real world; and the attributes of the system variables often emerge from
an elusive fuzziness, a readjustment to context, or an effect of human imprecision. In
many cases, however, even if the model is precise, fuzziness may be a concomitant
of complexity. Systems of high cardinality are rampant in real life and their computer
simulations require some kind of mathematical formulation to deal with the imprecise
descriptions.

The theory of fuzzy sets has as one of its aims the development of a methodology
for the formulation and solution of problems that are too complex or too ill-defined to
be susceptible of analysis by conventional techniques.

The theory of fuzzy sets deals with a subset A of the universe of discourse X,
where the transition between full membership and no membership is gradual rather than
abrupt. The “fuzzy subset” has no well-defined boundaries where the universe of dis-
course {the universe X) covers a definite range of objects. Fuzzy classes of objects
are often encountered in the real world. For instance, A may be the set of beautiful
women in a town X, or A may be the set of long streets in town X. Traditionally, the
grade of membership 1 is assigned to those objects that fully and completely belong to
A, while 0 is assigned to objects that do not belong to A at all. The more an object x
belongs 1o A, the closer to 1 is grade of membership y,(x).

In abstract ( or conventional, or nonfuzzy) set theory, the sets considered are
defined as collections of objects having some very general property P; nothing special
is assumed or considered about the nature of the individual objects. For example, we
define a set X as of streets. Symbolically,

X={xlx is a street}.

I

Now what about the “class of long streets” ? First all, is it a set in the ordinary
sense? Before we answer that, we may first ask:“ How long is a long street? Is a one-
mile street a long street? If so, then is there any difference between a half-mile street
and a one-mile street, etc?” Frankly, we do not know how to answer these questions

adequately from the information “long street,” because the “class of long streets”
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does mnot constitute a set in the usual sense. In fact, most of the classes of objects en-
countered in the real physical world are of this fuzzy, not sharply defined type. They
do not have precisely defined criteria of membership. In such classes, it is not neces-
sary for an object to belong or not belong to a class; there may be intermediate grades
of membership. This is thee concept of fuzzy set, which is a “class” with a continu-
um of grades of membership.

Fuzzy-set theory, introduced by Zadeh® in 1965, is a generalization of abstract set
theory. In other words, the former always includes the latter as a special case; defini-
tions, theorems, and proofs of fuzzy-set theory always hold for nonfuzzy sets. Because of
this generalization, fuzzy-set theory has a wider scope of applicability than abstract set
theory in solving problems that involve, to some degree, subjective evaluation.

Intuitively, a fuzzy set is a class that admits the possibility of partial membership in
it. Let X = {x} denote a space of objects. Then a fuzzy set A in X is a set of
ordered pairs

A={z, x,(%) } xeX,

where y,(x) is termed “the grade of membership of x in A.” We shall assume for sim-
plicity that x,(x) is a number in the interval [0, 1], with the grades | and O represen-
ting, respectively, full membership and nonmembership in a fuzzy set, as discussed be-
fore. We have assumed that an exact comparison is possible for the truths of any two in-
exact statements “x e A” and “y e A,” and that the exact relation so obtained satisfies
the minimal consistency requirement of iransitivity and reflexivity; the ordering x = y
means “x is at least as true as y” with x < y denoting “x is not truer than y.”

The grades of membership reflect an “ordering” of the objects in the universe; it
is interesting to note that the grade-of-membership value y,(x) of an object x in A
can be interpreted as the degree of compatibility of the predicate associated with A
and the object x. As will be seen later, it is also possible to interpret y,(x) as the
degree of possibility that x is the value of a parameter fuzzy restricted by A.

We now give an example of fuzzy sets.

Example. Consider the class of all real numbers that are much greater than 1.
We can define this set as

A={xlx is a real number and x >>1}. »
But it is not well-defined set for the reasons mentioned before. This set may be de-

fined subjectively by a membership function such as

xs(%) =0 for x<1; y,(x) =ﬂ for x>1.
x
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The assignment of the membership function of a fuzzy set is subjective in nature
and, in general, reflects the context in which the problem is viewed. Although the

1

assignment of the membership function of a fuzzy set A is “subjective,” it cannot be
assigned arbitrarily. For example, it would be totally wrong to assign the membership

function of above example as

Xi(%) ={ *
0, x>1.

RS

1. A significant number of direct real-world implementations range from home
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The mathematical method is the essence of mathematics. He who fully
comprehends the method is a mathematician.

Music has much resemblance to algebra.
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no mathematics.
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it is possible to be a great computer without having the slightest idea of
mathematics.

What logarithms are to mathematics, that mathematics are to the

other sciences.
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STRUCTURAL CHANGE OF SOLUTIONS FOR A SCALAR
CURVATURE EQUATION
Abstract A semilinear elliptic equation
Au+[1+ek(1x1)]u*=0, xe R",

is studied, where n>2 and ¢ is a small parameter. It is known that for p=(n+2)/
(n-2) fixed, the structure of radial solutions drastically changes under the perturba-
tion gk(1x1). In this paper it is shown that such a change can be understood in a
natural way if the exponent p also is taken as a parameter. It is shown that the Po-
hozaev identity plays an important role in the perturbation analysis.
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On the Uniqueness of Inverse Problems of the Potential Theory
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Abstract Inverse problems of potential theory are considered for two and three
dimensional domains. The uniqueness theorems are proved under specific restrictions
on the boundaries of the domains and the densities of potentials.
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A Critical Point Theory for Nonsmooth Functionals

Abstract A new generalized notion of || df(u) | is introduced, which allows
to prove several results of critical theory for continuous functional. An application to
variational inequalities is shown.
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Lagrange Interpolation on Conics and Cubics

Abstract A bivariate polynomial interpolation problem for points lying on an
algebraic curves is introduced. The geometric characterization introduced by Chung
and Yao, which provides simple Lagrange formulae, is here analyzed for interpolation
points lying on a line, a conies, or a cubic.
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Integrable Harmonic Functions on R"
Abstract A class of radial measure g on R" is defined so that integrable har-

monic functions f on R" can be characterized as solutions of convolution equations
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f*u=f In particular, it is proved that fx e > =f, fe L'(e*™"*') is harmonic if
and only if n<9.
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R E 18 H J& this paper B{ the author(s),

Bls

On Multiple Positive Solutions for a Non-Linear Elliptic Problem in R"

Abstract By making use of variational method, the authors obtain some results
about existence of multiple positive solutions and their asymptotic behavior as the pa-
rameter A-—»>» for a semilinear elliptic problem in R".

BT BEWERRMBARENESES, BRI IR KIS
HAHEE R

BEREN:(BHA)XT R LIERMMEA MY S & TF#

WE ZER' L TELUEWBERE, AXMAESFEERTSEER
ML R RET LR (S 2 A - o B ) | — R,

3. RAB— ARELE (ve) NEFERERBERHELRE LIFH,
Bl 6
A Sharp L*-Liouville Theorem for p-harmonic Functions

Abstract We study L’-Liouville properties of nonnegative p-superharmonic
and, respectively, p-subharmonic functions on a complete Riemannian manifold M.
In particular, we prove that every p-harmonic function u € L (M) is constant if >
Pl ¥,
"M ACRAEHESENRR, %—’ﬂiﬁ%ﬁfﬁﬁ@iﬁ%,%:/ﬂ%‘i&j
HA AR5 i R " adn

SEENX (B ) XT p-TAM KB — 1~ 3R A L' -Liouville 5 M v

WE RALESE 4 1 Riomann YUY M ESMHBFR T 5 p- LiMAmBS ()
p- PR L -Liowville $£ 0 4550, IEW T2 gop-1 0, B4 plAE o

£

s

&
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Buel (M)HREEH,
WREFS A — & A 7E i E R B R LB R, # 40 : discuss, consid-

er,deal with, study,investigate, present, propose, give ,develop %5,
4.1.4 <17 ( key words)

RIAREMEXMEL BEHHEH, ERBEXHAE . EEE T HE
HLA L bR R SO R R B AE PR IRIC . S 88 1) B AT A SR A AL 40 9 322 1A
KERZHAHEARE BFRAAREZTXHSHRAMEFRAE, —BERIEE
FI3~8 %EE A THEZR.

B4, H i H) 6 B 5835 8] % “ Liouville theorem; p-harmonic function; Rie-
mann manifold” , B EATREREZ G, HE 17,7785 L"“Key words” , Bl

Key words Liouville theorem ; p-harmonic function; Riemann manifold

Mt AP XEERELS,ESE MG M BRI E I E MK #E
oL BESE ERBERS, —BEBERP BX—H, HEERTHXHER HE
56t ) Pt R B % R B B0 B O, BETE R R R S0ERGK IR B I S A I )
RIKMIERRE

HEN,“Key words" Z/SAME S, BRI XBWZHATSRIT, &5
— A RBE Z R A bR A

IRV A L A B 38 U R R AT R T SRR TRERE B
WE AL PR E SR BRI (R SURP R R, RN RSO E S ki
i, X B HEET REGd)  fiEEsE,

Bl 1

B IR IR B R R SRR

WE ASHEREELSLIREMICRMZ A2 VIRERENEREA
FoOMEIMBEFREREHRTTHRERE BH T — LB MHEE,

XER BEL DR HE R AR BB IR M AR

Exploration and Practice on the Reform in Mathematics Course in Normal Uni-
versities

Abstract Based on the present state of mathematics course in normal college
and university and the factors of the reform of mathematics courses, this paper discus-
ses reformatory plan of mathematics courses in normal college and university and puts
forward some reformatory practice.

Key words mathematics courses; education reform; modern technique; crea-

ting consciousness; practical ability
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i 2
ETREHTROREEER
WE AW TYUM— L BEHEF RO IR B T8
BHEERFRO—RBRXHFTENRERK,
X HFEHE; RO RFRR

Thinking on the Kernel Problem of Mathematics Education

Abstract Based on the analysis of current kernel problem of mathematics edu-
cation, this paper puts forward a new kernel of mathematics education: raising
students’ mathematics diathesis.

Key words mathematics education; kernel; mathematics diathesis

Bl 3

B T2 A BOSE BB T S5 A B 20 BT 8 R 3 SR A

BB AREFEFHNESLTEN THSRAREEANMARBBALAEE
B, NTRBPNEHEHETRE, LA N EBEERIEW, T/
FERBFERATLUDIARDER, EHEEN SHERES FELHEENR
B-TREREEEEENMNERRENRE AR GEXEBHEIFNE
RZEREFFEEZNFREM. B, AXRE TH/NEEBFEEIERY
JLRE,

KBIR PNEEBUERR SN B EES

Some Suggestions for Fostering of the Mathematical Ability of Students
Based on an Analysis of the Ability’s Structure

Abstract The improvement of citizens’ mathematical quality has significant
meanings in both social and individual development. To identify the structure of
students’ mathematical ability is necessary for improving the quality of mathematical
education in elementary and secondary schools. Mathematical ability consists of two
levels. The first one includes the abilities of operation, spatial visualization and infor-
mation processing; and the second one includes the abilities of logical thinking and
problem solving. The patterning ability plays an important role in bridging the two
levels, Based on the analysis, the paper sets forward some suggestions for the foste-
ring of the mathematical ability of these students.

Key words students in elementary and secondary schools; structure of mathe-

matical ability ; patterning ability
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4.1.5 3|Z (introduction)

SIEMBERXNASA, R EXHFLBL, EMRERBLEXNEE . H
MAEHN, —mEBENIFHEEUATILIAE:

1. BIRMER BRRNEF;

2. SRR L5 AN AP T K

3. BUIREE R R AR B

A DERBIF R UG AACRAWILS AE, BRXPEHBET
MARERE,

B2, 515 i 20 A TR 52 1 3R i 25 Ak, %o i ST AR EVACRE B4R H A

FIEEEM KB LI T EK:

(1) SHEK, RUEL;

(2) FITRM, EMERE;

(3) ZERE . AHEE(LESIFPREL THEHRANNEE S LG
®)o

EREZS F AR EMERR, B E R R ER,

¥R XWG ST BHER L5 F " (Introduction ) /MR AL ; A it Al LLFE
X 4> A BB FR, X AT B /MR 5] F 5 B AR (Introduction and
preliminaries) , A3, BEEH A A4R1B, 51 F & 45 F F “ Introduction” {E /M5 &E
BV iZ B Fo /MR R , BR F Lt BB Bz B i3 B b O BB /PR

FlEEERTRMNES B ME R &8 BT 28, A S AN
A AR ML R i E R R Xy B AR5 R
fb. FR51E A FES ME AR SCET S H B, B, [6 1 RN HEFI R UK B Ref-
ferences 4b % 7N B SCH#k - #7517 MBS A X EE B FBEIIANE
WA B (U By A B SE A TR (--in[6] -, REL
) WIARB R TEI T,

Bl  FEE—5 B “The boundary Harnack principle for the fractional Lapla-
cian” (AN HRIHE TR N A ACIEHE) W3] F . /EH K. Bogdan, K E T
Studia Mathematica,123(1) (1997) P41 ~ 80.

The boundary Harnack principle for the fractional Laplacian
KRZYSZTOF BOGDAN ( Wroclaw)

Abstract We study nonnegative functions which are harmonic on a Lipschitz
domain with respect to symmetric stable processes. We prove that if two such func-
tions vanish continuously outside the domain near a part of its boundary, then their

ratio is bounded near this part of the boundary.
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1. Introduction The boundary Harnack principle ( BHP) for nonnegative har-
monic functions has inportant applications in probability theory and potential theory.
Among these are approximations to excursion laws for the Brownian motion'® | “3G
Theorem™ and “ Conditional Gauge Theorem”'®'. BHP was first proved in [9] for
Lipschitz domains by analytic methods (see also [12],[11]). Later, the classical
link between harmonic functions and the Brownian motion in R" was used to give a
probabilistic proof of BHP'*!. The result and generalizations of BHP to elliptic opera-
tors and Schrodinger operators have yielded stimulating interplay between probability
theory, harmonic analysis and potential theory (see [7],[3],[8],[16],[1]).

The Brownian motion is a particular ( and limiting) instance of the standard ro-
tation invariant g-stable, process, a € (0,2]. The infinitesimal generator A*” of the
latter and the related class of a-harmonic functions have simple homogeneity proper-
ties analogous to those of the classical Laplacian and harmonic functions (@ =2) in
R". Also, the potential theory of A**(n>a) enjoys an explicit formulation in terms
of M. Riesz kernels, and is similar to that of the Laplacian in R", n>2([13]).

The main result of this paper is the following theorem which gives another exten-
sion of the classical theory (@ =2) to the case & € (0,2).

THEOREM 1. Leta € (0,2) and n>2. Let D be a Lipschitz domain in R” and
V be an open set. For every compact set K C V, there exists a positive constant C =
C (a, D,V,K) such that for all nonnegative functions u and v in R” which are con-
tinuous in V, a-harmonic in DNV, vanish on D° NV, and satisfy u(%,)=v(x,)>0
for some x, e DNK, we have
(1.1) Clu(x)<v(x)<Cu(x), xeDNK.

Moreover, there exists a constant 5 =5 (&, D, V, K) >0 such that the function
u(x)/v (x) is Holder continuous of order  in KN D. In particular, for every Q e
aD NV, lim u(x)/v(x) exists as D s x—(Q.

‘Generally, we follow the approach designed by W. Hansen'”’ for elliptic opera-
tors (see also [ 11]). In particular, Lemmas 1,3,4,10,13 and 16 below have their
analogues in [12],[11] and [7], with major changes in the proofs. The main oh-
stacle to our development is the non-locality of the integral-differential operator A*?,
resulting in non-locality of the definition of a-harmonic function and even of the no-
tion of nonnegativity for such functions. This makes many of the arguments essentially
different compared with the case of elliptic operators. In reward we are confronted

with new concepts shedding new light on the classical theory. To prove results on the
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class of a-harmonic functions, we rely on basic properties of the corresponding a-sta-
ble process. While a purely analytic approach is possible ([ 13 ] provides an analytic
introduction to a-harmonic functions) , the probabilistic methods are very often more
natural and convenient.

XE—HMEBMHYTE 2EMNIIF. o hWE. F—BRELHAR
MNEFEEMNEERER,SIATHS X CANFLEMEEMTRG S ME
MR, FoBIEE - REIBRURELFNEF AHEREFRLEMUT
SZUNERNHAEF. FZRALFAXWEESR MEH 1 FHEL4ERE
BEBRAXERNME ., BB AARSARRBANNEERERR T
A R a- TR B RE X R AR/ ERE, R R 4E 2 BT LA RE SR X — B X 2
FRAT a-BESBOEAMET, BIISH T AXHRAOREERTERMBE
W JT o

F OB, BARGTERRXBEEREMOANE , AERXHE —
REEIR L AXEBHEE A — 2 1 R EER B

4.1.6 itif ( proof)

BIERHE—BELEXHWER, ZRXPHEERIE. ETURBEEFE(K
MBEIFF) S RE TS, BB ARRBIE—THEET ISR F
a0, A B3 SCH IE SCAT 43 B LA PG A4S ER 4

1. 5|%&;

2. Big Mty FEAER,

3. 5|8 KIHIUER;

4. FEZERMIEA,

BEEFNFFEELEREFTELER, WEAB 2 BB ABP I TR R,
MRES 4B rHBHNEEGRAOMUES, MR EELEREL HREA 51
Wk T, Al UL 4 LI, EE B A E 4 2 HIHSIE , 8 AN 58 4 B & i —
ANNKRRER . — 8 7 JH P8 SCER 3 F 358 O R B AT R SR I b v A B %
i 25t E 5.

WIEBABEEH BEERE:

(1) &AW, eRES RIEER . FEEE;

(2) Bawndy , BIEEHER IR IR

(3) XFES%, REHY, FEBEE BRSSP,

(4) B % BEBN mAFEHRNESEHHAMTE;

(5) &% kBSR4 BB,
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4.1.7 £i8(acknowledgement)

EEXERZE, ARATBTFES L — B0 05, B A5 4E
KREREEFPNIRR, FHNMEBY LERE BHUHS WHEE, EaFEH
BEZAmERR,

4

Acknowledgement The author is indebted to Dr. Hansen for suggesting the
use of Abel ergodic theorem to simplify the proof.

(7 3CHE 3 X 0 2% 19 - 8 A T D1 /R 38 T SE 38K 1] 4k 1 B — 38 3R s I8
#o)

4.1.8 5308k (references)

BELBMBBXWLEHARBTZ—. BEIBEXINESE UMEEZRH
B, B R E R S B AR TAER T AR 4E , LB fl A TAE SR )
BE, EXH5IRAXEEEMmM ARSI 4.1.5) , A E2X&E NS E X
(references) R IX S STERIK F 51 HH o SCEREY 9 Y R AF & 1 RRAE ML 8 O AL A%
WS L SCEREE SRR AR O T R B (R PR EELE) R
HHE EH OB (EFHE RS D RE ER), —BREBEELASR
§5. 2" BBHE XMW E R () B, AEBEEAZHKAEHARIIN
ME EENBERERBHAM HWERES,

7 E S B MR 2 BEEHF S F 8 (Journal of mathematical analysis and
applications) ( % 43 47 R I Fl 2436 ) P B MR A, B R AR T B A E 3
HRER BT B EET, &5 BRI FEE BT 4
%

§4.2 RBHFRNPMEZSIRAE

B OB TR i B S i, ER AT SO 45 IR ERIE R, B AR I, S
EEBRFHFBAMELARMRE , X B EHRHMEERIERA IR U EEE
R R F LRI A — e SE SR, A E R AR, RS EES
THIETER E B — B S5 BB 55 4b, o 50 26 0 B8 P AR R B T i B8 A i S R
.

4.2.1 BHMAR
RN ERK AR B XME T REMER, B RREREH  NFEE
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W EERAREXMHEMWA, BB RIEENEZR AREESA,
R B 2 — A AR, LR R A — AFRAEC T TR I
R AEAREL, EHESHED ARBBEUTABES, REABE
WA B, WEHAARE S —FEK, BAXEERY AR HBRT S,
B % 18— AR

BRSO S A RS M ER AN EE CH TN G AR
117 (we) T RS — AFRERT", IR S, G " we have- ", RIR
MBS 2B RS AR TR, KRG R HEIX—FEREAT.

4.2.2 BRAMEBESERE

B AiE SRS P E AN RR G, B ABT R R RE
th E=AZ —EANEFRESE, ERUHEDABES(LEY) . M
(% —2)E2%E, XERIEEATRAZVRFLMNTIRR. XENFE
£,

WM B i 3 R RS 6 4% T I ST L0 A AR Y B U LA B ] 2 TR
MEMER, ISR R Wise LR HEWT S, X, B 25 B0 IE 86 0 A 2
REZEM.

RSP AL S S NAEEYBER, XUE R B, BELNE:

(1) SUR SO 2 BB #4647 89 T4E, A& % 58 AU : This had been the
case before:--,

(2) WA =R,

(3) EFEF— MBI : The second column of Table 2 represents the sum of A
and B. (R2E2HERFAEBZM),

(4) —EEBA—RAAR ., —BROEESR(BFEFHE CIEA L
SR ERERA) MG EEAREN, B, —RoREnEeERsoRs
B2 B A — RN .

(5) FRIZ 0 TV B 80 45 R TR ORES .

4.2.3 EIEMBBEH EH—H

EREAS, X T EESEEER L —BWEREN RS ¥E HBIES
Fif AL FANBREAN A S RE, ENFHNER L. TESI%

HTER,
(1) SE%0 38 A B s 1A 4188, B BB R R shid Xi8iE
| X equals to Y. (XETYo)

They are equal. (EfMHE%E.)
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(2) B4 and EZA FESH—BRAZL;

#l 3 and 5 are prime numbers. (3 15 FRERE.)

(3) H or,nor,either -+ or, neither --- nor EEMT A EiEEE e, shia
o, B 2 B AR B BeT, B 18 S A A B G

] Neither 3 nor 5 satiefies the equation. (3 #1 5 #AWEX T HFE,)

HE—NEBNAR, 5 EENER B ESASEREIENEEHR
— %,

Neither Einstein nor his students have considered this problem. ( 3 PR #f 18 #1{fh
W) AT % B X N R )

(4) EHBAETEN, YERREEN , BENAALE HERTEE
P 45N 4H R ER 43 B, 1 08 3R R B

The committee has agreed to the plan. (£ R & EX/MTRI.)

The committee were at odds over the question. ( & 51 £ B % 51 11X X A [A] &
AFM)

(5) A there 51— 4 Fat, B iEshAE S B /R ENS — & RENAF
(FiE) -2,

There exists a number belonging to A in this interval. ( 7E3X X (6] HF7E— %
BT A.)

There exist infinite elements in the neighborhood of x. ( £ x AJIX 4B R 777
EXFENMTE)

(6) Hf7iA RE KR RIFDHIBE AR E -8

This number is the upper bound that has been proved the best. (XM 2 B 3%
WEB B AE LR )

(7) number £ 3 1% B I JG # — 1~ of 31 i 52 1 i, # 16 1 & 40 5 17 2
“the” , M HsHiAEE, BAEHEENEF  HBH RN 2", WFEH
iR I #0, B 2 “a number of " B—NEIE, BACHE”,

The number of absentees is small. ($tfE A%b.)

A number of students are out today. (B ASAREET )
REFHBOEHEIE, B0 S 4E— 0 0 BEN B AREHE L8 E,
n. :

Sixty dollars is too much to pay for the unit. (XMNATHBRAE O ETEK
£7T,)

4.2.4 FAWEASHEIEHETEE
S8 B TE— BB IS SR T 1 AR L B AR K PR A — AR 1 4
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N BRFFE O R TS MR, ES N S S HASCERERA T AR
AR, XBFTEER LS AEBRZILH TR, WIMEFI B E KA
o i 2 JOT R R A

1. 4318 R shinl 54 Ry shial 9 5

FE() AERYHARTEREE, HE—RELT, A RYHEAS HAish
ES;

(2) PUBHRZESREFEREFAFTRKRAR,

a+b

Bl1 % a,bdef MBEARENL MsT,ﬂ'ﬁ% a=b i, BEIHREX,

. . b .
(If a,b are negative we have the inequality \/ab s%;and the equality occurs

when a=b. ) ([T & ,occur B4 E#5hid,)

Bl2 AWMEAZ2ENFXNERBTZHIEY.” " The theorem easily
prove. " &L T , KB “ The theorem is proved easily. ” By % i “ The theorem is
easy to prove.

2. & YR A B iEIXT B A 4 TR T R +make” 2 JH B B gy BARAT A Bh A
XiETE R A A

E—VHEN BB B S48 1, BUF 0 SCR bR R R 42 18 A (438
) , AR F(SREAANESH, BARGSR) Fon, KL, 83K
% RN SVERYE E LA E RS T AT BB R 4% AN b make 25 A9 AT
BRYSFARAE, BARERAIZR—FBEH.

f 1 Irrational numbers are compared with rational numbers here. (X B , 3R 1]
RIS A B T B ) WIR

A comparison of irrational numbers with rational numbers is made.

fl 2 Fundamentals of a digital computer is briefly introduced in this book. (7
PBEENBHEFIHTENREARIR) HBON:

A briefly introduction is given to fundamentals of a digital computer in this book.

3. BEAENIEREH

(1) 3 %508 5 A

WATAGE o £ 401 W H T HE s,

%1 1 The function is well defined. (X THRBELTFL2BWE(ENHT).)

FHEE PR T W RS sh s, 8 T8 RIE R 4, 88 R £4r 1A EE
OB AR N E 1B B B iE 1A,

%l 2 F required condition f{, 3 the condition which is required. ( ff & & K
F1Fo)
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H the normalized polynomial {{#% the polynomial which is normalized. ( iF #}1L
(TH)ZHK,)
S EMAERER, FWERNEEMEETR:
513 the well-ordered set( B JF£)
generalized solutions( |~ X %)
W R AL, RR R BEE:
Bl 4 Given £>0,there exists >0 such that---. (X435 H B >0, £ 7E 6>0 f#

% 5 The first problem being solved, the second problem will be solved easily.
(CE)B—TREFLARR, (BB RERSHLEET )

%l 6  All things considered, the solution is the best in our problem. ( % & 3| &
AT 1, XL R B AT XA (B R Y B RS )

(2) BAEEMEEH

TE A 30 GO, BUAE S 1AM B 2 ST 2540 % F LU 253 bz B (R4
TR BRI PR S ) B A B RIS R,

%l 7 Setting n—> o0 ,we obtain the desired result. (4 n—0, Ft 18 2| fF T g4 4%
o)

518 Dividing the same number a in both sides, we deduce the solution of
equation 1. (FIHRIBR LAY o, BER1B H A2 1 H94%.)

TE L B2 SR, A A SHADR R B R X R B RIRZ . Hlin, % AN
FE 5 AF RE & , AT LUBCFE BB 1 AR Z BT 38 2 U (M R A A48 ) .

f5)9 A moving body always resists being accelerated. (;EHEHNYHELES
AL )

% 10 A body moving with uniform speed in circle is not in equilibrium. (#£%]
B RS S i A F R )

4. FEBECEYE AN —gE

(1) FABRE BE(BFEE ) K3hiE

T RENRESREE, FAGSER. o,

Let x be a set. (X x B—145,)

Suppose that x is a non-empty set. (fRi& «+ 2 —PMIETE S, Hd that 7] L)
45 #% , Suppose H] #: B Assume, )

Set N={1,2,3,~|. B PutN={1,2,3,|. (4&N=[1,2,3,],)

Denote by df the differential of the function f. ( Ji df /R B f M4 o)

Denote W] Iz R . FlW, E— B alsk R .

The differential of the function f is denoted by df.



242 BUE HBHFCNSEERM

P ) B AU R Suppose &5 Assume T T ARBAS 1142, X T WA
YT IR B BRI, 38 % R assume SR A4 F o 40

We can assume A <ce , otherwise there is nothing to show. ( (78] LA R E
A<o \BWAIEAH )

We can assume A<e without losing any generality. B}, Without loss of generali-
ly, we may assume A<ow . (AR —HE, BRI LIBRE A<e o)

(2) RAHETH e RRUF ISR 317

FRRRHES P RYENAE deduce ,imply , obtain . yield . have % , &~ & 4
BAH follow .occur % — iR 40 , 41 arrive at FHATRRXTEE, 0,

We deduce that x=3. (] H x=3,)

We have the equality a® =b’+¢*. (RBFHX o’ =b+c",)

Equalities A=B and B=C imply that A=C. (£ A=B 5 B=C# & A=C,)

From (1) and (2) follows that x=y+1. ($E (1) F(2) R FH v=y+1,)

The conclusion is obtained. (1§ HH 2516, )

It follows that 2 +y" =2, (#EH 22+ =2,)

g1 conclude FI complete % AR FRIBTERISE R, 0,

Because r is arbitrary, we conclude the proof of equality( 1 ). (FH X r BAF &
B, BT IERSE S, 8 RATIER TR (1)) A A conclude 7] # i
complete ( #7]) o A i complete t} BLHE F/RIF W LB Frp, BEHE R
A, B F Rl

Because r is arbitrary, the proof of equality ( I ) is complete.

(3) KRR S AR

FEE be 5 exist #J i A EY ;there is (are)---fl there exist{(s) -,

(4) RS CE I 3R

For the detail ,we refer the reader to Zhang’s paper [2].

(HBERES KM C[2] (FE: [ 2] RRES% TR M8
ZANCEK)

(5) F B R e e P EH R e " Wy 3hiE 5 A

B 40 call, say, refer to---as-:+, term as, denote,designate % E ¥ & T 18
R,

For simplicity, we will refer to the elements of L' (X) as function instead of
equivalence class. (7 7 R A& W, HATIE L'(X) T ER K o8 B, T R AR &
#r2.)

(6) Jm“H- FIE” 3

F EZE contradict,
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This contradicts the property of A. (X5 A BB TG )

FE B AIAIE 4 contradictory to--- Fl 45 1 1/ 4H in contradiction with -3 A
ATERARBERE ,BRERENNHIANEES,

(7) have G/ &, i FR=am ROT R/ (LB BR A, BB IR %

f5 1 The table has a height of 105 centimeters. ( X5k £ F5 105 E¥,)

f51 2 This segment has an approximate length of 20 centimeters. (X £%28 B 1<
2720 JEK,)

#1 3 This ball has a smaller volume than that cube. (3% -1~ER #9 {& 2 B 38 4 ~1
TAREERR AN )

%1 4 The unit matrix / has the property that AI=A for any matrix A with the
same order. ( BRIV FE M ELAT XA MR MBI R AR RE A W6 AT=4.)

(8) be WA HTRARRT . KD RS, AR L%

LA have MIE R R BIB] 1 ~3 A AH N B -

5l 1 The table is 105 centimeters high.

%1 2 This segment is approximately 20 centimeters long.

51 3 This ball is smaller in volume than that cube (is).

Be+E & 1A RIEH Berof AW + B % AURREHEMEES,

5l 4 The set is uncountable. (X ™ME RN HH )

1 5 Cauchy criterion is of great use. (A PF AN RAF H.)

4.2.5 BRI E

BRI B Z T B E SIUEM R R Z A, 512 818 5 & B 8 4 i 3115
X LB, F AR — LT

(1) ZHENATRERBHNHIRAZE. B2, RR 5N HE R E 8
Ei (40 often, always, never, already, seldom, quite, almost, hardly, generally,
usually , frequently % ) 38 % W 7E17 A 318 Z 8 (H & R B A B A 30T  Bish A=
A1 be, WA X KR (HEE—A) Z 5, H A& (40 easily, particularly %) %
X B R,

51 1 They often study this kind of equations. ({1 {[JRHEHITX L HE,)

5 2 The conversion is usually effected. (¥ 4LIH ¥ BH KW .)

13 The conclusion can easily be obtained by using the following methods.
(AT EDEESREBLER.)

(2) — sl , AN B BRI CE R Y 3hie 5 E R ERZE, RRAEE — 4
KERERERY DA S EHNEEZ R BE N CINIREREZG, A dBaT
BAE ) i) Z A .
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1 1 They find the solution quickly and accurately. AT N 5 T fE 7R R
f# ko)

5] 2 They correctly interpret the situation that---. (i f{JIERRHB B T - Y
&)

(3) BRI i F0 38 V8 @137 % A 2 T4 25 97 B BT T8 R 15 7 25 18, 40 infinitely
many ( TGRRZ ) , uniformly bounded (—B(H ) . X, A EEREEITH| 7 )5 & -ly
RHEBRIE AR WA, N BRI -ly MBS R E—BEM, Mk
iR M AR V] DL 5 entirely radial positive solution,{H S H i% i, entirely ra-

dially positive solution,
4.2.6 ETHERMERZA . BRAOFHHEE

1. “lﬁij ...... Efu ...... "\“H}]:j: ...... (Efu) ...... ”B{Jﬁ,—j‘-\‘&

RSN TR, B HIER D because, M # M since (F #f H2
H as 5 for) 5| S JRBVRIE WA VE G HESE A SR A . X M)Al 0 £ 4)
ZHNZE. NEEWE, RESIERR, EHARERR U R HEL" K
B HE TR

5§ Since the hypotheses (2) and (3) are valid, we can construct a conver-
gent subsequence of {x,1. (M F&M(2)M(3) WL, BATAI AL [, ) — 1
W3 ,)

F OWRERFMA QM) RSB A ER, AT LUK B AR LR By
the equalities (2) and (3), we...,

2. “BRUATCBL” T B F R

Hence, therefore % 278 BT L1, “ B 4™, “ T B 38 58 10L& 136 A
since B, because # L, AR TRAF— LS,

#] From the inequality (3) follows x*+y° =1, hence the conclusion is valid.
(AARERXG)FH L+’ =1, B HRT.)

3. Such that M & #I4/EH

FERFHE FH F such that AA) R X b0 18] B 3 — 25 150 B 0 PR ) (15 B
B ) BT R R B BCE B L R R A9 R ) -

1 Suppose X is a topology space such that each close subset of X is a G-set.
(BRE X BEHPHEMZE X B THFEHTE C,-BE H)X—HMHEYT:

Suppose X is a topology space satisfying that each closed subset of X is a G,-set.

4. “FE(ENE) e W (FEZ) e e S |1 S B "y T IE

IF 515 A6 M 1 £ 5025 2 5 o 102 M AR 1 A 5 DA 0 ) B
(AR ) - oo W (AR 2 ) -eeeee TSR e Bheeeee TEM, BE,EFENEMRY
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ARG TE W (BB 4) " B B0 % BL A ] FE B R P, MR RAL
5 &M% R0, AR EAFF AL IR EB)1A) then (TR Z 1T EHLIBF L“if - -then---”
Yk —RpEA]) o If AN T RARREE £ A Z 87, o] e R 2 )5 5 A Bt 4] B HT
Ja & —A If AT, 53 Bl R R/ADRTHR o

$11 If x eV, we can express X as a linear combination of these basis ele-
ments. (# x e V, RATH AT LIS x R X e BT ROAHAR )

5| 2 If the domain D is regular, then the problem has a unique solution if the
given function f on 9D is continuous. (F XK D IEW ,IF4A % oD LA EWEE S/
SR ET A B ME— IR )

5. “HHEMCYTHRRL

When and only when; if and only if ¥R 2 H{U X" ,H & 4 B 1% iff,

i : The equality is valid when and only when p>1. (X NAFX Y HALY p>1
i AL o)

6. “HE-BRIETHRIE

The term measurable applied to a set in S will always mean V-measurable unless
stated otherwise. (# JC5 LA, FTMX RER T S W— T ESH BN V-1
)

4.2.7 XTFIERXIFE&HEREH
ERHTIES BT B ARFAICEREAS, I H A R H B R E R

B A —BEA, g, Rox e R, NG ask, Ti{EH inquire, T
T4 2 E FOE AR BT, 355 b R R — AR R R S

F 1 commence ( begin) , %5 conclude (end) ,

52 B, complete ( finish) , & eventually (in the end) ,

i H} employ B utilize (use), B4 sufficient (enough),

¥ % many(a lot of), 4t rapid ( quick) ,

(> caution ( care) , i, 13K endeavor (try) %,

Fat, e — M BE R A D B 8 — BB KR |, 20 begin  try 1)
B

4.2.8 FEMEFETWRIEF,RAEMZIFRZE

AN BT IRV, BGERCEIR O B A B IE S IR SGE R BRI
HAEMBIERTFZRBIT AR THIC U B IERBRNEE
ROHEAMRE" . M EIR T RER, X TR E, X B AR B R iR
JUAS R HE R O RIS
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1. #EPEFEFLLAREG RS

WEPEAEEEL X, EERPXH, BFREFERREL. IERRF
M., BEFER - EP¥E RREFLERBEFLULARAE, KHXAFHE
IE, WA R A E R (N ERZETBE) WS (UR R - S8Rt —
BE) R BKE,MTALEE, Flan, — L8 lie 0| F 2 [ % son
space( B[ /7 subspace) , I8 “ B T £ " i¥ i true son set Bf /& true subspace ( if i
proper subset) , 8 F #2240 ” ¥ B, equation group( [if )& system of equations) %5 %,
B RA &,

Hit, ZEXERWRBENE IS B NG HER —EEHOEERE, HF
IWERANPESRIEREFHRE.

2. AEEHIEXFH T W AEES X EREH

FEMARFER S XERA—2ETEUNREBERREFFA Y E, BN
FERDUE R 2T iR, B Z AT RE R A — A, Fl, T =

module, modulo, modulus ( & #{ & moduli)

PR IERT ER R 4 B8, {2 module 1 modulo R FAKHE X%, 1
module FR “ M X B Z B ¥ 45 ; modulo ¥ H L 7E modulo rho-homology
group(“# p RIARE") F L R iWHZ & ;1 modulus W AT §E H BLTE Z D E¥ &
32,8 SURESY ORI 22 51 55 K, 7R XA, 8 7 %€ 1, 20 modulus of continuity
(“HELE T BiEiE) , modulus of convexity( “ME” | ILT 43871 ) , conformal
modulus (“ILEE", LT KER) .

5t [F e, modular(“#E /)" ) B 5 module XL T A 18], I € KRB WA &b
AIERZE, W modular ideal ( “#HFHA ") , modular ring (“BEFH”) &, 1 modulus
A X R TE 25 17 , modulus A B 5 X 44 18] £ € & W B & W R &, 80 modulus
principle (“fEJR ") ,modulus theory (“HLHIE") , oM B H R — L B3 L 1Y
RiE,

S DUE R BLF T (R ) R 25 R mold 8, mould ; “ B2 EY” X R ) B
15 & model; M “ 2R " X 1 (Y S 15 2 pattern, UL SFEE , BEH AN WA 4 4 BE

3. BUNEETRE I LHAR

Bl “HATWESRELEZEHNANHNE NERRN

Our emphasis is put on what is described in chapter 2. (FE“WNA " H X EH
o)

B2 “EANRMETEE 3 LN E TR

The linear space has dimension 3. (X HT“ E"HAFAFKH“is" K HIF.)

B3 “TEASELEBZEKXERRAXRER " B I VLK

Variable A is related to variable B by the Euler formula. (3 E“XR"M“ £
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R HRERES)

Bl4 “MXITITEOTELEFLLRSEEHRIFEVR:

The equation is solved by choosing suitable transformation parameter. ({E&“J
ETHREES)

Bl5 “EARBEMBCENNAATRERRE,” B EFERK:

Recent years have witnessed a very rapid growth of developments of Fuzzy math-
ematics. (YEE EH LM T “ Recent years” , X 4] 7] & B EFF AR A ,)

MEREE EERBERNEER T, OAEEIFERLBEAR
R A BB REFBEGHEKT,

4. EEHX SR K IFERENER

RERESXEEEEEENETRE ASEHS HiAMEE TR L
HPWER(UKR4) ., ARWERBAKFERANE L ARBERAE — SRR, A
FEENSENBRSEREN, BN EXBERERN DR, BHHEIEL
# ok H “ boundary” , {B LA 3¢ [€ & 4 o& $038 X Vi Haymann Jy & &2 8 ) 3R B 4h 3k
V& “ frontier” F/n s 1E AREAR BN “HBR”, 715 R FH sweeping out i ,{H
P L% K E R KR balayage (L REER¥FE R, HrPrmE . i
BB RE, ARG AT, TMEARS S sweeping out BIEH & LR .

A, BATES F— R 3Cut, b B i EL RS — 5 X s A R i 3%
A7 2 S B TR, BT AR R, R ZE S A — B EE,

§4.3 RIEHFERNMBEEX

RIBERBOL H TS BFICER I, T2 — AN ER,

. BXHNAHEFERBEBOALENELR.

Bl If function f(x) is a continuous function on [a,b], then there exists a
maximum point ¢ in [ a,b]. B F &, Bf5—1 function IR R E & ,H A REMR &
WIREERRE T, MY

If function f(x) is continuous on [ a,b], then there exists a maximum point ¢ in
[a,b]. (EHRBA(x)1E[a,b] 35 WA [a,b]H—TRARMEA co)

2. WA LEMNIEIE,

il The results (which were) obtained show the new method is better. H:H1$%
SHEARIE L, (FIBERER, FTERET,)

3. TEWERARAW it LA %,

Bil Tt was concluded that a new method must be devised. ] 3 2% i F 3 B &
ThHIREHR '
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A new method must be devised. (0% it —F i iEK.)

4. W id L “the”

B A0 R B SCIR1B /D TR “ the” WO AL BEB WA

#l 1 The coating of the fabric took 10 hours. (KBRS EEER 10 4~/
BT, ) 8] ¥ BY, Coating the fabric took 10 hours.

PR BRI, “the” AR “the” AR HE XRALT, FIAE MUK
), A ] B R W o

812 —EiSCHIRE B % 8 “ The principles of caleulus” , | &R “ BR 70 1Y
BB AR “the” B &, W HRAR“ R N— LR,

5. EHaef A E (0 —RNRIEEE )

§4.4 HEBERENEERSHERER

4.4.1 HERFS

BRI AR SR S B B T B — AR E R AL NS, B S
BAs, FTEUERRMAES " E5 " 45" 585" " ABBHAZ.

1. A&

ER% A

(1) AfERRAZ R,

il The proof is complete. ({EBASEEE )

(2) FEAHEED , AAFHARERRE BEIBERSHIERHANE
BEARH R

%l Dr., Prof., Ms., a. m. }y 45 5, Mass. 4 Massachusetts ( o e &
M—2EEEHH— N BB, IEA L,

¥22 3 log A, cos A F1 ¥ log,cos 43 H K logarithm, cosine I 4§ 5 B AT
ZyECIP=¢"

(3) AFRREH,

il The question is---. ( H ¥ ¥1iE)

14243+ +n+---. (#ﬁ%"%iﬁiﬁ)

2. 125

FOEBER X hIE S FERYEE T XN TR XHEESZ AN, A
5 Z A ERES,

(1) HEE—RFIFFIWESREE, ZEHESHM and,

5l Positive fractions, negative fractions and zero are called rational numbers.
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(ESE Ao BMERNE L)

(2) B AR A AR A S

i The purpose of the investigation, namely to establish optimum conditions,
was clearly stated. (AR EH , R BEHZHFCHRBFET.)

(3) — BN EBEE0ZHE, MZAIZEERES,

% If all needed variables and parameters are considered and supposed, the
modeling may be started . (MR ELFHREBMSHHEFEHBE, 5L LA
TG )

(4) FEREENDEME S0 IF HREENGTATHES 3T,

The method that proved most convenient was employed. H: i that W\ ] B[R E
PR that ZFIAFE 5007 . (BOBIEN BT ERMTIEBRAT )

The third method, which is considered as most convenient, was employed. J
that MWADEIERRE M, that ZETHE S 2T, (BEMBTHEBRAT, EBIAA
ERITEM.)

3. 4%

A

(1) 4BR™A 3548 (R and) .

| In this paper, conventional algorithm was specified throughout; encryption
algorithm was not mentioned. ( CH A H A B ML B B/E T AR, MBHE
AR K

(2) —AharmE TN EERS, HETERSNERTES , MRS S
BEEEMT R K.

% PC include CPU ( central processing unit} ; monitor, for output; and key-
board, for input. (™ AHLAiE CPU(Hr s 4b 3828 ) , Bonaf (FH Fha ) fgg & (/i
FhA) H)

4. 5

i JHI 0 -

(1) B5HAFT—-TMKKEEZHE,

%l The use of the graph is illustrated as follows: where the function f(x) is
decreasing and where f(x) is increasing and there are how many local maximun and
minimum points. (X B AT F 3 S BH , ok 0 /(x ) 70 P B A2 538 U , 70 O B R 08 Y
8,8 Z 0N REEK &AMER.)

(2) BSHT—RIIKEZH .

%) When you define a variable in C++,you must tell the compiler what kind of
variable it is: an integer, a character and so forth. ( 24 E X C++H— P BT,
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WS FRERTRM ARAE BH FHASGHMAER,)

(3) BERTHERRMERIEZIR

f] Theorem 1 ---. f(x)is a constant function if and only if f'(x)=0 for all x
in(a,b).

Proof “Only if ” part; Since f(x) is a constant function, «--. (WEEH: :H
Af(x) RE AR, o)

“If” part; Letx,, x, be in [ a,b] such that x,<x,. Then---. (FE4-4¥E: & x, ,x,
BT La,b] BWE 2, <x, -0 0)

(4) BSRTRFALERMAE,

$l The operating ratio was 7:9 at 8:30 a. m. .

(BRAEHRELFIMNFRET )
4.4.2 HEFMHBFEFESHES

1. —AiELE B FIF e, B B FERRFERERR A EE BB R8T
5]  Sixty manhours are required to complete the job. ( 5& X W T{E 7 & 60
THY,)
2. —HIE—RAHAGSHG, FHER 2T T ERBBHEE.
5l If a=b,then ¢ holds too. ( IE#f)
If a=b,c holds too. ( 48 24)
If a=1.23,c is finite. (AP42Y)
3. AERES =" TR M) W EESR,BE S ENTH

il When (7) is substituted in (8) ,one obtains a=b. ($534)

When (7) is substituted in (8), a=b. (RI52%4)

Since x+y=1,we have x=2 and y=-1 by (3.1). ($534)
4. ABFEAKXERGLER , ROMES , EWHTERAEZRESREIT.
#l By using the equation a=b, we have--- (}§34)

By using the equation, a=4, we have--- ( R{§ %)

By using the equation (a=5), we have:- (71§ 4)

fiR2 &% i X

X 2004 E R FTFUEHE ¥ S E ) (Bulletin of the London Mathematical
Society ) 55 36 #: (p.516 ~518) [ — R ¥2F 18 o &30 /ME 4 (IE 3 b W3R
SHR) AT, (EEES SPRAEERNCFREEE 5k XK REE—
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B EXZEEM EARMREE R BB g F X R R 808 3 3R A
T RBIA (FEICE) , LIE S BAEA -3,

ON A QUESTION OF HERMAN, BAKER AND

RIPPON CONCERNING SIEGEL DISKS
LASSE REMPE
( Math. Institute, Univ. of Warwick, Coventy CV4 7AL. UK)

Abstract Consider the family of exponential maps E_(z)= exp (z) +x. This
paper shows that any unbounded Siegel disk U of E_ contains the singular value « on
its boundary. By a result of Herman, this implies that k € aU if the rotation number
is diophantine.

Key words exponential map; Siegel disk; singular value; rotation number;
diophantine

2000 Mathematics Subject Classification 37F10, 30D05

1. Imntroduction

In the collection [4] of search problems in complex analysis, the following was
posed as problem 2. 86, attributed to Herman, Baker and Rippon.

Let the function f, (z) = A (e"=1), 1Al =1, have a Siegel disk U that
contains 0.

(a) Prove that there exists some number A such that U is bounded in C.

(b) If U is unbounded in C, does the singular value —A belong to aU?

2mic

In [9], it was shown that if A =™, where a is diophantine, then U is un-
bounded. Rippon [11] generalized an argument of Carleson and Jones [5, p. 86 ]
to give an elementary proof that —A € dU for almost every A. It was also mentioned in
[11] that problem (a) could be solved by adapting a method from [7].

In this paper, we give a positive answer to problem (b), with a rather simple
proof. This implies in particular that the singular value lies on the boundary for dio-
phantine rotation numbers. We shall prove the result in the following form, which al-
lows Siegel disks of arbitrary period.

THEOREM. Let k € C, and suppose that the function E_(z) ; =exp (z) +k has
an unbounded Siegel disk U. Then there exists a j such that k € 9E.(U).

Note that f, is conjugate to E_for k= logA-A.

2. Proof of the theorem

For basic definitions and results, we refer the reader to an expository text on the
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iteration of entire functions, such as [1] or [3].

To prove the theorem, we shall use the following property of exponential maps.

PROPOSITION 1. Let x € C. Then there exists a curve y: [0, y—=J(E,)
such that

'1_121 Re (y (1)) = +% and lirfl_wsoupllm (y(£)) <.

This well-known fact seems to have been first by Devaney, Goldberg and Hubbard
[6]. In fact, it is now known that the set of escaping points of E, consists entirely of
such curves [12].

Fix a k € C for which E,_ has a Siegel disk U. The result, proved by Sullivan
[13], that rational functions do not have wandering domains, has been generalized

to the family of exponential maps by Baker and Rippon [2]. It is well known that

aUCP:={E'(k):neN}; (%)
see, for example, [3, Theorem 7]. Thus k belongs to the Julia set of E,. Indeed,
otherwise x would eventually map into some periodic component of the Fatou set.
Since each such component is an attracting domain, a parabolic domain, a Baker do-
main or a Siegel disk [3, Theorem 6], P would then intersect the Julia set in at most
finitely many points, which contradicts ( * ). (In fact, Baker domains do not occur

for exponential maps, as all escaping points lie in the Julia set [81.)

Fig. A-1-1 The set K and its image.

Let us suppose that k ¢ dE.(U) for every j e N; we wish to show that U is
bounded. Choose §>0 such that

D,(x):=]zeC:lz—xl <8} cC\UE (V).
J
Note that this implies that for every j, E"K( U) CC\ﬁ, where

H=E' D_ﬁ(x)z {ze C:Re z< log 8}.
PROPOSITION 2. For every je N, the set E/(U) has bounded imaginary part.
Proof. Let y be the curve by Proposition 1. Since k € J(E,), we can find a
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preimage g, of ¥(0) undér an iterate of E_such that [ g,—«!<8. Taking the appro-

priate pullback of y, we obtain a curve g:[0, o ) —=J(E_) with g(0)=g,. (If the

orbit of k intersected y, we might not be able to take these pullbacks. However, in

this case we can pull back y along the orbit of « and obtain a curve actually starting

at k. ) Choose the largest ¢, with 1g(¢,) -« =8, and consider the set
K:=E (D, () Ug([ty, ©))).

This set consists of H together with the preimages of g([¢t,,© )) (see Figure
A-1-1). Each of these preimages is asymptotic to a line | Im z=2ksw !}, where
ke Z, and thus has bounded imaginary part. Therefore every component of C\K has
bounded imaginary part. Since E’K( U) C C\K, this proves the claim.

Proof of the theorem. By the previous proposition, we can find S>0 with
IIm z1<S for all j € N and z € E' (U). Choose R>1 large enough such that
exp(R-1)>-logd and exp(R) =exp(R-1)+S+1+xl. Then, if ze C with r; =
Rez=R and {Im E _(z) I1<S,

IRe E (z) I>1E _(z) |-Szexp(r)—lxl-Sz=exp(r-1)+1.
If also Re £ _(z)>log8, then in particular Re (£ (z))-1>exp"(r-1).

Now suppose that there were a z € U with r=Re(z) =R. Tt would then follow

by induction that
Re(E (z))-1>exp"(r-1),
which is a contradiction, since points in a Siegel disk do not escape to « . O
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B SR R A, AR B AR Word SUHF, A REEHF A B Adobe Acrobat
PDF RRA AL F R . 1EH FH AMGEK R B T REEFEEH,
T % % A 4R 15 .

7 T H K 7% B R T A A M XU e 30, H R R AR X B S MR+
KRR RATITENAE =t , and et 30 U — A T B, b T I 8 R &, R 58
TEREBINOEL ATSERABMEERRARHNLEO,

EZERTUBNABENREHIR L, A, BERIEZIEXH—Ed T E
WHRZEF R, F—MEE KRR IORTE R — B ¢ E F R it &Rk, [ —
V&M RN XEHFRHOENER —BARR, EFENZELHTHE,

NEARFHEFORE, EREPHEMERENREEEZLRATER
WikEBLR RS, BRGUBGSEEPEANE LHE RRE LS RE
B EEERAR. WM BUARAFTECERBEXMWIEEEERSN
HZW R G Y] MRS AT S AERMBR, B ZALE XA
R &

R X —2 %A BEREEBTSBA(CRTFRRMESEFEL, TRTF
http : //www. elsevier. com/locate/guidepublication) , XFHE X &FIEE B MET
Rz Ak, RIMTETFRKIG2EA —-HEAHXHEZRURALE . FHE
2 fEH R A I MR ST R -

WMRBIOFEE THMERBEAEEWH N EELABEZABEENBE
VR IR FESCE P B AL R TR . Elsevier (138 7 : 4 AR A 28 3 00 th i B9 44
F)EWGHGFHXFRESUIEEFER, TFEEE S Elsevier 32 [H 4 H AR AL B BX
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FREOYAESE WIBIEFH Tex 8 LaTex 4 HE F H; 457 5 W10 £ B LaTex
(2e) , AZeE R FH LaTex W A W F http://www. elsevier. com/locate/latex,,
F i L AR 8 7 2 7 BT SR B 2 4R HE 5 1 B AT AR AR SRS AR

BRHES LS. R (RISE—T) MEE X ENIREE . TAEE B
LA R AAEREEE EAR 123D UAKRFREFENRE

O HEE ZVELIFNENERAZHETEN. SEEESKRAER & B-FAEIMKE
HAFEZ(FA-BXEEESHOETERE) . HEXNEBHEELG—IK,
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HttiE (B IEHE FHR R AL, B iE SRS R EESH)

FH REOTRHEEXTHIAMNRFRMBAR TS, HAS KRBT
ITER, EREN A H iR, LENER T ITMW LM,

2R ARWHSNITERFSH, ETHENAZ, 5 HAXNEHS
XK Eq. (3) BB AN (3) .

SEXWM WA CEERAREIFSTRMBARFRER. W
[11,[1,2],[1, Theorem 1.5]% % ,Jf H X 26 XK F HFNEXERE,
4 .

[1] Y.Shi, S. Chen, Spectral theory of second-order vector difference equations, J.
Math. Anal. Appl. 239(1999) 195-212.

[2] A. G. Ramm, Multidimentional Inverse Scattering Problems, Longman/Wiley,
New York, 1992.

[3] Y. You, Polynomial solutions of BKP hierarchy and projective representation of
symmetric groups, in: Advanced Series in Mathematical Physics, Vol. 17, World
Science, Singapore, 1989.
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BE EAERALEMNEE., WBELE FHET LRI EN—
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B SAAMNARTFRRFES. TENMNGEERE - FHAEHR
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x4 XEREMRERENYFERBHM

% 315 ( American English, {5 #X AE ) 1 3% [ 31 i& ( British English, & f
BE)EA FR—HK , HUFE—ENER. SNZRTEAREEST L, WA
PE R GIHCARAE T AL E L BHRME, EEAREZWARFEE K
Wo FRRIR 20 P LIk, X EMHAEMR BT REE XK
A RBEENRERE IR AREEEENER, XUEERBEIMAT
AE X P BIFRR . B, RITA L E TH—T AE f1 BE ZE82% L L %45
RIS, AR TR BRI S 1,

EHEERNE BE—REGHREIS T, M HE TR A RH—MiEHE,
AE 5 BE, REB R LN, BEHNE TR, ER— S XEd, ERAKES
REEB AL , A E T meter(AE) , B fii fff F§ metre(BE) ,

ZRICRR[10] [ 11 ] M 5, 740 AE 0 BE ZER ¥ £ R By &
EFEWTHANE, SHE, RINAE, B FRENSEEREEN, B
ZEZMAFFFERT Z , B, AE #I BE WERERFEV P HRABER
HE,

—. B5LHER:

AE M BEAHERE A EEA F —%, BHLH AE W55 BE #HE LR
Ml FERIMLE.

(a) EEHRFEEI AL LT

BE Hid B F B H & ement, 7E AE H 48R ment, 1

judgement ( BE) —judgment ( AE) ; ( M)
BE H I FRAE 1,7 AE RABEER 1, in
labeller ( BE) —labeler (AE) ; (}5:K)

BE FHEHFHHE our, 78 AE A B4 B or, 10

neighbourhood ( BE) —neighborhood ( AE). (45i%)

(b) FHHALGHEWZL

BE I FREEE se, HITFE AE F LU ze B, 0

analyse ( BE) —analyze (AE), (4¥7)
generalise (BE) — generalize (AE) ; (HETT)
BE H Yy F1EH -4 xion B IT7E AE H ¥ K ction, 1N
connexion ( BE) — connection (AE); (%Ei|)

BE I FEHE re, fF AE RHE R H er, 1)
metre ( BE) — meter (AE), (%)
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centre ( BE) -+ center (AE). (ol JELD)

(c¢) BEFF“-"HMXAEE

AR 25 BE RAESFR-", M AE E A/, W

non-negative ( BE) — nonnegative (AE), (JEfAHY)
ultra-filter ( BE) — ultrafilter (AE). (#IET)

—.BELHER

AE 5 BE BB FWERBAR, FERATHE K SAE L, XX HHE
WAHBRAKMEMNE  HEEBT 8. NBKkEE . RES58HE AE BRFEA.

(—) WiELEX5

(a) ZhiA

to have R8N “PH "HI& i, AE f1 BE § ) ) B NAEL W EAR . B,
BE F“Has the function property A?” RN “ZBREEEHEEHER A?”, AE At
% F“Does the function have property A?” 3 % 7R R — [0l 4] .

515 A B SRR A, AE 5 BE SRR, #1230 prove (B (IE 55 ) B9 2f 2&
431 A proved Fl prover B, AE thBiFIE L@ H , {H7E BE & proven HIEE A
W .

(b) &R

A5 543, 40 committee 7E BE H A & A B LR R BHE, AT B R
BURSAGYBEE G MEEES R LBBREM,

(c) iR W A%k

Xt FAE of structure Z A H BAI 2 18] (L F structure fARAF FIR AN A1),
BE it ial {8 AE ANME K, F A X — B R AR LA, EARHER,
TH&Z AE 61, HH Substitution A 5 i)

Substitution of iron for wood hastened the decline of the sailing vessel.
it 5k, BE A — 36K B 5 18] 99 4515, U at table, in hospital, at school % AE &
FEH PRI Z BTN E S the, 57 4h, & — LG iES RN BB RRE, Bl
BE 2 half an hour F/R“2E/pit” , AE th AR A a half hour F/RE]—F &,
(d) AR

one’ s floneself XFF X B HHE . \ »
(&) AidlHy Mk " afD

AE % on a train (boat) (£ K ZE (#) L), on the street( ZE% I ) ,BE Wi o
in a train(boat) , in the street B/REl— PR X, ERFF, E#RE—ITTE (X é;?@%}
) LA, 7 on a space (domain) Y in a space( domain) B F =, e gk

7141 ,BE H] all those (i & X 48) ,AE 3R A all of those %75, BE fi to ap- 3@ )
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proximate to the value( B¥T3X A ), AE 44 % 317 approximate Z J& Y to. 25l
51 F WE B , 35 ¥ S 20 3] DA I 4 3 iR R Bk Eh A

(f) FiHH R

BE H % /R 45 8 i) % i) so that, so---that 4 2 such---that %, K iy that 78
AE RHE AR

(=) AELHEN

(a) AE FARIBEMALE LB RIE, @] # Al e B sh A Z AT 82 f5 , I BE
o B3R — AR AR S AL B FEBh B iR 2 .

AE 4] F : Those curves certainly don’ t intersect at point 0. BE 5 j{, Those
curves don’t certainly intersect at point 0. (XS H EAESTE 0 SHZ,)

(b) FMZER1E BE HP R FBLAE 58 B R W) 77 AE HP B0y — i
=K,

(c) AE RAYFNEN , HHBESMER BE FMK, RHESBEERMNIER
FEXTHE G o

SVRAXTABHNER

B F BE 5 AE fiARRMR A A AP EHEF L FE RIS, X ®R
FMZAERENIEZWEBEH MR EEPCEBT -8, ERFRE LT
BN F SR Bln, CEET —iF AR HE R set, X — & AE 5 BE £ &R
St F i — LB RM K", BE % R class F/n, 1 AE LW R &, AT A family 2§
collection Z2 /R, “— 2 H " BE £ 54 a sort of equations, ] AE ¥ F kind {{#
sort.

LR, B MR SCEB R B S B R A A8 J8REF X, R ELEL AE #1 BE R &
SRR o

AR

. XEHEXTBE 5 AE EFR X LHNERVOILNE, VI¥ELE
T ERERKREE S, AXNBEASLHERSHECE[10]F{11],

2. HEREMEEELRNORE, TRAAREENEERNBER. KK
L3, AE WigEREB B B RIE R BE B E B EM A Jess . HAhE
RHEEAW KA AE, BRI R BE, EMEMNBERRAMRE. MP¥E, &
182 R IR AAL s FES YRR b, U R SR FRTAB X [ 5 0 — P 2, 47 i g
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Q0@ ZEHEMAAAEEHR, ETHRELALEFLERANEZNA
MEFFPRALRFERBAGEAESZ—, TAREIRRAHFLLAE
JEEBEHRZE THRIRLAEDE REAATHOLIEEE LAKFS
FLFE(AERRAE)FIPBEHRELALNES AREZRNLANE Y
ARz —, FHERLET0% AEHKFAKAREI B BN, TALS LR
BEPREGAEHAFERARPRZIE LEASHEABERIL (L
EREL)RFIBRGEAAL R, OHENBLRAE %,

AEGHTH SHBMR] A ELHK[2]#[8],

§5.1 RIEHFEXEREN

B SCRZ $R iR BB IR — WU (N D) o
5.1.1 HEXBMHLBE ERASREHFXBNEEY

B LB R B [ MT] B [ DK] e & [ CD ] F B HL M 4%
[OL] % HPHESHNE X TFHHAS AR K ERIRIAR, 10 OL LB %K
FRIRFF, 7E 5| FASCHER BT A 20 AE b (BR 4K ik B EARRATSb) o

SCHRRBR T B KBS MBI N A N LT R 5 KR (R R HER),
EMEROUMNERRF, THLEAGES TN EXFRRFRBHASRERZ
KA W FR IR

BIHIM] GB3CEC] MIFI(4E) (1] #MieX[D] IR4E[R] FRHE(S].
Prifi Xk A] BHEE[DB] HENAEF[CPIME FA4%(EB]%,

EHEPAAEBATKSHEM, B EERELM, FECER,BESIHX
BB S AR IRAFAT , BOR AT A RS PR In— R/ S S B Sk L B bR
A, B REIEPE(DB/MT] W L HI[J/OL]4%,
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W R AN IR MR EA TR TRE¥ARESMAENE
R AFREFROREMEEFR, SRR HRIS RS MHHF
SR B R S S i B R A A (N e S EH EEEN R
SEH) . P T RRECE ORI A R, E oA AR OB TR
Wi (B4 A L, 5 R, BOESCIR 2R B K, 6 A i
BANANRBERAMERL P -G, EATRREACHFENTHR, — R T
BRI, ERBLEMNKRRTE A SR B A 2 T N m g, %2
BE

W2 B F R, i T E R LR XS HHEHE, T HRIER X
Bk B9 R HR, & R BEE R BB M R A AK R EAIEES LS.

5.1.2 HEEBMERER

(1) #FH45 (Textbook) AR IRA, JB T H M, AR EBRE M ZHAM
AR EES LR, B R A B, F 2B B A% (Springer-Verlag)
SR ANEE MM AR BRI ANEESERHRZ —

(2) %% (Monograph) 3 — ¥R L HUEME, F TR RS0
KRBT AL TR, RGN B AR KR
B LA B e 1o AR R A (R R

(3) M A5 (Series) J& 4 EP & F 30 7 5 45 0 5 LAE 48 9 3% &5 AR ) ( Serial) o
it 535 4 B0 AR PLEY , 20 38 6 49 2 R W BEAL " (Academic Publish House) , £
) BT MRS 7, B 22 10 5 TR (Kluwer Publisher) , 3% [& “ S8 02 th il it”
(Cambridge Univ. Press) St iR T K EME A B, XENFH Y LE kK HiH
SR p R AN, WA M ECEF R TR KRR

(B2t 4 ) (Lecture Notes in Mathematics) AR M E) (Cam-
bridge Tracts in Math) , { #0813 20 % ) ( Annals of Mathematics Studies) H 3t £ I
R RRAL AR B A R R B AR B E A

(4) REZEERSANBEER RZEMATNRE BRI E B, %5
EFM EMELEN B - AL HE., £HE Addison-Wesley th iR+ i 8 (B2
B H BB X2 (Encyclopedia of Mathematics & its Applications) BB KA
BEZEE.

(5) TE$, A% T A +H M+ AHF 4 (Encyclopedia) & # ( Diction-
ary) AE% ( Yearbook ) . T/} (Handbook) .#§ & ( Directary, Guide) B2 # (Math-
ematical Table) A5ME ( Standard ) . 35 H ( Bibliography ) | &1 % #l ( Biography ) , X
% ( Abstract) f1Z& 5| (Index) % .
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5.1.3 H¥FEXE N

i 1 ( Periodical ) X 42 2% i (Journal ) , & & A A € $A % 22 4 AR 4, B R
AEA A, H EE LR, HAEBUE AT 45 0 R

BrPTIRBRFTENRAIIRGEERE. SEEHEEL, BER RN EHE 7
BEXHEER BERXAEH AHEZ JEE, BRTE R, Ml X, § X
R R B FRARKE, Bt TR EN A (BFE T ELLS XA
BHEMBIRA) RUFREE, WA, AREF TR T S8 8 aiER
L MET HITRIEHER

L. B FRECE S s v B mT R 3 N Fp e B,

(1) SE%FaRE; (2) BEXHBRE;3) FHHFR XM ARB ¥
B (4) BEEN GRS (5) W HF SMERERE (6) BHESTURE
RS BETY BEFRENWARB ¥ EEFLLE;(T) BEURSH
B¥ R BRARESBIRERZE; (8) KR,

2. HIBFRENER

(1) ZRBrZE MERN(EERES S M) (Proceeding of American
Mathematical Society) ; (2) X T H R 20 F R E, i EE (a0 R %
=% (Journal of Differential Equations) F % % 4 43 77 #2 R 44 52 1T BB 1% 4>
FRURSZMXOBRS TR . ESENHRLI(3) mMELAE, MEEK
(EEE ¥ 2 CHE) (Memoirs of the American Mathematical Society) , 4§ i H % —
RECAIEI; (4) B2 R, 3K E AR (O BGE B2 5r 47 22 8 ) (Soviet
Journal of Contemporary Mathematical Analysis) f R A X BH B EX BITHED
¥ .

EIMY FER AR E TS WM S,

§5.2 WEHFXHHER(H#)EX

BERL LESHMRRLAEEXZEAHABZRRFSIALHHA R
BEXBAA KI5 8, I 2% 3CHK (References) M R8T K7 3 IR — & A A& X 51
H(ZR §4.1.8) XMEARA“XESH LM EZER""" (LT RIKH
CERBAT)EXESE BB RAEHER

— UK, B SM S AR AL R E A SR KR E R — (B
), E P95 E S AU BER B S S BB 7R R — A R AL B E
AFFRBE R, LI % S CEP MBS HE EMBEXENEZKLA
MR, SR, R RAR 3% AR LA (3X B4 PR 28 O 4 3 3 45 1 AR 4
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%) HLE R R R BB B % SRk, X K ML E BT 7E K AR LA M S I AR
W (EAERM T ) ER (S WE MR R 2ORMAM)) . 1987 ~1998 4, KN £
BB R A E KRR (LA F AR H GB) 1987 £ R XE S % Xk &
FHMY 1999 F1 A REFHEMEBAE T(FEEARPHOERK) RE
SIEN BB (LU T RN CAI-CD) ™! %t GB ML M M T 81T, HEl
[ Pk 2 He R T (98 BT K217 ) R A CAJ-CD g =,
—WEETHREFEANTEANR: — . 5. BRI =, KM
FE, SEFERBESERERELEXMEBHETRIERREAERIER,

5.2.1 ZELFitXHEFEFBRA

BR-BERARELNRCEFRN TRFIILEREEEFEE MEF M
& EXBH HELAR B HRERME L TE., DENEEIHHES, A
ﬂﬂiﬁﬁﬂ’f’]ﬂ‘]%*fﬁﬁ*lﬂjﬂﬁﬂﬁﬂi%% W E "X —I,

1. HATE A2 B0 AL E R E R0

fEEHZ  WEH , RELER &5, WARE, &1L T,

Blan

[1] E.S. Noussair, On the existence of solutions of nonlinear elliptic boundary
problems, J. diff. Eqns. 34(1999), 482-495.

[2] H. Berestycki, P.L. Lions, Nonlinear scalar field equations, Arch. Rat.
Mech. Anal. 82, No. 3(1998), 313-345.

T Bt — U

(1) X—HAFBRTHEZLHRMESZHAHASES (TR, EXR
fip S ATMA S EAEARESWER) , £0E R ZELHE S HEE Sk
I BRI A RRER,

(2) BRPFFES[ INEFENEANFECRWFS  XBBREFSH1IH
2, B EXEHERELE—HMEAFTES AREEER. B, AryHRilg
RS E AL RGO FHT, AT AN RT AR TR, B
A HEFF M 4b B A SCERI T S 0L 5 IE X ARE | F 5 —B,

) BEHHERFARM. - REEN. 25, 52BFEANS lﬁ*ﬁ
[F, B4k 20 t42 90 FER LMK AT, —RBER, BER, BERKERIRE
BoEM. XEREXHSIARATE _MESEIT. [1]P/EEREN Nous-
sair, ZFHHENE.S. , AXB , AFWEBRAT LM, XFPF 5830
FEEPITXHNFI RAEF -8 BT XPEATIRBEN,ITEEAFWMNE B E
W Noussair, & —RIBXXRIEFBESL —, MEHIIBIEEES EEZ
BIAESEF, (2], SEEREWHAN MEHEZEATA and 5 & E#,AF
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25,

(4) ERXBHZGHIMEAESARNES ., ERANR, RHELK—
FEEE, N TEANE, AR 4 ICE TR F AR &E S B§%
yEESHE,

(5) ZEAWZE(ZE—HK, AMES) AHEKMMARTEHRES;ZE
RHRE, NTHRBER, HBES5HENRIERE, - BRERFHNERES K
AT A AR . BRERLAHE, SEH 5 HEER LB, k1], B E
BERAMES , EESEIETH,

(6) WMZE BB TN, WS o] IR M3 ; 104236 B30 % U0, W30
SRUME, ME“HS 0, MEHRARZENF =M, W No. 3 7EHIREF
ME M EEERERFENREESZES L3, fim, XIK(2]F /8

, No. 3(1998) " H] BEAR 4% th AR LM M ZE SR B AR (1998) ,No. 37 B (1998)37,

() BE—SEEAEE LB, HEAFTERETREER, BEML TR
i, 0B E BT ARG S A T, BEREXRE RS UE-& Ik wE”
(REFHER)

(8) Z5H BT — MRy inf &, 5 A BLEBR S

2. #E GB 1987 A RATHE AR

EEHEZ. BSCEH. HELER ERE.E5(H5) BLEIH

B, % GB ¥E, FE S| XER (2 ] ERER:

[2] Berestycki H, Lions P L. Nonlinear scalar field equations, Arch. Rat.
Mech. Anal., 1998 ,82(3).313-345

K E CAJ-CD RH M FERHAN:

EE L. RSUEH. RELKRII] HRE, £S5 (H5) EIERA.

Flan, ¥ CAJ-CD ¥l , L SOk (2 1 ERE X

[2] Berestycki H, Lions P L. Nonlinear scalar field equations [ J]. Arch.
Rat. Mech. Anal. ,1998, 82 (3):313-345.

S5EAME T, TAH CBMERFHEARZAL, fl:(1) @i

B, BERE:BZEAILES, (2) AMAZRRARMA R, (3) &S # 5N
JEEMAIA,(4) HBERANEES  ESS 2R, (5) S mEFES EE
FEHEEZIE,(6) SR AIA A,

5 GB Wyl FHH ., AT KB CAJ-CD RAIMEALL B RWEXETHRAE
(1) B HRICERGS R EINA A (2) EMEENCMERBRIRAF N T, HF
MAEFESF(HERXRRER XE L, ML FERXEFREMFRFAL R
R XELREMFRFACI(R §5.2.4)),

T ERAFLREREHHRITN, XN —EE5HHK.
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5.2.2 BXEFEREFRHLANER

(1) FEEHX

WE YR EE R EA AR IS0 I HIERE EWERES, X —F
ZHIEZRE WA LA T & RIS - N FEBRARE PR INFT 7R B (R
FBCER 1% ), R4 B M “ Tipuxnannas Marematuxa 1 Mexannka” 7] LI 4B %
“IIpux. Marem. U Mexan. " 5 # “IIMM”

(2) WRIARHT

WEIZMBREERE SR AZBASS" "B, _E - EEZRMNIIH,
fED BE B9 2% 7& “ Mathematica; Journal of Meerut University Mathematical Society”
(B BRRERFHESRED)) .

(3) el 42K

e 2 4 AR B “ Mathematical Programming, with Mathematical Programing
Studies” ((HUEM L, MBEMUHE)) . XE B “WEMY" ST E“H
PR BN &, SRR, I

5.2.3 TEMHAMBEEHERER

BEMBEAE P ERBLGREREER,

1. E S EEH RPLA L E 10 R =

Vet 2 12 S H A SCRRAR B, R, Hh RO, ) B4R
HorR B4 005 2 S0 A5 A At STRK 09 RS 48 B AL L AR A R ERE
Kt RIS BN R DR R, R — RPN IR BN AT, 26 B AT
FEHREZEINES B TS, B &S0k AR B0 A AR 5 4 4R 68 10
REHLAG Y ZER T R . BN

[3] R. Bellman & K. L. Cooke, Differential-Difference Equations, Academic
Press,New York,1963.

2. CAJ-CD RAIMZE KRB N

Ve 51t 4. 4 B H A STR AR [ SCHBRAR AT ] Rt - HH AR, HRRAE .
1R BT (R ) .

Ws| M2 2 5 InSCERARIRAF LM 5 351 FI 28 018 304 22 J5 i SCHRAR
HAF(D] REZEMXEAFRF(R], EEAETHRM, ME 55 & HRE;
HRERSHR §5.2.1 22, i,

[4] Doob J L. Classical potential theory and its probabilistic counterpart [ M ].
Berlin; Springer, 1983.

F1 (R BERRAPRE-BI(XEERIETANE”) ZERRAEITHN
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. B EFRERMENT, HPABKLEE XD,
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00
01
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History and biography ( (%% 5f%&iC)
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04
05
06
08

Mathematical logic and foundations ( ${ 3 1% 8 5§ & 6h)

Set theory (£818)

Combinatorics ( 2 &%)

Order, lattices, ordered algebraic structures( ¥ ,#% , 8 FF R BGEW)
General mathematical systems( — RS

11
12
13
14
15

16
17
18

Number theory ( ¥{i8)
Field theory and polynomials (it 5 £ W)
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Nonassociative rings and algebras( 3E45 &M 5L SR E)
Category theory, homological algebra( 75 B8, A VA E)

20
22
26
28
30
31

Group theory and generalization ( B8 S H#ET)
Topological groups, Lie groups( #i#hEf,Z2=8E)
Real functions( 5Z pR %)

Measure and integration ( Jl] B 5§14y )

Functions of a complex variable ( B85 7% &/ )
Potential theory ( {i/ #4if)



272 EhE BREBEZNEKAOEEAR
32 Several complex variables and analytic space( 2R E 5T J8])
33 Special functions ( 5K PR %)
34 Ordinary differential equations( ¥ {73 /7 #2)
35 Partial differential equations( 4T 771 )
39 Finite differences and functional equations( HR#EF F R S5Z B E)
40 Sequences, series, summability(FF ¥, %, IR A1)
41 Approximations and expansions{ BiES5RBH)
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43 Abstract harmonic analysis( 3122 8 F1 53 97)
44 Integral transforms, operational calculus( F4r At , 5 FiEHE )
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78 Optics, electromagnetic theory ( Y52, By B PR IS )
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80 Classical thermodynamics, heat transfer( 22 8Lt f12f it ])
81 Quantum mechanics( & F }1 %)

82 Statistical physics, structure of matter( it 43, ¥ R &E#)
83 Relativity ( #HXTi8)

85 Astronomy and astrophysics ( K32 5 KK Hi2)

86 Geophysics( HLER ¥ H %)

90 Economics, operations research, programming, games( 2§, 158 &2,
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5.4.1 FRBERAXHEZNEIINHROBFEFE

(1) ERERXHAEE

PEETENAMMEMAERR, FEREMEM T MR, XEEET
W) A E R RO h SR 30 ) B8 W2 AR, vl 3@ B W (32 %)) & B, BR Y
8 X R, bW E PR ) , B A MathSciNet (38 E B R F &
Hi 833, W 3t A Zentralblatt Math.

AR 2 7E M b2 B 0 (RO ) X R B R R —RE KR FiE .

MR2317493 (2008d:35071) 35J60 (35B40 35B45)
Wu, Jiong Qi (PRC-ZNU)

Bounded positive entire solutions of singular quasilinear elliptic equations.
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( English summary)
J. Differential Equations 235 (2007), no. 2, 510-526.

The author investigates the equation

(1) Au+f(x,u, Vu)u®=0
in R", N >2, whenever 8 = 0, fis locally Holder continuous and such that
(2) f(x,u,p)t <C(1+ipl?)

for all x € D, D is a bounded subset of R*, 0 <u < M and p € R". In particular,
under further conditions on £, it is proved that if 8 [0,1), then, equation (1) ad-
mits at least one positive entire solution satisfying either

(3) u(x)?e<p(|xl),e>0,llligl u(x)=0,

(4) co(lxl) su(x)<e'p(lxl), O<e<l,
in RY, where
e(lxl)=min{l,x1*"}.

Finally, the author proves sufficient conditions under which, for every B=0,
the equation (1) admits infinitely many positive entire bounded solutions u such that
each solution u has a positive lower bound.

Reviewed by Roberta Filippucci

(2) ER—BBBFHIT

i I R A B P TR BT DA Sk R B BB 5 TGRS

{3 iy Springer 3 SR FE ( B4k 4 http : //www. springerpub. com/) Hl Kluwer H
WAt ( Kluwer Academic Publishers, dt 2 S 38 ™ 4k 25 http://www. wkap. com/ , 7
2 BEBRI 4L A hitp://www. wkap. nl/ ) ER 2 4 B IR B, AR T REH
FRRRHSPTRE.

SR LR AH AR Elsevier B— R LKA MBS R 22 M RA R,
HH RS FRER AT R EERET, BRZBEIZ OB, HARE
M LR 4L T ScienceDirect BRI FE, A B W X ¥¥ W (¥ A mble HiE 24
ARG A 1800 BFH T HITY .

R E R Elsevier H AR # B 54, 7 8y A ML http.//www. elsevier. com/
#E A Elsevier W T, IME& 4 &, F# A ScienceDirect B}, A 14 B AT B
TENZARE, EAZRENHIE, TUEBHMRPAEEREHMER 85
XHHE EXHEXXE, RTERASKTREXTFTEGARZNED(E
AToadAEARREERE)  HREMMaI LRAMEN,

BRTIF Z MR, N google \yahoo \ i B #MBPHARERIT A, EHN
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H] 38 X e & T B 5 8 ScienceDirect, )\ £ 75 A M ik ScienceDirect-home i3
AL B IR BT E AR E AR,

WMRRE-FEE, ALREMELRE FTEIMEERIA &
H#2 (search) i A 245 I B PR, %I A Journal of Mathematical Analysis and Ap-
plications, M F <3 &S R, B /R Journal of Mathematical Analysis and Ap-
plications B, Journal of Mathematical Analysis and Applications-elsevier ( 2002 4 )
JGIHA elsevier) iX—& H , i A BT LAt A ZERI M T,

W 2& b A e BT DL G B B Y, R R B AL I — s Bk iR AR S AL 2
gk, BN, 2522 Fl 2 b B MY { Annales Academiz Scientiarum Fennicee—Math-
ematica) f& SCI FIRZ4 35, Al #% R EJ5 —Fp Ikl MR R L RARIZRE
(BT, 3#E S T DL A B Rl R AR £

(3) FIHAKZERBAILE M % RER RBEERR

EWEZHRFRAPIHNNE ZGEHES T REHEN K, HiEE
RUEEREBEHNTE, FHIEEARLESHEELAMN FRBREFE, B
W, BN EREBEANEARER AR RS — A, REfEd

http ; //www. math. nankai. edu. cn/
BEA B T K 2 B0 B 5 B 9 I 3, AR G 8 o it B A AT A o i s
B, XHTEDEARNRERE" G2 E S AB A H % MathSciNet #
#5 % Zentralblatt Math Spinger Link 512 .Kluwer Online i 7] B EFE 8 BB &F
G 12 MRORE, Al HXSE OMEEREFEAMNYETEE, HHHEH
STEATT LB BB, A, BEIR, R RBA EARMER TR, 0 E
ZEEH I TE M A BB,

5.4.2 FMEFAFTIXERS

1960 4E A 3 , 3 E Bl % {5 B B 5% F7 (Institute for Scientific Information, fa] Ff
ISDEIET #3151 X K5I %K B, BLE | Thomson Reuters fi . B4 5] C#E 5
(Science Citation Index, Pl : http://www. isinet. com) & ISl PR EE W —FE
BHEE B A A Nt RS B S AU R A BRSO R S| TR e R AR 22 H R
MR EZENHRBE, SCIFIXRBRHEREL M — X =, AUAF LA
BRI UE B9 £ B VAL SR 22 R A (B, 38 AT DA B i o 4 A IR I & % S
BRRIER . RBMZEARICHE SCLIKGRESI MK E, CHit R L iFBR¥EEN
W FERKFH— P EERUE, SCIHERRBEFRECMMA X FEAIN -1
BEHTE,

WA, 1S R AR JCRCCGHTISIHIRE Y , £ %R Journal Citation Reports)
JCR it &1 SCI s #9 3500 Fi 35 T 75 P 9 4700 Fh 30 7 2 8] 59 51 FE 09k 51 FH 8
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TS B, X R T 08 B T (Impact Factor) 25 48 HOim LU . —
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Topology wibE[ xR ]

Transactions of the American Mathematican Society E(EHFSILAIER]

USSR Computational Mathematics and Mathematical Physics HBEITEBRYERYYE
‘ (xE]

Zeitschrift fur Angewandte Mathematik und Mechanik WHABFS & EH]
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EAE HEFNARERREFL

$ﬁﬂ&%im%&%iﬁ(i%%$ﬂ5ﬁ%iﬁﬂ)*%m%%%ﬂ
CLORAD0 & EPRSRMFRBE(ALLRERFFLASE), LEHET
YEERLH—BAA HEARMEALT, REAZRRETECN HHFT
AEFo ZERAERFCRPRRAN SR, AAEAR—FOFIPRE
Hx R AR,

absolute-value function %% {8 iR %

A absolutely summable series 45 %3 Al F1% %
absolutely unbiased estimator 4 X JC i
it

aposteriori [ ‘eipositeri'aurai] adj. I3 448,
& bra HRREF
- bstract algebra 2

apriori [ eiprai'orai] B A, HER abstract alge

abstract code (=
apriori distribution kil abstrac ;0 R ! % 0 4 B
. bstract ic analysis [
apriori error bounds %EIRER abstract harmonic anay

abac ['®bok] n. B ahstract integral MRS

abacus [ '®bokas] n. B absurd [ob'so:d]  adj. FEiZH
abbreviation [ abrizvi'eifan ] n. #EH, acceleration [ =k selo'reifon] n. fUEE
accessible [ ak'sesabl] adj. FIik#y
accessible boundary point B] A1 Ff &

abstract [ 'ebstrekt] n. #HHR,HE

Abelian function [ [l /R @ﬁ

ident error RIRE
Abelian group ACIEE, BT IR BE accident error  {§ ‘
e accumulaied error FFIRE
Abelian integral B DL/R R4 -~ ; : ke
> &K)Jurasi n. s
abound [ a'baund] v. KEFHE accuracy | '&kjura

= de [ 'zknoud] n. PEALA
abscissa [ ®b'sisa] n. AR acnode [ ]

absolute [ '®bsaluit] adj. #EXTHY active constraint & {F I #3 £33
absolute address 4% Hu ik actual infinity SEF5

absolute continuity #% % 8214 acute angle 4§t 5

absolute convergence 4 X L & acute triangle 8iff =¥

absolute error #AXTiRE acyclic set ER/EFFE

daptive optimizati 1% P 8 {46
absolute value &5 %) {4 adaptive optimization [ 15 M B {f
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add {ed] «v. fl

addend [ a'dend] n. ¥

adder ['ado] n. INiEE
adder-subtracter n. I £%

addition [ a'difan] n. jm,fmE

additive [ '®ditiv] adj. MIELAY, MR
additive congruential method Ml [&] 4
additive group BOELEE

additive operation f ki &

adherence [ od'hisrans] n. #fih
adhesion [ ad'hi;zon] n. [ F

adjacent sides 4§/

adjoint [ 2'dzoint] adj. fEFER

adjoint determinant £ B 17 %] 5

adjoint difference equation fEFERE 4 F 8
adjoint differential equation fEBE S F
adjoint matrix P 55 [

adjugate determinant % B £ FE1TF| R
adjugate matrix ¥ B EFEE K
admissible [ od'misabl] adj. FiFK
admissible curve 71 Hh 28

admissible error FiFiEE

admissible estimate & iF {41t
admissible function 71 bR ¥

affine [ a'fain] n. {55

affine connection {54k 4%

affine coordinate {5514 %5

affine differential geometry {f 5 #84 JLAT
affine geometry {5 81 JLA

aggregate [ '®grigit] n. £4&

airfoil ['eafoil] n. FFHE

algebra [ 'eldzibro] n. %%, L
algebra of logic & # %

algebra of matrices % FEH

algebraic [ ,eldzi'breiik] adj. L%y
algebraic adder fUEINBLEE

algebraic curve {UL¥pheR

algebraic function f{E(EH

algebraic geometry %L/

algebraic plane curve

A I £

algebraical [ &ld3zi'breiikal ] adj. {2

algebraical difference

algebraically closed

B, AR5
(1% &=
(€2 15

algorithm [ 'aelggriéam ] n. B, HNY

algorithmic language

R
BEES

alignment chart 3|2 E , B &
aliquot part E BRI

allege [ o'ledz] v.

all-purpose computer

=L
A E L

almost everywhere JL- &b 4b
almost everywhere convergent  JL F &b 4b

s H

almost periodic function %8 B # 5K $

alpha code Ff}i%
alphabet [ 'a:lfsbit ]

alpha-numeric digit

n. FHRE
FE-H TR

aliernate angle &AM, MM

alternate determinant

LTI

alternate series AL B
alternative [ o:l'tomnotiv ] adj. HF1,3¢

altitude [ 'zltitju:d]
altitude of a triangle

ambiguous [ 2m'bigj

FHEY
n. HE,HL
ZAEKEL
uss] adj. Z“ XK, RN
HEM

amicable number & FI%K

amount [ a'maunt ]
amount of information

amplify [ 'emplifai]

n. B8, A FF
FE&
vo JRVECK

amplitude [ ‘emplitju:d] n. G, HEIg

amplitude modulation

R

an ordered pair — P FX

analogue [ '&nolog]

analogy [ a'n®ladsi]

n. 4L K MY
n. KL, EH
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analysis [ a'naelisis] n. 747

analysis of covariance h 7 £

analysis of variance J§ 2 H7

analytic curve fEHTHIZE

analytic function &7 K ¥

analytic geometry #& #7 JL{A

analytic sheaf 2

analytical [ ,®na'litikal] adj. 447 89,

rE

analytical model f# BT HLAY

analytically irreducible f##7 R A] 24 8

analytic extension f# i JF#

angle ['&ngl] n. A, AE

angular bisector LR

angular domain £ B

angular velocity &

anharmonic ratio 3Lk, JEE AL

annihilating ideal {348

annihilation operator FT{LE F

annular domain B 35 15,

annular region I X1

antecedent [ ,@nti'sizdont | n. B, §i

adj. &

(2@t

anti-homomorphism [ @nti-homa'mo:fizm ]
n. R Z

n. RIE

anti-symmetric [ ,@nti-si'metrik ]

antidifferential [ ;z@ntidifa'renfol]}

anti-sine [ ;&nti-'sain ]
adj. B3}
LaN:i
antitone ['.’«‘.Bntitgun] n. RFF

n. TR

apolar conics M ERHR IR ik

applicable surface AJ 1§ fy B

application [ @pli'keifon] n. B

apex [ 'eipeks ]

applied mathematics [ 4
n. fhiit
v. BT, Bi:n ¥
i, B

appraisal [ 2'preizal]
approach [ a'proutf]

approach zero #F 0
approximate [ o'proksimeit] adj. LAY
approximate calculation LI+ &
approximate error JF IR ZE

approximate evaluations #T il it
approximate expansion VT il B FF =

approximate value i {1 {H

approximation [ 3,proksi'meifan] n. T,
B
approximation by least squares F &/
T EE

approximation of 1st degree — ¥R}

approximation of 2nd degree X {iL

approximation of root 1R AL Ul

Arabian cypher B Hi{F %

Arabic [ '&robik] adj. FIhi{H 8

Arabic numeral P H{A¥FE

arbitrary [ 'aibitrori] adj. HE®N,.EEH

arc [atk] n. P

arc length MK

arc of a graph [E#IJK

arc-hyperbolic function 2 3% il 6K

arch [aitf] n. 5

Archimedian valuation P 3K BRI {8

architect [ 'a:kitekt] n. BRI, %iTH

n. RIEHE

arcwise connectedness B 1Y % 18 1

n. HH,XH

area of a curved surface i [ [ R

areal coordinates F.(> B AR

argument [ 'a:gjumont] n. B, AL,
18 #

argument function XA RE, TR

argument of a function P A TE

arithmetic [3'1iOmotik] adj. BARAM;n. EAR

arithmetic continuum HE ¥ ELES

arithmetic division BARRKE

arithmetic expression BARKAR

arcsine [ a:k'sain]

area [ 'eoria]
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arithmetic mean F AR I, B A FH
arithmetic operation & ARizHE
arithmetic progression & R % ¥

arithmetical [ ,2ri@'metikal] adj. B ARHY,
BREH

arithmetical invariant B RRITHR

arrangement [ a'reindzmant] n. HEF

array [a'rei] n. ¥4

array identifier $(4BFRIR4F
array list %4 3%

array of difference 2 43 #§ 3\
artificial intelligence A T.% &k
ascending order I F ¥
assemblage [ o'semblidz] n. £&
assembly program LR F

n. WiE BRI H

assertion [ a'sa:zfon ]

assign [9'sain] v. 4YEE, ¥ E

assignment statement RR{HiE A)

associate [ a'soufieit] adj. AfEM v. &
...... BE S B

associated ideal FHf¥ ¥R
association [ g;soufi'eifon] n. %2
association scheme #£5& %
associative algebra Z5& A
associative law 45 &%

associative law of addition k&g &1

associative law of multiplication k4541

assume [ a'sjurm] v. BE,BW({H)
assumption [ a'sampfon] n. {R:E
asterisk [ 'eestorisk] n. B&

asteroid [ '®staroid] n. B4k
astronomy [ a'stronami] n. X X2
asymmetrical [ ,&si'metrikol] adj. RXFTHFRE
asymmetry [ ®'simotri] n. AXFR
asympiote [ '®simptout] n. BiELR
asymptotic [ @simp'totik] adj. ®7iE @

asymptotic behavior B RE
asymptotic curve #7if gl 28

asymptotic line #F T 2%

asynchronous [ei'sipkronas] adj. EFEIHH
atomic event JE T3 #

atomless set function {5k iR T A 4 bR 3K

n. Fikt
n. FH

n. 571,05

n. B

n. H I

B 3 %55

autocorrelation [ ortoukori'leifon] n. BAH%

attainability [ o,teina'bilati]
attenuation [ a,tenju'eifan]
attraction [ o'trekfan]
attribute [ a'tribjut ]
augend [ 's:dzend]

auto coding

auto-covariance [ ,ortouksu'veorians]  n.
Ath &

n. HEHl

automatic coding A ZHRH

B 3 B b

BFRH

automorphism [ 0:ta'mo:fizm ]

automata [ 's:tomoto]

automatic data processing
automorphic function
n. HFEH#
ZRCE iy
R, BEAHE
autonomous system E 2{:‘1‘ ?:%

adj. #HHK)

autonomous differential equation

auxiliary [ 5:g'ziljori]
auxiliary circle 3§ By (&
auxiliary problem #§ B a] B
n. FH;adj. FHEY
average error 1R
average rate FIJAE{L R
average rate of convergence 381 S 7 #R
average value FHJ{H
adj. B

n. AH
axiom of choice A

axiom of completeness FE& /NI

average [ '@varidz]

axial [ '®eksiol]

axiom [ '&ksiom ]

axiom of parallels 7/ 3
axiomatic method 7\ JH 3
axiomatic set theory ZNH{LEAL
axis [ 'eksis] n. Bl

axis of L8l ( =real axis)
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axisymmetric [ eksisi'metrik] adj. X FREY

B

balance equation -5

balayage method BRI

Banach algebra E-§ Tae

Banach space EE#HE &)

bar graph &KEHE

barrier function [ g BB 4

barycenter [ 'barisenta] n. FO

barycentric coordinates E /213

base [beis] n. J&,%#

base angle Ji5f8

base of a triangle =T BIE

base of exponential function $& 4 4 YK

base vector FEMIE

Bernoulli  ( A& ) A% F

I 2 IR - 55 A 48 18

Pk =

Bessel s inequality M ZERAER

best approximation BiEEiR

best estimator  F{EfEITE

beta function B-PREK

betti group Dl #F¥

biased [ 'baiast] adj. HIRH

biased error A {RiIRZE

bicontinuous function XX % £E ofi #X

bicubic interpolation M = KIE{E

biharmonic equation  XUiE #1572

X g, ——
Wk 5f

bilinear [ bai'linia] adj. BEFEH

billion [ 'biljan] num. +4Z

binary [ 'bainori] adj. A9, ZITH

binary arithmetic _#HIEAR

binary digit i $F

Bessel-Clifford equation

bifurcation [ baifa'keifan ]

bijection [ bai'dzekfon]  n.

binary operation ~JCiBH

binary quadric form TR
binary relation “JLX &

binary code 3 HI{LES

binomial correlation TIRAH%

binomial equation I 2

biprojective space X5t %5 [A]
biquadratic equation WK &
biquadratic form B YKL

biquadratic interpolation W IRIEE

n. HHR, K
adj. ZUTFRAY

bisector [ bai'sekta]
bisymmetric [ \baisi'metrik ]
bit [bit] n. {i

blank [blegk] adi. 25 FH
block diagonal matrix 438t % M 58
block diagram HE [

block multiplication 4} B A7

block relaxation HR¥A5H

block search Ar#EiRIR %

body of rotation HEFE{E

bondage [ 'bondids] n. K
Boolean algebra 7 /K ’Nﬁ

Boolean formula 7 /R4

Boolean variable i /R &

Borel set HEHE/RE

bound [baund] n. % ,fR

boundary [ 'baunderi] n. # Jh R
boundary point 1 FH &

boundary value problem 31 {4 7] &%
bounded [ 'baundid] adj. HRH
bounded above H EHH

bounded below # T 5 &

bounded set HHRE

bounded variable &R TR
bounded variation 7 HAFE

box [boks] n. fE,8TC

brace [breis] n. K¥ESF

bracket [ 'brekit] n. 5, HES
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branch [ bra:nt{] n. 3

branching point 3 /&

breadth [ bred6] n. WE

breakpoint information 4% & {5 &

bridge [bridz] n. #f,#FH

bridging order & [El#E4

broken line 72k

Brownian motion process i B iz 31 72

bundle space M\ % [d]

by induction on n (FABFEIZH )X n
71

byproduct [ bai'prodokt] n. B &

C

calculable [ 'kelkjulabl]

calculation [ kalkju'leifon]

adj. WI3FH
n it&
calculator [ 'kaelkjuleita] n. B 28
calculus [ 'kelkjulas] n. MRS ], HE
calculus of variation ZF 433

call in A
call on {fjlA]
cancel [ 'keensal] v. BUH, 41
adj. JLEH
canonical form S5, bR

cap [kep] n. X, RZEZH

cap product R
capacity [ ka'p®siti]

canonical [ ka'nonikal |

n. i

capacity dimension 77 & ZE4(

cardinal [ 'ka:dinal] adj. ZEFAY;n. EE
cardinal number EH

carry over to HEAkEEF 3

n. B4

Cartesian [ ka:'tizzjon ]

carry [ 'keeri]
adj. HFILE,F
3 )

Cartesian basis H £ L&

Cartesian coordinates & JLAFR

Cartesian geometry & JLJLAA[

Cartesian product £ JLFEFR( %]

cartography [ kar'taografi] n. &%

cascade carry ZENLFF

catalogue [ 'katalog] n. HF

categorical syllogism H & —Kit

n. ?@mﬁ ’ gé E!

n. BELK

Cauchy inequality FJFAZER

Cauchy-Schwarz inequality #1 0§ — i FL 2% &
%K

n G B G

center focus HLEE R

center of a circle [B />

category [ 'kaetigori]

catenary [ ko'tirnori]

center [ 'sents]

center of gravity E.[

center of inversion Si#E #.0»

center of similarity FEfAH 0

center of sphere FR.(»

center of symmetry X FR H.L

centered affine space H.0 {8 25 [H]

centered conic .L» K £

centered difference W02 47

central confidence interval .{» B {5 X [

central quadric .0 YK pH

certain event MR

chain [tfein] n. &%

chain condition %% &4

chain homomorphism HERIA

chain rule M)

chance move FEHLUFE , VLI 3)

change [tfeindz] n. ZEFE K&

change of scale R &

o FRELRR ] TR

characteristic [ kerikta'ristik | adj. $F
fiE 9

characteristic basic manifold $§1iF 3 7 &

characteristic class RMEH

characteristic curve 51 i} £8

characteristic root R {FAR

character [ 'kaerikta]
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characterisic value ZfE{H,$51EH

characterisic vector $F1E [ &

chart [tfast] n. FHE , BE

check [tfek] v. B X

check formula gGE V3

chi square criterion y' {8

Chinese remainder theorem fpT P& & H,
o E R 4

chord {koard] n. %

chord at contact 4] 5%

circle [ 'satkl] n. A,

circle at infinity FF5iE[ B ]

circuit [ 'satkit] n. RBE
circular [ 'sotkjula] adj. BEI&,ER 8, &
B

circular arc  [B IR

circular cone B 4

circular cylinder A&

circular cylindrical coordinates  [Bl4F A ¥

circular disc  [A] &

circular frequency J& 3

circular points HEH A5

circular region [R5,

circular ring [ 3

circulating decimal {FFF /ML

circumcircle [ 'sotkom'sa:kl] n. #MEEHE

circumference [ so'kamforons] n. FFE,AK

n. ShEEE

AR

circumscribe [ 'sptkomskraib] v. FE -e----
J& B 2, S U

circumscribed circle Hp3E[H

circumscribed triangle 4p] =M

n. 2,

classification [ klesifi'keifan] n. 435,404

classification slatistic 432545 it

clockwise sense i Bsf & [}

n. #,HA

circumradius [ ;sa:kom'reidios }

class [ kla:s]

close [ klouz]

closed [ klouzd] adj. F#)
closed aggregate H1 4 ( =closed set)
closed curve [FHHZE
closed operator & F
clothoid [ 'klou@oid] n. [EIBEMH £
closure [ 'klouzas] n. HE,AE
cluster point E s
cluster point of a sequence FFIHR&E
cluster set RHE
code [koud] n. F5
code data #4755 RO R iE
code machine ZgF3#l
coefficient [ koui'fifont] n. R¥
coefficient of alienation F xR
HAEX R
coefficient of regression 8] I3 & ¥
coercive [ kou'aisiv] adj. MHIRY

n REF.RFR
adj. LR
cofunction [ kou'fapkfon] n. KB
cogradient mairices [BI253E M , & K
coincide [ kouin'said] v. —3, 4

coefficient of autocorrelation

cofactor [ kou'fekts]

cofinal [ kau'fainal ]

coincident [ kou'insidont] adj. — B, FF
g1

collection [ ka'lekfon] n. 4 , BE

collinear [ ko'linja] adj. H£#)

collinear vectors Ft4% [ i
collineation [ kolini'eifon] n. EH &3tk
collocation [ kola'keifon] n. BB
collocation method it B

n. 4,5

column matrix 545 &

combination [ kombi'neifan] n. #HE
combinatorial analysis 20 & 4>
combinatorial topology #H-& A ¥h

combined method #H-& H it

combining estimate of correlation

column [ 'kolom ]

HWXHE
FAhit
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comentropy [ ka'mentrapi] n. 1584

command [ ko'ma:nd] n. 4

commensurable [ ka'menfarabl] adj. B2
;-4

n./v. Eﬁ )iqzi/lf\;
adj. 3tE, HEH

common denominator Y4}

comment [ 'koment ]

common [ 'koman]

common difference 2%

common factor /AH

common multiple A\ f5#

common ratio Yt

commonsense reasoning % jH #E 7

commutative [ ka'mjustotiv ] adj. 7A] &

Y
commutative algebra ALY
commutative group ﬁ&ﬁ
commutative law 3F 3
compact [ kom'pekt] adj. EH
compact set ',%%
comparable [ 'komporabl] adj. ] HEK)
comparative [ kom'parativ] adj. tbEH,

LR
compass [ 'kampas] n. 54, B
compatible [ kam'petabl] adj. HEK
compatible event HHER) B
compatibility [ kompati'biliti] n. HEMH
compiler [ kam'pailo] n. HIFRFF,HF
complement [ 'komplimant] n. &%k

complement form #pFSFE R

complementarity law H A #t

complementary [ kom,pla'mentori] adj. [ H ]
KB, [ B ]#8

complementary angle £

complementary event #hZE

complementary space 4% %7 [f]

adj. SELH,EH

complete axiom system SEEHANHEEHR

complete induction 524 IF 44

complete [ kom'plist]

completely additive 5% 2 7] I 9
completely continuous operator 2 ELEH T
complex [ 'kompleks] adj. EH, &N
complex analysis & 4r#

complex analytic curve AT i 28
complex conjugate & FLHg

complex integration & R4

complex number n. 4

complex plane &M@

complexity [ kom'pleksiti] n. ®ZRH

complex-valued sequence & {f ¥ 51

component [ kom'pounant] n. W4, 40 E,
X

component ideal A

component of a vector [WEK &

adj. &1
composite mapping & & BL&T

composite maltrix & A5 [

compound function B &K

computability [ kampjurta'biliti] n. 7] it

composite [ 'kompazit ]

=N
computable [ kom'pjustabl] adj. A itE )
computation [ kompju'teifon] n. &

computational efficiency HEME
computational instability 1% B R 8 E 4
computational method 38 J7 i

n. HHEH
computer graphics T8 #LHE

computer program iTENRF

computer programming language & Y787

computer [ kam'pjusts]

EBE
. . & B
computerize [ kom'pjurtsraiz | v. %ﬂ%
£

N .
concave | kon'keiv adj. 3 YA
ncave [ ] . U6 3%%&35
concave curve |4k
¢
concave up M [a] |k fzﬁm
. %’ 4 2
concavity [ kon'kaeviti] n. U é;x"

concentric circles [A).0> [&]
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concept [ 'konsept] n. HIA:

conception [ kon'sepfon] n. A

conclusion [ kon'kluizon] n. %#f

concurrent [ kon'karsnt] adj. &84

condensation test JF IG5 1

condition [ kon'difon] n. &%

conditional distribution £ 4> 7

%M MR

TE

conditionally convergent 4 {4 (58

n. B

confidence interval B{EIX g

confidence level & {57k E

configuration [ kon(figju'reifon] n. #%,
LR, EE

confine { kon'fain] v. R, FRE

conformable matrices W] {345 &

conformal [ kan'forml) adj. 1% faay, 3t

i 0]
conformal geometry R JLAA, T JLi5
BRI B, #

conditional probability density

cone [ kaun]

conformal transformation

G
congruence [ 'kopgrusns] n. F4 2%
congruent [ 'kopgruont] adj. 4, &
%8

congruent integer [FRBH

congruent to each other H 4%
congruent transformation % 4F#h
congruent triangle 2 =fE

conic [ 'konik] n. TREhHZ

conic polar ) TR g4k

conic section BB, ih&

adj. [BIHEE, B4 5

conical [ 'konikal]

conicoid [ 'koniksid] n. — W EhE
Conics [ 'koniks] n. B, B

n. A8, %W
I i ; adj.
Bas i o]

conjecture [ kon'dzekt[s]
conjugate [ 'kondzugit ] n.

conjugate compex number L3 %
conjugate conics 3L ¥E [ 4 fh 48

n. A
conjunction of propoesitions #8194 Bl
conjunctive matrix L HF %5 [E

v EELBEXE
connected [ ka'nektid] adj. i@
connected region % i [X J5f,

connected space 3% 3iH 75 [B]

connection [ ka'nekfon] n. BEZ%

conjunction [ kan'dzapkfon ]

connect [ ka'nekt ]

connective [ ko'nektiv] n. P 4EiF, Bt i
;adj. Beikm
connectivity [ konek'tiviti] n. H@E#E
consecutive [ kon'sekjutiv] adj. XK #Y,
P
consequence [ 'konsikwens] n. i

consequent [ 'konsikwoant] n. 535, 5 {4
conservation [ (konso:'veifon] n. P48
conservation laws SF{E E#E

n HE,—H
consistency principle — B ]

adj. HHEMH,—
£

n. E¥

constant coefficient % 2 %

consistence [ kan'sistons |

consistent [ kon'sistant ]

constant [ 'konstont ]

constant curvature R B3

constant input ¥ ¥ A

constant term ".%"ﬁlﬁ

constructible [ kan'straktsbl]  adj. B #
I54:4)

construction [ kon'strakfan] n. #35

construction problems {1 B &

constructive definition HJ#E M X

consult [kon'salt] v. i#, 5%
contact [ 'kontakt] v. ¥
contain [ton'tein] v. f4&
content [ 'kontent] n. FF

content function 7% & pf #{
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content zero ‘B

context [ 'kontekst] n. BiEXE,.FFX
context-free grammar | F XK XiFE
continuable adj. W[ #EIH I, AT EIB Y
continued equality #EZR

continued fraction % 4} #

continued multiplication % ¥
continuity from above 4L

continuity from below R4k

continuity in the mean ¥4
continuous [ kon'tinjues] adj. ELERH
continuous function ¥ 4 pf %

continuous mapping 3% 48 P&}

n. ELL

n R, B#E, =k
contravariant tensor [ AF ik &

contraction { kan'treekfon] n. WHE, 453
contraction mapping J& 45 Bt &
contradiction [ kontra'dikfon] n. F/F
contradictory [ kontro'diktari] adj. F/&H
adj. MK K, FH
contrary proposition A & 4 &

control [ kon'traul] n. ¥4

control circuit 55 i 28 §k

control theory & #|1Eif

v. WS

converge absolutely 4 X Uit $%

converge uniformly — Bk &k

continuum [ kon'tinjuom ]

contour [ 'kontua]

contrary [ 'kontrori]

converge [ kon'vo:dz]

n. sk
convergent [ kon'vardzent] adj. Yk $iHY
convergent sequence I & %)

converse [ kan'vors] n. Wadj. W
conversely [ 'konvaisli] adv. B2, K%
adj. ™ fY

convexity [ kon'veksiti] n. %

convey [ kan'vei] v. FEik fE@

coordinate [ kou'oidinit] n. MBIz

convergence [ kon'vardzans]

convex [ 'kon'veks]

coordinate axis A4 FR &

coordinate system AbFRZR

adj. JtTH #
n. B, EE
n. BH

n R, W
correction [ ka'rekfon] n. &%IE
correspond [ koris'pond] v. X}

coplanar [ kou'pleina )
coprime [ kou'praim ]
corner | 'kamo]

corollary [ ka'rslari]

correspondence [ koris'pondons] n. Xf57
corresponding [ koris'pondin]  adj. Xfi7AY,
H R 9

corresponding angles [RI LA, %t R A5

corresponding point X} S 1§

cosine [ kau'sain] n. £8%

cosine law RILEE

cotangent [ 'kou'tendzent] n. 4£1]

count [ kaunt] v. 3%

countability [, kaunto'biloti] n. AJ#{E

countable [ 'kauntabl ] adj. A i+ ¥ 89,
H ¥

countable base A #{ K

countable infinite H] #{IC 55 19

countable set W] ¥4

countably addtive & bt fy

countably addtive measure B % 4% 3l g7

counter { 'kaunta] n. f%se

counter clockwise Bt 4F 7 [

counterexample [ 'kauntorig'zaimpl] n. [

counting principle ¥ [H &

couple ['kapl] n. & ,f84

covariance [ kou'veorions] n. fh

covariant [ kou'veoriont] adj. #A5i

covariant tensor 1L AFIK &

cover [ 'kava] v. X

criterion [ krai'tiorion] n. #EW, %) 5 5

criterion chi square 1%

critical [ 'kritikal ] adj. MR, HEH

critical point G R &

cross check HHE K
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cross correlation function B AH3% PR %X

cross cut 3¢, iE A

cross line JEAT 4%

cross product [Al B F, X

cross ratio  ZZHK,EWFILL

crossed products 3¢ W IR

crossing off [k

cryptography [ krip'tografi] n. B¢
cube [kjuib] n. 3777, ;v RLK
cube root 3
cubic ['kjurbik] adj. T H &M, L FH,
=W

cubic binary quantic —J0=KACEER
cubic curve = IREHLR

cuboid [ 'kjurboid] n. K77fk

cumulative error RitHi{R 3

cup [kap] n. R¥FiEH

curl [ka:l] n. EE
curvature [ 'korvatfa] n. #IE
curvature of a curve [l £k Y Bl %
curve [ koiv] n. ghZk;v. Tf
curved [ karvd] adj. ZEIAY
curved space 25 i 25 [|]
curved surface B AT
curvilinear [ ko:vi'linia] adj. fH&H)
curvilinear integral £8 fR 47

curvilinear motion B4R iz 3

cusp [ kasp] n. 28, B A

cuspidal cubic R Z WK &%

customary [ 'kastomari] adj. 3JHA),MBEIAY
cut [ kat] v. #&,#,%

cutting plane #|FH

cycle [ 'saikl] n. ¥

cycle limit  #F AR R

cyclic graph 153 B

cycloid [ 'saikloid] n. 24k

cylinder [ 'silinda] n. H:{k

cylinder functions  AF eR %Y

cylindrical coordinates £ [ 48 7
cylindrical helix #F E IR HELL
cylindrical polar coordinates ¥ [ & A Br

D

damped vibration [FHE#Ezh

data [ 'deito] n. ¥3E (datum #5E %0)

data compression H{HE JE 45

data handling ¥{3E4b3E

data processing ¥ #fE 4b 38

data reduction system #¥(IERILE G

datum [ 'deitom] n. ¥

debug [ di:'bag] n. AR, HAREBF

decade [ 'dekeid] adj. +##l#

decagon [ 'dekogon] n. T

decay [di'kei] n. A, B

deceleration [ diysela'reifon] n. BHEE

decidable [ di'saidobl] adj. FJHIEK

decile ['desil] n. + 9%

decimal [ 'desimal] n. +#E&I/NEL

decimal-binary [ 'desimoal-'bainari] n. +
b

decimal code + ¥

decimal notation +i# i

decimal number - 3 i #{

decimal part /NELER 4y

decimal point /NS,

decimal system it )

decimal system of counting 1 3 i

n. HE,RE,RE

decision model I

decision process RKiE

decision theory KB

declaration [ ,deklo'reifan] n. i Bj

declarator [ di'klerata] n. ULHEAZF

decode [ dir'koud] n. B, FHIELS

n. 5rf@

decision [ di'sizon]

decomposition [ ditkompa'zifan ]
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decomposition into direct sum & i 5+ f#
v. B
decreasing function ) bR %X

decreasing sequence | F&FFE 5

deduce [ di'dju:s] v. S

deducible [ di'dju:sabl] B # 49
deduction [ di'dakfon] n. #i8,E%&
deductive [ di'daktiv] adj. HESH, EEH
deductive method i £ 5

deficiency [ di'fifansi] n. S, 58
define [ di'fain] v. X

definite [ 'definit] adj. E/
definite form & &l

definite integral g fA4

definite quadratic form & K&

decrease [ di:'krizs ]

definition [ (defi'nifon] n. F X
deflation [ di'fleifon] n. W45, E45
deflection [ di'flekfon] n. %

deformation [ di:fa:r'meifon] n. T
degeneracy [ di'dzenarasi] n. 1B{k
degenerate conic kL Rk
degenerate differential equation B {k # 4
TR
degree [di'gri:] n. X, B, W

degree of an angle MAKER

A

degree of a polynomial £ I0 =, A9 1k ¥k
degree of precision ¥ & E

delete [ di'lizt] v. W&

deletion [di'lizfan] n. M

demand [di'maind] n./v. FE

demand function 553K B ¥

demi-continuous mapping YK % %S¢ B 5

EL A 4 i B 3 4

denary notation + i ic ik

denominator [ di'nomineita] n. 4k
denote [ di'naut] v. FiR,id

adj. FER

degree of freedom

denary logarithm

dense [ dens ]

dense everywhere Ab4b#E %

denumerable [ di'njurmarabal ] adj. A]
B H

n. MK

dependent [ di'pendont] adj. #%XH

dependent event X H 4

dependent linear equation A3 48 #7712

dependent variable F7&

depression of order [EH =

derangement [ di'reindzmant ]

n, B

n RF[H]

n. ¥ ME

derivative on the left Z 3%

derivative on the right & &

derivative order (4> [y

derivatives of higher order B %

derive [di'raiv] v. 838,51

derived function FpR%, §H B

Descartes, R. (A%&) R. Bk JL

describe [ dis'kraib] v. %5 ,idik

descriptive geometry I ¥ JL{A] [ 22 ]

v. ®it

v. #5id 16 E A

adj. fFIEHY

detached coefficient 438 &4

detection of error 1RZEH AT

n. WEN

n. 755

determinant divisor 73X F

determinant factor {75z H T

determinant of coefficient R TF|X

determinant rank 7% 2, ) £

determinantal expansion 77| &

determinislic policy MEM K

deterministically & & {4 it

v. BIF R, KB

density [ 'densiti]

dependence [ di'pendans ]

n. EHE
derivate [ 'deriveit ]
derivation [ ,deri'veifan]

derivative[ di'rivativ]

design [ di'zain]
designate [ 'dezigneit ]

designated [ 'dezigneitid ]

determinacy [ di'torminosi]

determinant [ di'ta:minant ]

develop [ di'velap]
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developable surface ] & @l I

deviation [ diwvi'eifon] n. fRZE

diagonal [ dai'®ganl] n. F %

diagram [ 'daiagrem] n. EJE, EIf#, LS
diameter [ dai'zmita] n. HEE

diamond [ 'daiomond] n. FEJE

dichotomy [ dai'katami] n. A

difference [ 'difarans] n. JE

difference coefficient X7, EF A

difference equation 245

difference method 2 4r ik

difference of sets HFEHZE

difference quotient ZEFH

differentiability [ 'difarenfis'biloti] n. Bf

i

differentiable [ difa'renfiobl] adj. RI#AY

differentiable function 7] {3 PR %X

differentiable manifold #{% #HiE

differential [ difa'renfal] n. #43;adi. i
iy

differential and integral calculus FA 4y
[#]

differential caleulus 84y 2

differential equation &l

differential equation of first order — o 1% 4

T

differential equation of higher order B
AR

differentiate [ difo'renfieit] v. kS8, K

#ar
differentiation [ ,difo,renfi'eifon ] n. &
srik

n ¥
diffusion equation ¥ 87 &
digit [ 'didzit] n. FF

digital ['didzitl]  adj. BFH
digital approximation ¥ {H i i
digital computation FFitH

diffusien [ di'fjurzen]

digital filter #(F I

digital bits WFFW

digital-analogue type By EHE

dilatation [ (dailei'teifon] n. -

dilemma [ dilema] n. RS R

dimension [ di'‘menfon] n. # B, AR,
A

Diophantine equation EEZEFTE

dipolar coordinates SUAR A bR

direct product EFR

direct ratio 1E L

direct sum H

directed graph A [ &

directed line [ HZ

directed set A [, EME

direction [ di'rekfan] n. Fid
directional derivative 7 18] %
directory [ di'rektori] n. 2,2
directrix [ di'rektriks] n. ¥EZR

Dirichlet series Tk F| 7L 8 &%

disc [disk] n. E#&

discernible [ di'samabl] adj. AR HAY
disconnected [ diska'nektid ] adj. A &
B

adj. RiE
s

discontinuous [ diskan'tinjuas ]

discontinuous solution  [&] 7 ##

n. HEik, w7k
discrete [dis'kriit] n. BH;ad). BEEH
discrete space 55 B %S [H]

discrete time B H( (A}

discrete variable BE(ER

discretization [ dis kristi'zeifon]

discourse [ 'diska:s]

n. EE
v. MRk, EE
adj. RHERZH
disjunction [ dis'dzapkfan] n. FTEX
displacement [ dis'pleismant ] n. i %,

BEH

disintegrate [ dis'intigreit ]

disjoint [ dis'd3oint ]
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displacement method {3 £ #:

dissection [ di'sekfon] n. &4y

distance [ 'distons] n. BEES

distance from sth. Z|------fyFEE

distant [ 'distont] adj. AT, FIEE M
adj. TEHNMY,
BEMN
distinguished subgroup IE %1 F 8

distortion [ dis'ta:rfan] n. B, K E

n. 434, 4,
IR

distinguished [ dis'tipgwift ]

distribution [ ,distri'bjuzfan]

distribulion law 4% #§
distribution of primes E¥ 71
distribution of values {H /74> 7f

distributive [ dis'tribjutiv] adj. 4rBECAY
distributive law  4) B¢ £

disturbance [ dis'tatbans] n. # 3
diverge [ dai'vo:dz] v. REL, X, 500
divergence [ dai'vordzons] n. &#l
divergent [ dai'vordzont] adj. REHY
divide [di'vaid] v. &

divided difference #)%

dividend [ 'dividend] n. #BE&E%$L
divisible [ di'vizabl] adj. AT Bk&9, 8 FE K
division [ di'vizen] n. B&,FKiE

division algorithm 7 4 bR 1%

divisibility [ di,vizi'biloti] n. B
divisor [ di'vaiza] n. ¥, H T

dodecagon [ dou'dekagan] n. + i1

n. X, & LI

dominant [ 'dominant ] adj. X B W1, ¥
i 89

dominant function 38 5F %

dominant series 3% 2% ¥

dominanted convergence theorem

domain [ dou'mein ]

¥ i W 5
]

dot [dot] n. 5

dot product g7

double [ 'dabl] adj. X,

double angle formula fZFAZAR
double integral —EH A4

double interpolation . #H{H
double limit " EHAZFR

double point &

double sampling LB

draftsman [ 'dra:ftsman] n. HE R
dual ['djuzal] n. {8 ;adj. ¥{BH
duality principle X {8 & 7§

adj. WK

dummy index WEFEHR,BEHR , AR
dummy order [EFE4

dummy suffix ® F#R

n. {5 R

duplication formula {F/HA R

dummy [ 'dami]

dump [ damp]

B 5 A &
B

dynamic programming algorithm

dynamic system ZIEERSG
L

dynamics [ dai'nemiks] n. Zh 5%
E

e.g. BM(HTENES, MY T for exam-

ple)

eccentric circle B/ [H

edge [edz] n. #,#

effect [i'fekt] n. B

effectiveness [ i'fektivnis] n. BEfT4E

effectiveness theory EEfT{H:JHip

efficiency [i'fifonsi] n. B

eigenfunction [ 'aigoanfapkfon ] n. FffE

BRI

eigenvalue [ ‘aigan.vaeljux] n. $FAE{E, A&

fE{E

electronic digital computer B ¥ FiHE ¥l
element [ 'elimant] n. &

element of arc length MK IGE
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element of area TWAITE

adj. ¥1%EH

elementary algebra FJZEQH[ 2]

elementary geometry HJ%5 JLIA[ %]

elementary matrix Y] 56K

v. HEBR, HER

elimination [ ilimi'neifan ] n. T ¥,

HE
elimination by addition or subtraction Jil J& ¥
ToiE

elimination method JHICH:, 1§ =&

ellipse [i'lips] n. H[E

elliptic cone  #f [B 4 i

elliptic function #[& &8 #X

elliptic partial differential equation 4 [B ! {i%
oy R

v. HW R

embedding [ em'bedin] n. #&A

empirical [ em'pirikal] adj. 2% F X #Y

adj. 2

empty product 7= Fe

elementary [ eli'mentari]

eliminate [ i'limineit ]

elucidate [ i'ljussideit ]

emply [ 'empti]

empty set ZSE
endless [ 'endlis] adj. IR, EFRY
endomorphism [ ,endsu'ma:fizm ) n B
endpoint ['endpoint] n. ¥E K&
enlire function %% pg B
entirely complete 52 /)

n. LY
n. BEA BB, RPHE
entry of matrix HE[EHITT
enumerable [ i'njurmorabal ] adj. A #

3D

enumerable set A Fr X4 A ¥ &
v. B
enumeration [ iinju:ma'reifon] n. # 3,

g4

enlity [ 'entiti]

entry [ 'entri]

enumerate [ i'njurmoreit |

enumeration function M %6 BREL

enumerator [ i'mjurmareita] n. iH¥#F

n. £

equicontinuity [ itkwikon'tinjuisti] n. %%
[

adj. HEM;v. FT

n. %, %X

equally likely [F] %W BEHY

equation [i'kweifon] n. F#E,%R

equation of condition HKHFEX,FHHE

adj. BE

equilateral [ itkwi'letaral] adj. %M

equilateral polygon %HEAHIE

equilibration [ ji:zkwilai'breifon] n. ¥4

equipotential line %\ 2%

envelop [ in'velop]

equal [ 'izkwal]
equality [i:'kwoliti]

equidistant [ ,i:kwi'distont ]

n. S4,HH,
%R
equivalence relation ZFHt k&

adj. %4rey
ergodic hypothesis 8 7P B

n. iR#%E

error control 1% 25 5

error estimate 1R 2 fli it

establishment [ is'tablifmont] n. L

v. fiitin fiMH,
&5 4

equivalence [ i'’kwivalons]

equivalent [ i'kwivalont ]

error [ 'era]

estimate [ 'estimeit ]

estimate value f4{E

adv. % %5 (et cetera M) 4g
5)

Euclidean algorithm RRKJLE B HE &

Euler ( A%)BKHL

Euler number RRFI%L

Euler’ s angles BERHhif

evaluate [ i'valjueit ] v. 4, A3,

etc. [et'setors ]

n. WR{E,RKE
adv. B ZF 1;adj. BEHM
even function {EEQH

even integer {H%{ ( =even number)

evaluation [ i,vaelju'eifon]

even [ 'i:van]
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n. HF
evolution [ ,irva'luifon] n. FH

exact differential equation & L& 4F H 42

event [i'vent ]

exception [ ik'sepfon] n. #ij4p

exceptional value 5| #ME

excess [ 'ekses] n. BB

exclusive [ iks'kluisiv] adj. Ruj3y

execute [ 'eksikjurt] v. 4T

exemplify [ ig'zemplifai] v. #iF, 5%,
jg ...... &J%

exhaustion [ig'zastfon] n. 5% #ER

exhaustive [ ig'za:stiv ] adj. 358Ky, 55
RE

existence [ig'zistons] n. fF7E .

exislential quantification 7£7E 87k

existential quantifier 7£7E & id)

expansion [iks'penfon] n. BH X, BHF

expansion in series HEEFF

expected value HIA{H

expenditure [iks'penditfa] n. %, %M

experiment [iks'perimont] n. S XK

experiment design %3 i% it

expert system HFE RS

explicit definition & X

exponent [ eks'pounant ] n. 5%

exponential [ ,ekspau'nenfal ] adj. 1% #

RIS i

exponential equation 3§ ¥ 5 &

exponential function 5%\ 0% #

exponential law 3§ ¥

exponential time 5% 87 jq]

v. RiX AT B LR

expression [ iks'prefon] n. I, FEikzt

extend [iks'tend] v. ¥ %, JEH, {4 B

extended real number [~ X ¥

extension [ iks'tenfon] n. S} E, ¥,
T

extension of field Iy ik

express [ iks'pres]

extension of mapping BRGF Pk
extension ratio {1 3§ L

exterior angle #pfR

exterior differential #pi§ 4>
exterior product #MfR

extract [ iks'trekt] v. F ¥y, k8
extract a root R, FH
extrapolate [ eks'trepaleit] v. #E™, s 8
extrapolation [ ,ekstraopsu'leifan] n. §}4§
extrapolation method #pifipE

extremal length (B K &

extreme point f§ {H &, 4 3% 5

extreme value R{H

face [feis] n. W

face of a dihedral angle — @A B9

factor ['fekto] n. HF,H=X;v. el
A X

factor module RF#

factor ring IR

factoring [ 'feektarin] n. BEHR 408

factorization [ faektarai'zeifsn ] n. ®F
iy

adj. R, ARy

n. KE K, %

family of circles [B] %

family of sets £

fast access BRIE FEHL

feasible [ 'fizzabl] adj. A[47H9

feature [ 'firtfa] n. 4%4F

feedback [ 'firdbek] n. K4

Fermat Conjecture % DM

Fibonacei number  JE 3 HF R ¥

fibre bundle 4 4 A

fiducial [fi'dju:fal] n. B{z

field [fizld] n. 8,4

false [fozls]

family [ 'feemili]



300 ENE HEXEMBAIBEIT

field axiom IR
n. BB, R.8F
n BT LIRB AR v T
adj. 4R
adj. BRBY
finite basis 7 fREE
finite difference R &4
finite dimensional & FR4EKY
finite element # fRIT
finite iteration 75 BRiEAL
finite set A fREE
finitely additive measure 7 FR o] il gf
first derivation —kK &
first order difference equation —[yZE4+H#E
first order equation — 7 #&
first term 5 IH
fin [fit] v. &E
fixed point AN3h A, FE S
fixed value REE{E
flag [fleg] n. #5:E
floating number ¥ S % ( =float number)
flow chart FEE
flow diagram 7% 5] &
flux [flaks] n. HiE,BE
focal distance £&HR
focal point %585
focus [ 'faukas]

figure [ 'figa]
filter [ 'filta ]
fine [ fain]

finite [ 'fainait ]

n. A
forcing function 8 % o %X
forecasting function Tl % bR %%
form [fo:rm] n. .74, B v. BAR
formal inference JE = #EH
formalize [ 'formolaiz] v. IERfk,FE R4k
n. #H

n. AR
v. AAKER,H
B b 3 1K
forward error analysis Hi ] 1% % 4317
foundation of mathematics ¥ %= K Al

format [ 'formeet ]
formula [ 'fa:mjula]

formulate [ 'formjuleit ]

four color problem Y & fa] &R

four dimensional geometry U # JL ] [#]

Fourier analysis {8 B M43 HF

Fourier series 18 B 2%

fractal [ 'frektol] n. 437 ;adj. SFEH

fractal geometry 4}JE JLAAI[ 2]

fraction [ 'frekfon] n. 2%, 43X

fraction in lowest terms 5% f&] 4%

fractional [ 'frekfanl] adj. %KY, /NEHY

fractional part  5rECER 5>, /NECER 4

n FESR,IRER

Amg

frequency [ 'fritkwonsi]

full group SEEB

full rank Bk

function [ 'fagkfon} n. R

function digit #E{E$

function idea FR%EAE

function theory PREUE

functional [ 'fapkfonl] n. % iK;adj. iZ
4]

functional analysis 2 B4 ¥

functional space BRI %Y %S ]

fundamental [ ,fando'mentl]

frame [ freim ]

free vector

adj. B,
AR
fundamental group HE 4§

adj. #RIH, A2 BK

fuzzy mathematics R ¥ 2%

fuzzy [ 'fazi]

G

gain [gein] v. K8, M0 WA
Gallup polls FHE ¥R EM R

Galois equation il & L 72

Galois group {1 FLEE

n M EE

gauge [ geidz] n. B, A
Gaussian distribution & #f 4> 75

game [ geim]
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Gaussian elimination EHFiH Xk
X ES S

general continuum hypothesis

general solution iff f##
general term 3§ Il

generalization [ ,dzenorolai'zeifon] n. —

WAL HE S
generalized [ 'dzenarslaizd] adj. |~ X By,
HIRY
generalized binomial distribution 7 % — Jfi
piiil
generated ring 4 ¥
generating [ 'dzenareitin] n. 4R ;adj. 4
LY
generating curve £} i 28
generating line FF£k
generator [ 'dzenareito] n. HRIT, B4
genus [ 'dzimas] n. T
geodesic [ ;dzirou'desik] n. iz
geometric [ dzio'metrik] adj. JL{aJ#y, JL{a
4y

geometric interpretation JL{AJfE &K
geometric invariant JL{ ARAF
geometric mean JL{i F1y

geometrical [ dzio'metrikol]  adj. JL{a] %
W, JLAT B
geometry [ dzi'omitri] n. JL{E2E

geometry of plane i JL{A] 2

gigantic [ dzai'gentik] adj. E AR, B
CKH

global [ 'gloubal] adj. £/

global error £ JFHiRE

golden section 4 4§

n B BB

graph [ gra:f] n. E,EE

graph theory &g

graphical [ 'grefiksl] adj. EBH

graphical method [Ef:

gradient [ 'greidiont ]

great number K3
group [gru:p] n. £, 8
group of algebra {Q#EE

H

half [harf] n. —2, 42—
half line 2 2R, 4T4%

half period 2k F#

hardware design ﬁfﬁziﬁﬁ'
harmonic [ ha:'monik] adj. WK
harmonic function iE 1 pf %K
harmonic series 18 f14% #{

height [hait] n. BF,5

helicoid [ 'helikoid] n. SRIEE
heptagon [ 'heptagon] n. L1
adj. BEH
hereditary property i {& ¥R
hexadecimal [ hekso'desim () 1]

hereditary [ hi'reditari]

n. +75

b g

hexagon [ 'heksagon] n. Xi#HTE

high degree polynomial & ¥ &3

higher algebra & %&0E

higher mathematics B %%

higher plane curve & [ if ol £

highlight [ 'hailait] v. 38, E;n. 58
Z#ar

Hilbert problem % /R {A % 8] BT

n EFE, &

i

v BSL, B GER

adj. &4

holomorphic function 445 5 %% , #% 47 o6 X

homeomorphic [ haumiou'ma:fik] adj. [Al

histogram [ 'histaugraem ]

hold [ hould]
holomorphic [ holau'ma:fik ]

iz
homogeneity [ homoudze'niziti] n. F¥:
homogeneous [ homou'dziinjos] adj. FWH
homogeneous differential equation 5 ¥ ## 4
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TR
homologous [ ho'molagas] adj. [
homomorph [ 'houmamo:if] n. AR
homomorphism [ homa'moifizm] n. FEZE
homotopic { homa'taipik] adj. RIS Y
homotopy [ \homa'to:pi] n. {2

Hooke,R. (A4) R. 8%
Hooke law #H &/
horizontal [ hori'zontl] adj. 1 ELRAS, K
E‘J;n. 7K¥?£
horizontal line 7K 2%
hyperbola [ hai'pa:bala] n. M A%
hyperboloid [ hai'pa:baloid] n. XU

hypergeometric distribution #8 JLfa] 5 77

hyperplane [ 'haipsplein] n. FrR AT
hypersurface [ haipa'sarfis] n. Bl FE
hypotenuse [ hai'patinjuis] n. &1

hypothesis [ hai'po@isis] n. R

icosahedral [ jaikousa'hedral] adj. —+ 1
{33

idea [ai'dio] n. M3, B4

ideal [ai'dial] n. 3248, BAEK

ideal element ¥FAEICER

idempotent [ 'aidom,pautant] adj. FHH

identical [ai'dentiksl] adj. fEZ§H

identical element B {ITLE, 4T

identification code - %|H5

identify [ ai'dentifai] v. R%(,i\[H

n 5% HEK

identity element B{VIL[E], 46

identity function 8% PR %Y

identity law A —

identity matrix B {37 46 B

if and only if 4 H{Y34

illuminating [ i'lju:mi,neitiy ]

identity [ ai'dentiti]

adj. HIBIHY,

1 B 19
v. B, E R, E
n. & RA . BIR

illustrate [ 'ilastreit ]

image [ 'imid3]

imaginary [ i'meedzineri] adj. B # ., E
o

imaginary axis g

imaginary number ¥

imaginary part B3

imitate [ 'imiteit] v. #H]

implementation [ implimen'teifon] n. £

 implication [impli'keifon] n. ZH¥K,HEH

implicit [im'plisit] adj. B2AY;n. R

imply [im'plai] v. ZW,HH

impossible event AT §EZ {4
improper fraction {f 4%, AT 24 47 %K
improper subset IEEH-F&E
inclination [ ,inkli'neifan] n. {iA
v. it F L A
include [in'klu:d] v. &
inclusion mapping 15 BT
inclusion of sets HEAMAUEFXKF
adj. W3R HY
incomparable [ in'kamporabl]  adj. A A
i)
incompatibility [ ‘inkom,p®ta'biliti] n. A&
A
adj. ¥R, AL
H
increasing function 3 pf £
n W0, MEE
indefinite equation ARE T2
indefinite integral 7€ 43
adv. A E Hb
independence [ ,indi'pendans ] n. X
[#], M [ ]
adj. TXHY,
T3 B

incline [ in'klain]

inclusive [ in'kluzsiv]

incorrect [ jinka'rekt ]

increment [ 'inkrimant ]

indefinitely [ in'definitli ]

independent [ ,indi'pendant ]

AZR

independent variable
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independent event i 57 Z {4
indeterminate [ indi'ta:minit] adj. R#E
B ;n. REIT
n. 8, B IR

index set }§FRE
indicate [ 'indikeit] v. 3583 ,35H 45 E
indivisible [ indi'vizabl]  adj. BRARR
induced mapping i FBLGT
induction [in'dakfan] n. [¥F]HMAE
induction hypothesis 1344 3: B i&
induction principle I3 44 ¥ 7 0
inductive set I EE

inequality [ ,ini'kwoliti]

index [ 'indeks]

n R, A&
inequality constraint AR AH

n. R
inessential singularity JEZAPE A &

v. HEIE HEMT

n. HERR W
n. FH#HR

n. LK, ERH
infinite decimal JCRU/NEK

infinite dimensional JGfR 4 /Y
infinite product Jo%5 FH

infinite sequence JL 35 7%

infinite series  JG %5 4% i

infinite set J 354

infinitely [ 'infinitli]

inertia [i'na:fjoa]

infer [ in'far]
inference [ 'infarans ]
infimum [ in'faimom ]

infinite [ 'infinit ]

adv. L5 H, JC R #b

infinitesimal [  infini'tesimal] n. 75 %5 /)
[E]1;adj. TFHDH

infinitesimal caleulus {4 %]

infinitesimal element J%5/NTCE

n. EFH K

inflection point 34, [E 35

information [ info'meifan] n. {§4

infinity [ in'finiti])

information channel {588 #E
initial condition ]I &t
initial data ¥ IR ELIE

initial value HJ{&

initial value problem 7{H [A] &&

injection [ in'dzekfan] n. RHE,HE 5
innumerable [ i'njurmorabl] adj. L¥H,
BB

input data ] ASIE

inpul output analysis 3 A ;= H 4387

v. EHE,ERD
inscribed cone PN 3% [F] §

inscribed polygon HNFEZHE

insertion algorithm fHA Bk

n. A E

inscribe [ in'skraib]

insolvable [ in'solvabl]

instantaneous [ ,instan'teinjos] adj. Bp &
H, BB

instantaneous velocity B i 3 f§

instruction [ in'strakfon] n. 4

instrument error (X 8§iR &

integer [ 'intidzs] n.

integrability [ ,intigra'biliti] n. TT£4

adj. ATFRAY
adj. BHM, B a8,

integrable [ 'intigrabl]

integral [ 'intigral]

n. sy
integral calculus F434
integrate [ 'intigreit] v. Ff----e o

integrating facter 143 HF
integration [ jinti'greifon] n. 4, F4riE
n. 5%
v. X#H,HE
x#H
interchangeably [ \inta'tfeindzobli] adv. A]
HEHEZH
interdependence coefficient & ff & %

n. NI

intensity [ in'tensiti]

interchange [ ,inta'tfeind3 ]

interior [ in'tiaria ]
interior angle N
intermediate value 4318

internal regression P4 [H] 19
interpolation formula {HHEARX

v. R,

interpretive order fRBEIES

interprel [ in'tarprit ]
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interrelationship M E X A&

intersect [ jinta'sekt] v. #A
intersection [ inta'sekfan] n. 3, 3% &£,
H3E

interval ['intaval] n. X|g], &%
interval estimation [X |A]{& i}

intransitive [ in'treensitiv] adj. EA7#HY,
R A& #

intrinsic [ in'trinsik] adj. PN7ERY

intuitionism [ intjur'ifonizm] n. H¥ E L

intuitive [in'tjuitiv] adj. EWRH

invariant set RAPEE

no R, % 5adj. ¥ H

inverse circular function X = £ bR %K

inverse correlation i 4f 3¢

inverse function JXBRH

inverse image W& ,HE %

inverse mapping ¥ Bk 5t

inverse matrix 3% 40 BF

inverse point ¥ i &, KO &

inverse sine fZ iF 3%

inverse trigonometric function [ =8 B

n. KR, R, K E

invertible matrix 0] 3 48 [%

n. JIrE

involve [in'volv] v. fi&

inward normal  PH [A] 1 4%

irrational [i'refonal] adj. TH M, LHE
Eid:0)

irrational number JCIB¥

irreducible [ ,iri'dju:sobl]

inverse [ 'in'va:s]

inversion {in'vazfon]

involution [ ,inva'luzfan]

adj. A A 298
irreducible fraction JRTJ 2443 %%
adj. [« HZ#,3E
B R

n. NiEH#
adj. %458

irreflexive [ iri'fleksiv]

irregularity [ iregju'leriti]
isentropic [ aisen'trapik ]
isogonal line M4k

isolated [ 'aisoleitid]

adj. R3LHY

adj. FEHY
isometry [ ai'somitri] n. Zf5

n. [@H#y

n. [E#
isoperimetric inequality ZEFAR%50

n. L

isometric [ ,aisau'metrik ]

isomorph [ 'aisgumo:f]

isomorphism [ 'aisou'mo:fizm ]

isopotential [ aisaps'tenfal)
isosceles trapezoid ZfERTY
isosceles triangle ZfE=fF
n RF
adj. 2K A, & [4) A
)
item of information {3 B 5
iterated interpolation method X3 (H Bk
iteration [ jita'reifan] n. ¥Eft

iterative solution % {t %

isotone [ 'aisgutaun ]

isotropic [ aisou'tropik ]

Jacobi algorithm F 7 LB 3&

Jacobian [ dz®'kaubion] n. ¥ 35t 17 5
Xsadj. BEEHHE B

v. B0, EH . S8 KA

joint [dzoint] adj. EHM ,BKELSH

joint estimate B & fi it

joint observation B4 1Rl

Jordan arc  # /K %L )

jump function Bk Bk oK %

join [ d3oin ]

K

Kelvin transformation JF /R 304 #

kernel [ 'karnl] n.

Klein botle 353 H K

knowledge-based system RTHIRKES
known [noun] adj. E M

known function T HEHK
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L

label [ 'leibal] n. ¥R 5 ,45%; v. #RiC
Lagrange multiplier hr#% B H 3T

HHBI B
BwEAR
Laplace equation fu i fir sy 5 #&

Laplace transform $iI 3% I #7 3

lateral face {0 TH

lattice [ 'laetis] n. #&

lattice point & 55

law of association #5-&

law- of ‘commutation 3T

law of contradiction JF &

law of distribution 43 B f

law of identity [f]—f

law of large number K HE #

law of reciprocity H T4

leading diagonal 3= Xf £ 4%

least common multiple & /PAEE

least square method F%/N 3

left ideal 7C 348

Leibniz, G. W. ( A&)G.W. EH &k

n. 538
lemniscate [ 'lemni,skeit ]
length [leg0] n. KE
length of are LK

level line Z£E4k

Lagrange’ s interpolation formula

lemma [ 'lema]

n. WAL

lexicographic [ leksika'grafik] adj. F 4t
HW

library of subroutine F#F&E

like terms  [A] 245100

limit function 1% R R %%

limitation [ limi'teifan] n. FR#I, RHERH

n. &, HE

line of reference &4k
line segment HLR B, LB

line [ lain]

linear combination £R{E#H &
linear correlation £& 4 AH3%&
linear differential equation £&PE{4 77 #82
linear equation £k H &

linear estimation #& {5t
linear function 2% e& ¥

linear operator £KMEH T

linear regression ¢ 1% [A] 19

linear space ZR %S ]

linear transform £ M3
linearly dependent ZR¥EAHZH)
linearly independent £RMETLHER
literal constant X FEHER

literal equation 3L 582

local coordinates JR &P AR R
locally bounded JBIH R
locally convex JRIER¢ K

location of root F iRk

location test \ B3

locus [ 'laukas] n. ¥
logarithm [ 'loga;ri0m] n. X3}
logarithm function % % pf ¥t

logarithmic [ loga'riOmik] adj. XF %@y
logarithmic table Xt %%

logical deduction Z§8#E3§

logical order ZB3#B54

logically equivalent ZEEH K

loss of information {5 B it %

lower bound TFR&

lower extreme | i

lower limit FfB

lozenge [ 'lozind3z] n. 3BH
M

machine arithmetic ¥ 8§iz B
machine computation #3518
n. HLAIW, LT

machinist [ ma'[i:nist ]
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macro instruction & 354

magnitude [ 'magnitjurd] n. B &

main diagonal ¥ %t %

major arc {3

major axis K i

many sorted predicate caleulus 25 7k 218 1A
HE

many-valued function Z5{H B %

many-valued logic #{HZH

map into  BEA

map onto B, HJ&EIJ

mapping [ 'mepin] n. BE

margin analysis 1% 5+ 7

marginal glassification &

mark [maik] n. BiF,IiE5;v. A

Markovian process Ih/RA[ R

match [ meetf] v. FXf,LA

mathematical analysis ¥ 43 #7

mathematical induction %2 A4

mathematical model ¥R R

mathematical physics ${%=¥y3

mathematical statistics . S it

mathematician [ m&0imoa'tifon] n. FEXK
mathematics [ ma&@i'matiks] n. ¥
matrix [ 'meitriks] n. %R, BFRX

matrix trace 4B & /i

maximal [ 'maksimol ] adj. th KW, &
p:o

maximum [ 'ma&ksimam] n. % K, &

K{E

maximum slope Bk #} F

maximum value % K{H , B KME

n. Vi, FHE

mean center difference -3 H.0 3 4y

mean deviation {2

mean proportional  H, ] & I

mean square error iR E

mean value SEHJ{E

mean [ mi:n ]

adj. ATHRY
v, JE,EE e WE

measure space mlj g § I‘B—J

measurable [ 'mezarabl ]

measure [ 'meza )

n. P&,

n. H%

measurement [ 'mezomant |
mechanics [ mi'keniks ]
median line H1£E
memory dump 1€ B 5 &
memory space fFREZE ], FAfEE
mental arithmetic LB, B 7EH
meromorphic function ¥ 4 o §¥
method of concomitant variation AR B
method of exhaustion 2538 &
method of induction |G
method of undetermined coefficient ¥ E &
Bk
n. FHE;adj. FEN
metric space ¥ & %5 (8]
num. B3, B 740
¥

adj. H/E,B/DE
minimal surface % /)5 gl /I
minimal value #R/MME
minimax methed 1R /MR KB
n. B/NMER/ME
minor [ 'maina] adj. ¥/hH);n. F=
minor arc i
minor axis 45 #H
minor determinant 4753
prep. ¥ ; adj. fiAY; n.
s, A5, 5
minus sign 5
missing [ 'misip] adj. R R#, G0
mixed fraction 438
mixed initial value {E-&¥{E
model [ 'modl] n. #WE
modeling [ 'modlin] n. BE
modeling process EREg
modern algebra T i {1

metric [ 'metrik]

million [ 'miljan]

minimal [ 'minimal ]

minimum [ 'minimom ]

minus [ 'mainas]]
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modified formula B EAR
adj. A, EEH
n. 58,5 %

momentum [ mou'mentom] n. FHE

modular [ 'madjulas]

moment [ 'maumaont ]

monogamy. [ ma'nogomi] n. ——3F L

n. %AeB

monoid [ 'monsid]

monotone [ 'monataun] adj. EEM
monotone class  HLE IS
monotonic [ mona'tonik] adj. FFERY

n. BEM

monolonicity principle B8 i ok JF 3

multiform function 25 {8 K ¥

n. %7K ¥, adj.

ZKFH

multiple [ 'maltipl] n. fE#;adj. ZHEK

multiple error HEIRE

multiple sample plan ZERBEHF R

multiple valued logic Z{H:Z%H

multiplication [ maltipli'keifon ] n.
%, %

v I, MG, TR

adv. A Z R i

multiply connected & #HRY

multiply connected region % ¥ i X 35,

n. £

multivalent function £ 0} K%

mutually exclusive H J&#Y

mutually inverse 5 i35 B

monotonicity [ monata'nisiti]

muliilevel [ malti'levsl]

multiply [ 'maltiplai ]

multipole [ 'maltipoul ]

N

naive assumption FME BIEIR

natural boundary of a function FEHE /K B K
BR

natural frequency [E 7 5

natural system B AT R

nature [ 'neitfa] n. ff5E, B &

n-dimensional vectors n #E[m]E

necessary and sufficient condition FEZE &K
necessary condition WHEFH

adj. il

negative definite A 5E K

negative exponent MIEE

negative [ 'negativ]

negative sign 15

neighborhood [ 'neibshud] n. 2F3%
nested interval [X [A] £
net [net] n. R,
net force ¥ 7,405
neural network 148 W 4%
neurology [ njua'rolodzi] n. MIZ%¥ W&
W ¥

n. i, FEIC;adj.
[a] &9

neutral element FEILE ,FHT

Newton,l. ( A&) L. &R

Newton’ s second law of motion U5 i

FER

neutral [ 'njustral]

nodal cubic & & = K il 2%
node [naud] n. EH

non-algebraic [ 'non-,&ldzi'breiikk] adj. I

R

non-countable [ 'non-'kauntobl] adj. AR AT
4z

non-Euclidean geometry JEBKJL{[ 2£]
non-existence [ ,nonig'zistons ] n. ~fF
EH
non-integral dimension 3E % ¥4
non-overlap ['nonf‘ouva‘laep] v. FEESE
adj. EZH
adj. JEFH

non-vacuous | 'non-'vaekjuas]
non-vanishing [ 'non-'venifip |
noncentral conic G — X B
nondegenerate [ \nondi'dzenareit ] adj. IE

B
adj. i B4 Ay, AL
R )

nonhomogeneous [ 'monhoma'dziinjos ]

nondense [ 'non'dens ]



308 FNE BEXBEARBEAC

adj. FEFFKEY

nonidentical [ 'nonai'dentikal ]  adj. & 4[5

B, AEE/K

nonlinear [ 'non'linia]  adj. JE£84EK

nonlinear equation JEZE # H 2

nonnegative [ 'non'negativ] adj. JEf#Y

nonnegative type JF fi %

nonnumerical [ 'nonnju:'merikal]  adj. 3k
BEm

adj. FEIEM

adj. JEFFHY

nonpositive [ 'non'pozitiv |
nonsingular [ 'non'sipgjuls]
n. JE¥
adj. IEEHK,EXH,E
. B
normal derivative & [6] S %
normal distribution IE & 46
normal family IE 3R
normal process IF 2% it &
normal set [ JFEE
normalize [ 'namalaiz ]
normalized form #R#E
n. S, 0%
n. ftEE, i

n & =
n-tuple ['en'tju:pl] n. n-TTH4
null [nal] adj. &, %
null set RE =4
null vector Em £

number [ 'nambs)

norm [ noim |

normal [ 'narmal ]

v. IEHE

notation [ nau'teifan]
note [ naut ]

nought [ no:t]

n. $,558
number of terms I %
number sy-stem E
number theory ¥t
numeral [ 'njuimorsl] n. ¥ E, adj. ¥
FH
numerator [ ‘njuimoreita] n. 4F
numeric [ ajur'merik ]  adj. ¥F MY, B
HE
adj. BF M, 5

numerical [ njur'merikal]

(=X:]
numerical analysis ¥{{H 4> 47
numerical coding ¥ FH G
numerical computation ¥{{§it &
numerical experimentation #{{& 3¢ %
numerically adv. fi¥(F , fE¥HE
adj. XEZH,
E2:)

numerous [ 'njurmoarss ]

0

HAR R

oblateness [ 'sbleitnis] n. fE

oblique [a'blitk] adj. fH&IH

oblique prism 8 kk

observation [ obza'veifon] n. W Z, W

objective function

#HE
obtuse angle Hiff
obtuse triangle Hifg =4
octadic [ ok'tedik] adj. APHH

octal system /Ui &

odd [od] adj. F¥H,FEH
odd function #F {5 %

odd number #H ¥

odd permutation 3 HEF , & Bk

odevity [ ou'deviti] n. ZF{E#
one third =532 —
one-one correspondence —— %t i

one-to-one  —Xf —[ {y]
open interval JF [X [d]
operation [ opa'reifon] n. EBE B
operational code #{EHE
operations research iZ # 2 ( = operational
research )
operative symbol ZHE&ZS
n ZEH.HT
adj. HXT#, # R K

operator [ 'oporeits)
opposite [ 'apazit ]
opposite sides %3}
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n. B £ (optimum &

optima [ 'sptima ]

)
optimal approximation B {¥iHiF
optimal basic feasible solution &% {f 3 4= 7
1T
optimal control & & %)
optimal solution i ##
optimization [ optimai'zeifan] n. HEL{L

optimum [ 'sptimam] n.
orbit space %L iH %5 [f]
order [ 'o:rda] n. B, IKFF
order code F5418
order of a determinant 7% 2 A9 B
ordered [ 's:dad] adj. ﬁf?ﬂ’l
ordered basis & JFH
ordered n-tuple 5 F n-JT4
ordered set HFE
ordered topological [FiHFh
orderliness [ 'o:dolinis] n. #HRHFF
order relation FFH)K FR
ordinal [ 'a:dinl] adj. F¥H
ordinal number FF¥{
ordinary defferential equation #4757 #8
ordinary solution & % f#
n. YAAER

adj. EFK,H MK
n R

originality [ ojridzi'neliti]

ordinate [ 'o:dinit ]
oriented [ 's:rientid]
origin [ 'oridzin]
n. G

adj. IEAZHY
EXZBIRR,
HA®IRER
orthogonal trajectory  1F 32 $h £
orthogonality [ 5:00ga'naliti] n. IF 3,

orthogonal [ 0:'8ogonl ]

orthogonal coordinate system

MHEEH
oscillate [ 'osileit ] v. IRz
oscillation [ josi'leifon] n. #H%,HEsh
outcome ['autkam] n. R, ERH

outer product #HfH

v. 1 E 8, R
n. Mith;v. i

outline [ 'autlain]

output [ 'autput ]

P

pairwise orthogonal Wi IEAS

n. YL

parabolic [ ,p®ra'bolik] adj. #4784

parabolic curve 14 il 28

parabolic segment 14 S , MYk R

n. fYm
n. i

adj. FATHY, 1T 89,

n. T4

parallel computer 3 f7i+EHL

parallel lines 474k

parallel postulate Y17/ %

parabola [ pa'rebals ]

paraboloid [ pa'r&baloid ]
paradox [ 'peradoks ]
parallel [ 'peralel ]

n. T
Uk

parallelogram [ ,pzra'lelograem )

parameter [ po'remita] n. B

parity [ 'peeriti] n. FEH

partial derivative RS, R
partial differential equation R4 77 72
partial ordering g%

particular solution $5f%

partition [ pa:'tifon] n. R4, 449,43
path [pa:0] n. HEBE,#IE

pathological [ \p®08a'lodzikal] adj. FHA K
pattern recognition S &I iR )

pencil of circles [BE 3

pentagon [ 'pentagan] n. HiAE

perfect set SERE ,ZHE
perfect square 5S¢ 2 J

performance [ pa'formons] n. S£f7, 588

perimeter [ pa'rimita] n. B K
period [ 'piariad] n. A
periodic [ piori'adik] adj. JEH#

periodic decimal ¥ /N
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permutation [ ;parmju'teifon ] n. HE %,
B#

perpendicular [ \pa:pon'dikjula] adj. [ H
FH1EE R N R

Perron method JEERE 7 &

perspective [ pa'spektiv] n. FE#M;adj. &

BB

phase space 25 A)

n. EiE,EH, BHE;v

REE&RR

pie charts  Hf 58

piecewise polynomial interpolation 43 Bt & Il

B

piecewise smooth function ZEER Y8 A%

n. FE

plane analytic geometry 3 [ f# #7 JLfA]

plane of symmetry X} 5 H

n. FHA

vo R4y 2 HE(EE)

adj. EHH (AR

phrase [ freiz ]

plane [ plein]

player [ 'pleia]
plot [ plat]
plural [ 'pluaral]

plurality { plua'reeliti] n. o2k, £
plus [ plas} prep. fil;adj. E#;n. E8,
me, B8R

plus sign NS
point [point] n. A
point of discontinuity RIELE K
point of inflection 55
Poisson equation A B
adj. ;0. RAE, W
polar coordinates ¢ 2B kR
a. ECHR[ ik ]
n %, B2

— Bk s
polygon [ 'poligen] n. ELHE
polygonal [ pa'ligsnal] adj. £HKH
polygonal line #7£k
polygonal region & /1T [X I8,
polynomial [ poli'noumisl] n. HZHR

polar [ 'poula]

polarity [ pau'leeriti]
pole { paul]

pole of order 1

a polynomial in x X F x PHBIAR
polynomial interpolation ZHERIGHHE
polynomial time algorithm 2577 5 it (8] B 3%
adj. M

n. @&, A0
position [ po'zifon] n. I E,RKE
position function {3 B H¥
adj. EM, BEM, M-
yi3: 0]
positive definite IE EHY
positive number 1F
positively homogeneous  IE F¥ K i
positivity [ 'pozitiviti] n. E%

polytropic [ poli'tropik ]
population [ ,popju'leifan]

positive [ 'pazativ ]

possibility [ ,poso'biliti] n. A gEM:
postulate [ 'pastjuleit] v. i, B E;n.
ni

n fi%a WHEM
n. RE,FH,H M/
power series R 2%

precision [ pri'sizon ]

potential [ pa'tenfal]

power [ 'paua]

n BH,HEE

n. 8,18 E
predicate calculus 1§iEHE

adj. A BAY,E
330

prescribe [ pri'skraib] v. @4 M E
primary [ 'praimori] adj. FEM,WEH
n. BRBCFEH);adj. &
i d: )

prime ideal Z FiA8

prime number FE ¥

primitive form FEA

primitive function Ji R ¥

adj. EEH
principal direction 3 J7 [#]

principal value of an integral 44 3= (&
principle [ 'prinsapl] n. JE#

principle of argument 4% £ [ 18

principle of induction 9443k I

predicate [ 'predikit ]

preferable [ 'prefarabl]

prime [ praim ]

principal | 'prinsapal ]
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principle of the excluded middle Hf#{#
principle of the least element /NS JREH
n. LR

priority [ prai'oriti]

probabilistic [ ,probsbi'listik | adj. Hf %
K

probabilistic method {38 7 &

probability [ ,probs'biliti] n. 3

probability of occurrence {4 HfF
probability sample fEEEFEX
probability space HE % %3 (]
probability theory #t%i
probability zero FHFE
n. HBME
procedure chart 2% [
process of iteration E{QE:
n. EH
product formula FEFH AR,
repeated product % 3 F1
n. BF
program design B Fi%it
programmer [ 'prougremo] n. & Fi% it
%.BFER
programming [ 'prQUgraemig] n. HA, &
BF
programming language BFiES
programming skill ZREEF 15

probe [ praub ]

product [ 'prodakt ]

program [ 'praugram]

progression [ pra'grefon] n. ¥
projection [ pra'dzekfan] n. B ¥, #%E,
£48

projective method 513 &k , 8t 5t 1%
prolongation [ ;praulop'geifon] n. I,
iR

n. ikBH

proof by induction [ FE¥=¥ 11544 B iEEA

proof-generating technique 3iF BH 4= g3 R

proper [ ‘propa] n. JE ’fr“:'; ﬂdj- iE '#' 3} ,
HiY

proper factor HEHE T

proof [ pru:f]

proper vector FFAiF 5] &
proportion [ pra'po:fon] n. HFi

proportional [ pra'po:fonsl] adj. m L 5IH)
proposition [ ,propa'zifon] n. &3
propositional [ \propa'zifonsl] adj. drfRKY

propositional connective iy & % iH)
propositional function iy 55 pR 3

v. I8, HHE R
pseudo area {H M FH

pseudo code n. fHAG, LH{LHS
pseudo-programming language fHREFIES

prove [ pruiv]

psychoanalysis [ ;saikaua'nzlesis] n. /L JE
Vit

public key AFEEH

pure imaginary #i B¢ ¥

n R, LFE

Pythagorean identity EeiKBF %R

pyramid [ 'piromid]

Q

Q. E. D. (4318 quod erat demon-strandum
WIS ) & IE% i 5
quadrangle [ 'kwodrepgl] n. PUMIE
quadrant [ 'kwadront] n. SR

quadratic curve YK il £&

quadratic differential form RS
quadratic equation IR F

quadratic function KA

quadratic surface YR BH

n. R{WE]H,K
By, HE %
quadrature formula SRFA K

quadric form T RER, ZKHE

qualitative [ 'kwolitotiv] adj. ¥ K L #,

quadrature [ 'kwodrat[a]

EHH
quality [ 'kwoliti] n. & ,&EK
quantification [ kwontifi'keifan ] n. &

w1
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quantifier [ 'kwontifaia] n. &1id
adj. ®E K,
E R

quantitative [ 'kwontitativ ]

quantity [ 'kwontiti] n. &
n. BFEFHEHRS
quarter [ 'kwarta] n. W32z —

quasi-divisor [ 'kwazzidi'vaiza]

quantizer [ 'kwontaizo ]

n. #IEF
quaternion [ kwa'tornian] n. PITH

v. HEBA; n. HEBA

queueing theory HEBA IS

quotient [ 'kwoufont] n. B

quotient set THE

quotient space i 3S jH)

queue [ kjur]

R

radial [ 'reidiol] adj. 72/

radian [ 'reidjon] n. JE

radical [ 'redikal] n. BRA,B 5
radicand [ 'redikend] n. #IFFHEH
n. £ (HBOHK :radii)
v. EEREE(RE)
raise to a power HEFEH.-- - e~
random [ rendom] adj. BEHLE
random event FEHLE A

random occurrence FEHLEE {F

random walk FEYLIFSEY

randomized computation FEHL{Lit+E
n X, EE L EE, B2
range of values {H /)7L E

rank [ regk] n. &

ratio [ 'reifiou] n. H,,HEER

ratio of equality ZF it

rational [ 'reefanl] adj. HIEH
rational function £ T iR ¥

rational number &

ray [rei] n. &, FEHL

real [risl] adj. 5L

radius [ 'reidjas]

raise [ reiz ]

range [ reindz ]

real axis SCHl

real line SCE£L

real root LR

real variable LR, LT R

adj. ATSEELHY

real-valued function SZ{H BB

real-valued sequence 3E{H JF %)

rearrangement [ riza'reindzmant |

reasonable constraint S HHA R

n. M FHE BT

adj. HEEM

reasoning method ¥ 75 %

reciprocal [ ri'siprokal] adj. ¥ K, H
73]

realizable [ 'rislaizabl]

n. EHE

reasoning [ 'rizzonip ]

reciprocal ratio [ H

recommendation [ ;rekamen'deifan] n. ¥
#HORELE EE

rectangle [ 'rektepgl] n. EE

rectangle axes ELfAH

rectangular [ rek'tzpgjulo] adj. EEH,
BEAH

rectifiable [ 'rektifaiabl] adj. W3R KA

rectifiable curve W[ 3K < B il £

adj. &K, HHY

rectilinear motion B Z%3iZ3h

recurrence formula fEF A, B A K

recurring decimal  J§ 3 /M EL

recurring period /PNEAITERT

recursion [ ri'’karfon] n. 3B 15X, 8 #,

4

recursion formula BHEARX,BIFAR

v. fR4L, Befb AL

reducibility [ ridjuiso'biliti] n. AT £y

reducible [ri'djuisabl] adj. AT RI{LEY, 7T

JEE]: 1)
reducible fraction W] 244> %X .
n. fAjik, 5%, L5
adj. R

rectilinear [ ,rekti'linia |

reduce [ ri'dju:s]

reduction [ ri'dakfon]

redundant [ ri'dandant ]
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reference [ 'refrons] n. &% W R

reference system Z#% &

reflection [ri'flekfon] n. &, 5+

reflex angle £

reflexive [ri'fleksiv] adj. BRH,RFH

region [ 'rizdzon] n. K8

regional coding J& &R 4514

regression analysis [0 (5 43+ ¥

régular ['regjula] adj. IENK

regular curve IE Ul f1 28

reject [ri'dzekt] v. EF ¥4

relation [ri'leifon] X F&

relation of inclusion MWEHFXE

relational algebra 32 &{CH

relative coding A Xt 45 15

relative complement  AH X b

relatively complemented H % §)

relativity [ relo'tiviti] n. FAXFHE, tHXHE
the theory of relativity FAX}if

relaxation factor #A3H T

relevant [ 'relovont] adj. & %8y, XBH

relief [ri'li:f] n. A, 842

remain [ri'mein] v. #TF , &8

remainder [ ri'meinda] n. £33

repeated integral BIKM 4

repeated products FEFR

repeated root  EH IR

repeated summation RFUKFE

repeating decimal fEIR/NEL

replacement [ ri'pleismant] n. &, F &

representation [ reprizen'teifan] n. ¥R

required value TRHA{H

rescaling [ ris'skeilip] n. #H&

residual [ ri'zidjual] n. $4 52,0

resolution of a unit BA{3; #Y4#8

result [ri'zalt] n. R

reverse order ¥ J§

reversible process ] ¥ i #2

rthombus [ 'rombas] n. ZFH
Riemann surface 22 & i@
right angle B

right circular cone I [B 4 , B 7 [A] 4
right circular cylinder IE [R &
right line H£

right triangle HA=AF
right-handed system 4 F &
rigid body i {&

rigid law Wi E &

rigid motion N {&iz 3

ring [rig] =n. 3

ring surface IR

Robot control  #JL2§ A ##il
root [ruit] n.

rotation [rau'teifn] n. JE¥E
round angle [

rounding error & A{RE
rounding off & A

row [reu] n. ﬁ

rule [ruzl] n. $EN, 4ER
rule of combination ZH & %} W
rule of inference  HE & #1 0W
rule out  HERR, Hk

raler ['ruilsa] n. R, HR

saddle point £ 5

saltus [ 'szltas] n. ¥RIE,BKE

sample [ 'sempl] n. #Z

sample space fEZN 53 [A]

sampling plan fiHEH R

sampling unit BEACBALT | BEAC AN K

satisfiability [ satisfaia'biliti ] n. A ¥
B

satisfiable [ 'setisfaisbl] adj. AT 2 #

satisfy [ 'setisfai] v. B4, HE
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n. PRE,HE;ad. FRE
BLEEN

scalar field FR&E

scalar multiple FREfFE

scalar product FREF,HEH, AR

scale [ skeil] n. RE 35E,ZE

scaling law {RBE & Fir

schematic representation E £~
schematically [ ski'metikoli] adv. B ##
X

scalar [ 'skeila]

n. EE,

search method 8%k

secant [ 'sitkont] adj. VI, B H;:n. I
£, IE#|

second order difference £ 43

secret code B

secrel key %48

sectionally continuous 4Bt 4L MY

sectionally smooth  4>EX Y6 ¥ i)

n. REE, RV

segment of a circle S

scope [ skoup]

segment | 'segmant ]

adj. HEER/K
semi-circle [ 'semi-'sgkl] n. ¥([H
semi-closed [ 'semi-'klouzd ] adj. 2 #t

self-adjoint { self-'2d,dzoint ]

H &)
semi-continuous function % 4% pR %
separable [ 'seporabl] adj. AJ4rmY

separable space W 4} %5 [A)
separated [ 'seporeitid]  adj. 4> B B9, ¥
5+ 89

separated variable differrential equation ZF &
BN R

n. FE3 %5

n R, —i% B

set [set] n. .4, &E;v. &

set function % PRE

sheaf [ [i:f ] n. B,#&

sheet [ Jiit] n. M, 5

sequence [ 'sitkwans ]}

series [ 'siariiz]

shift [ fift] v. %% ,F#;n. BE, FiR
shifting function 847 B ¥

side [ said] n.

sieve of Eratosthenes |47 & @ s

n g8 . %%

sign of evolution RS

sign [ sain]

adj. HMH,H
LA ):b
significant digit 8 ¥ F , B B AL
significant figure W[ F]

similar polygon Al £ A1

n. I

significant [ sig'nifikant ]

similarity [ ;simi'leeriti]
similarity ratio  #H {8l bt
simple curve 8] 58 22
simple root HAR
simplex [ 'simpleks] n. B Baif
simply connected region 3% i X 1
simulation [ ;simju'leifon] n. E#)l

n. JE#

single cycle HBIFI

single valued function HB1{H K%L

adj. & FHE, T H
singular equation A 7 H &

singular point & R 5

singularity [ ;siggju'leriti ]

sine [ sain ]

singular [ 'sipgjuls]

adj. FF 57,
B

n. K/ R

slope [sloup] n. $1F ,8H, 8%
smoothed curve JEIF 4k

software package ¥X{4

solid ['solid]  adj. SL{kH9:n. SLIK

solid angle ~r{kf

solution [ so'lusfon]

size [ saiz]

n. f#,MB%
solution of a triangle =M NRLE
solution of equation 7 #& (Y f#
solvable [ 'solvabl] adj. RI#EHY
solve ['solv] v. f&

sorting problem 433 [a] BR
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n. % [d]
span [spen] v. K, X #
special function FF5K R

space [ speis]

specification [ ;spesifi'keifon] n. ¥k,
LU

v. BABEHIERR 58 E
adj. HEH, iR

spectral analysis 43 #F

spectrum [ 'spektram] n. i

n. R HE

adj. BREJ,ERIE Y

spherical polar coordinates EK#4% 4 #R

spring-mass syétem HEREBAS

n EF,FPH,ZRE

square root T

stability [ sta'biliti] n. BEH

standard deviation #FR#fEZE

standard error FR¥YEIRZE

star domain B JE I

state space R 735 [8)

specify [ 'spesifai]
spectral [ 'spektral]

sphere [ sfia ]
spherical [ 'sferikal]

square [ skwea]

slatement [ 'steitmont] n. AR, FEXFH
R, iEH
stationary [ 'steifanari] adj. ¥R RY

statistical control 4t it 4% il
statistical inference 4t i1 #E ¥t
n gt git
n. BEIY
step counting function 15 B
n. FFHES R
n. FEAE, FAEER
straight angle £
straight line E 4%
straightforward approach B £ ) &
n. SREE XK
strictly monotone function % 81/ o8 %
string [ strip] n. 7,88
strip [ strip] n.
strong law of large numbers 3% K E R

statistics [ sto'tistiks ]

steepness [ 'stizpnis ]

storage [ 'storridz]

store [ stoar]

strategy [ 'stretidzi]

n. A0
subbasis [ 'sab'beisis] n. F&
subclass [ 'sabkla:s|] n. F
n. 4y
n. Fi
n. T-#
n. FX[g
n. FHE

subadditivity [ sabadi'tiviti]

subdivision [ 'sabdi;vizan ]
subfield [ 'sabfi:ld]
subgroup [ 'sabgru:p]
subinterval [ 'sab'intaval]
submanifold [ 'sab'menifould]
n. TR
n. F#
v. £ I
subspace [ 'sab;speis] n. FZ[H]

the subspace spanned by S & S &£ T

%5 [H)
substitution [ ;sabsti'tjuzfan ] n. ft #,
A

subtract [ sab'treekt] v. W, M- £
n. J kAR

n. ﬁ,m%

n. UEE
successive | sok'sesiv ] adj. & KK, #

e

successive integration &K FH 4
successive substitution ZF R E, BB

n JGHE 5%
v. B 8BR

subsecript [ 'sabskript ]
subset [ 'sabset ]

subsist [ sab'sist ]

subtracter [ sab'traekta ]
subtraction [ sab'treekfon ]
subtrahend [ 'sabtrahend]

succession | sak'sefan]

successor | sak'sesa]
suggest [ so'dzest]
sum [sam] n.
n. {HE HE
summation [ sa'meifan] n. F M, M, R
e
adj. &R 1,
U1
n. &M
n. B4R

summary [ 'samori]

superfluous [ sju:'pa:fluas ]

superposition [ sjuipapa'zifon]
superseript [ 'sjurpaskript ]
supplementary angle %
n. F#EE
n. R3, ARR

supremum [ sju:'prizmom ]
surd [ sard ]
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n. T, 8 i
n. ¥4t

n. JEE

v. FrgE, B
n. %

symbol structure fF &S 45H
symbol system 5 R4
symbolic logic FF5 28

symmetric [ si'metrik] adj. XFFRHY
symmetric algebra XFFRACHL
symmetric figure X} ¥R E I

symmetrical [ si'metrikal] adj. X #ERH, B

=K

symplectic geometry 3 JLfJ [ 2]
adj. A LBy
n KE,HE
system design F 4%t
system of equations FFEH

surface [ 'sa:fis ]
surjection [ sa:'dzekfon]
surveyor [ sa'veia]
sustain [ sa'stein ]

symbol [ 'simbol ]

synonymous [ si'nonimas ]

system [ 'sistom ]

adji. RGH, &
F-: 0]
v. BEfk

systematic [ sisti'metik ]

systematize [ 'sistimataiz ]

systems analysis ZR&HH

T

table of difference 23

tabular [ 't®bjula] adj. RHH

tabulate [ 'tzebjuleit] v. @.----- il B R

tally [ 'teli] v. i%0,i1 5,184

tangent [ 't@ndzent] n. EY], Y%k adj.
B 2:)

tangent space J 53 [A]

tangential equation )&k 5 &

n. EER

n. K&

tensor field k&%

n. Rig, W

v. &b

tautology [ to:'toledzi]

tensor [ 'tenss]

term [ tarm ]

lerminate [ 'tarmineit ]

n. Ri%

termwise differentiation & I 4% 43

ternary quadratic form =70 ZRE R

testing of hypothesis Rt #

lext processing XA 4bFE

the first derivative — i S%

the intuitive meaning HIME X

theorem [ 'Qisroam] n. FH, 1

theorem of mean H{HEM, FHHEH

theory [ '0iari] n. Hip

theory of fields 1%, it

theory of substitution B #if

thickness [ '0iknis] n. EE

three-dimensional [ '9ri: di'menfansl] adj.
=4m

time [taim] n. B(E), {580, B v. FELL

time-delay system B#E RS

tiny ['taini] adj. BH, #/NH

to complete square Fg 5

tolerance error AFFiRE

top [top] n. THER;adj. BMEH,ETEN

topological algebra iM%

topological basis ¥ $bEE

topological space ¥R 25 ]

topological vector space i ¥hm & =S 8]

n. Fih( %]

terminology [ tarmi'noladsi]

topology [ ta'paladsi]

total derivative 2R

total differential £ 4>

total variation £

n 28,244, 8k

n. 3By, JBER

trait [treit] n. $E¥E, 4F4E

transcendental [ trensen'dentsl] adj. #8

iy

v. B8, 3%
['trensfa:] n. ®E,T8

transfinite diameter HRHE

totality [ tou'teeliti]

trace [ treis ]

trajectory [ 'trazdziktori)

transfer [ traens'fa; ]
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transient [ 'tr&nziant ] adj. % &

420

transition law F
transitive [ 'trensitiv ] adj. A % &9, A1

transitivity [ treensi'tiviti]

EH

translate [ trens'leit] v. F#, 8%

translation [ trzns'leifon]

transonic flow #8 ¥ E
transport [ trens'post] n. T

transpose [ trans'pauz]

transversal [ trenz'vorsal]

trapezium rule A4 2 M|
traversing [ 'tr&vasin] n. B
tree algorithm & B

trend analysis ## 517

trial [ 'traial] n. A3, H
triangle [ 'traizeggl] n. =R
triangle inequality = fAA%HR

trigonometric [ trigona'metrik]  adj.

=

trigonometric function =R

trigonometry [ triga'nomitri] n. =4

L]

trinomial [ trai'naumjal] n. =I5
triple [ tripl] adj. =f&H

triple integral = &4

trisect [ trai'sekt] v. @ ST E=

%5

trisection [ trai'sekfan] n. =% 4
truck [tl'Ak] n. 1§,§\i§%

true [ tru:]

adj. FHY, KK

truncate | 'trapkeit] v. B, RE

truth table

truth value

HER
HERE

Turing machine R #Hl
twofold [ 'turfould] adj. EHY

type [ taip]

n. %R FR

n. ] {3

n. Vi, BiE

v. BIi;n. %E
adj. BEH

=f
189

®.=

ultimate [ 'altimit] adj. BA &, BE®

ultrafilter [ ,altra'filta] no. BIETF

unambiguous [ 'An@m'bigjues] adj. B
B, ERS

unbiassed estimate TR it

unbounded [ an'baundid] adj. THH

unbounded function &5 H ¥

unbounded set JLREE

unchanged [ 'an'tfeindzd] adj. TELK,

REEH

undecidable ring N AJ ¥ € 3

underlying set F 5

underlying space ARE; %S (6], B ht %5 6]

undirected graph G 5] B

ungrouped data R4+ FEEIE

unicursal curve EEITHIZR , H E ML

uniform [ 'jumiform] adj. —E(H

uniform boundness —3AH R

uniform convergence — BYEL

uniform divergence —E & Bl

uniformly bounded —ZHRH

uniformly continuous — B & LK

union [ 'jumnjan] n. 3, £

union of sets K FF

unique [ jur'nizk]  adj. ME—@Y

uniquely [ jur'nizkli] adv. HE—H

uniqueness [ ju:'nizknis] n. ME—#

unit { 'jumit] n. By

unit circle {7 [H

unit coordinate vector EBA{] AR AR [ &

unit distance BN F

unit interval B3 {j [X [6]

unitary matrix PG 5E &

universal quantification £FR& 17k

universal quantifier £ & A
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universal set 2% ,FHE,BHE

universal set EHE ,FHE

n. £, KL

universe of discourse 515

unknown ['an'noun] adj. FE A;n %
HE

universe [ 'jurniva:s]

unknown term K H I
unlimited { an'limitid] adj. BR 4, TR
i i
adj. FRIEH K, %
BAEEKH)

adj. JEPMELHK
unsolvable [ 'An'solvabl] adj. AA[ERHY
adj. RIFEEM, KM
1]
adj. AREK

adj. AAJEEH
untrue [ ‘an'tru:]  adj. AE,AH T
updated [ ap'deitid] adj. &8I By, 5 IF B9
upper bound EFH, &AM
upper boundary iR
upper extreme l‘_flﬁ
upper limit R

unproved [ an'pruzvd ]
unrealistic [ 'anrio'listik ]
unsolved [ 'An'solvd]

unstable [ 'An'steibl]

untenable [ 'an'tenabl ]

v

valid [ 'veelid]  adj. AUL B, H A
validity [ va'liditi] n. B3, B %

value [ 'velju] n. {H

v. R, ERE

adj. L ;n. T
variable range &8 70 B
variability [ ,vearia'biliti]
variance analysis F 24087
, n. AB4y AR AL
variation principle 754} 5 38

variety [ vo'raioti] n. £

n. A&, K7

vanish [ 'vaenif)

variable [ 'veoriabl]

n W[ ER

variation [ ,Veari'eifan |

vector [ 'vekta]

vector field [ &

vector space [A] & %3 [H]

n.
Venn diagram 3K

verification [ verifi'keifan]

velocity [ vi'lasiti]

n. B, iE 83
n. ¥ B8, W 0F %

v K, BiF,

n. T

verifier [ 'verifaia ]
verify [ 'verifai]
vertex [ 'varteks ]
vertex angle TR £
adj. MEM, BHK;
n. EHHE

vertical angle X TR 8

vertical side BEHi1

vibration [ vai'breifan]

vertical [ 'vartikal )

n. #R3h
adj. ATYLAY, BB W&
n. R[4k

visual [ 'vizjual]
visualization [ vizjuslai'zeifan]
void set ZS4E ( =empty set)

volume [ 'voljurm] n. (K, A5 %

w

wave equation KT
n. /M

Weierstrass elliptic function

wavelet [ 'weivlit )

3R B R B

14 [ 5 #2

weight function A0 R %K

weighted means il 4 ¥y {4

well-defined [ 'wel di'faind] adj. RiF#
E XK

well-ordered [ 'wel 'sidad] adj. B

well-ordered set R P&

whole number [ JE61 1 %%

width [wid®] n. TR, 1

without bound G 8 ( =boundless)

X

x-axis ['eks ,&ksis] n. x %
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x-component ['eks kom'psunont] n. x S8 yield condition 4K &M, B R &H
z-coordinate [ ,eks kou'o:dinit] n. x 2R
x-direction [ ,eks di'rekfon] n. x A Z

x-intercept [ ,eks inta'sept] n. x #&REE
zero [ 'ziorou] n. T, E &

Y zero ideal ZETHAR
zero-one law T
y-axis [ 'wai &ksis] n. y i zero-vector | 'ziarau 'vekta] n. ¥ &
y-coordinate ['wai kau'oidinit] n. y A8#x zeta function [ BA%K

yield [ jizld] n. =&, =8 ;v. 4,4 zonal sampling X 38 #ili B¢
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